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PREFACE 


The ideals of emphasis on fundamental principles, examples designed 
to illustrate these principles, and problems to encourage the student to 
use logical thinking and suitable mathematical methods in their appli¬ 
cation were the goal of the first edition. These ideals were carried 
through the second editio& n^ndlJ^re retained in this one. Even greater 
emphasis is placed on the attempt to focus the student’s attention on 
the physical meaning of the operations involved in the solutions and to 
develop his understanding of mechanics as something more than a 
collection of convenient formulas and operational methods. 

Much of the material has been entirely rewritten for the third 
edition. Many of the problems have been retained, especially where 
they were particularly well designed to illustrate the principles newly 
introduced. New problems have been added throughout the text, and 
tliese are generally more diffi(‘ult than the original ones. They are 
designed to give the student practice in problems of greater com¬ 
plexity and to afford opportunities to develop his skill in attack and 
analysis. 

The arrangement of the second edition, designed to make it con¬ 
venient to abridge the course by omitting certain articles and some 
entire chapters, has been followed. The brief chapter on Application 
of Forces, which serves to emphasize the highly important idea of the 
free body, has been extended by the a<ldition of a full chapter on 
Machines and Friction. A chapter has bcnm added on the Method of 
Work. The chapter on Graphical Methods has been somewhat 
enlarged by the addition of more advanced problems. The treatment 
of forces in space has been extended by the inclusion of space frame¬ 
works and by the addition of a simple method of computing moments 
in space by determinants. 

The text is designed for a course of about seven or eight semester 
hours. Where less time is available, Chaps. 7, 10, and 11 may be 
omitted without destroying the continuity of the book. Chapters 12 
and 13, on functions of plane areas and solids, are not strictly a part of 
statics, but the material is indispensable to an engineering education. 
These chapters should be omitted only in cases where the material is 
covered elsewhere in the curriculum. 
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PREFACE 


The treatment of kinetics has been carefully rearranged and largely 
rewritten to put greater emphasis on orderly, analytical methods. No 
“special formulas for special casesare used. With the exception o 
Chap. 19, dynamics is treated strictly from the standpoint of th 
Newtonian frame of reference, and the use of fictitious forces an 
equivalent systems is carefully avoided. Chapter 19 is devoted to 
brief, simple treatment of moving frames of reference. The examplc‘ 
and problems in it are designed to clear up the student’s confusioi 
about dynamic forces, inertia forces, centrifugal forces, and the like 
This chapter could be omitted without destroying continuity but ii 
should be included by all means unless the student is destined to cor 
tinue formal studies in dynamics. 

The author is indebted to Professors S. B. Folk and E. C. Clar) 
for constructive criticisms and suggestions and to Professor C. T 
West for checking some of the derivations and examples 

Peucy W. Ott 

Columbus, Ohio 
May, 1950 
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NOTATION 


Symbols frequently used in this book are: 

a = linear aeec'leration; apparent moment arm; radius of circle; distance 
on figure 

a = a vector of length a 
A — area; a force (in a few problems) 

(iA = inhnitesimal increment of an^a 
h = breadth; base of a triangle; a distance 
b = a vector of length h 
B = ix forc(‘ (in a fe^\ firoblems) 
c = a distance; a constant of the catenary 
c = a vector of length c 

C = an integration constant; a force (in a few problems) 
d — diameter; a distance; pitch of a screw; distance between parallel 
axes 

d = a vector of length d 

e — base of natural logarithms; a distance; coefficient of restitution 
E = modulus of elasticity 
F = forc(‘; total force of friction 
g = acceleration of gravity; a constant, 32.171 
gd = gudermannian 
h — height; height of triangle 
hp — horsepower 

H = product of inertia; horizontal force 
He = product of inertia for axes through center of gravity 
H' = product of inertia for inclined axes 
Hx — horizontal component parallel to .Y axis, 

Hz — horizontal component parallel to Z axis 
H = horizontal vector of length H 
I = moment of inertia, Current in amperes 
Ic = moment of inertia for axis through center of gravity 
Ix = moment of inertia with respect to X axis 
Iv= moment of inertia with respect to Y axis 
7 max, I min = maximum and minimum moment of inertia 
7' = moment of inertia for inclined axis 
J = polar moment of inertia 
k = radius of gyration; a constant 

kc — radius of gyration for axis through the center of gravity 
K — force which deforms a spring one foot; a constant; a constant of 
integration 

I = length; length of a simple pendulum 
Vy I" = length of equivalent simple pendulum 
m = mass 



NOTATION 


M ■■ moment 

N «* force normal to surface 
p » a small weight 

P « a force; force which causes acceleration 
P ■» a force of magnitude P 
Q » a force; quantity of liquid 
r « radius; amplitude of vibration 
T radius to center of gravity 

R, P ■» resultant force; reaction of support 

^ » length; length of catenary from lowest point 

ds aa infinitesimal increment of length 

S, * equilibrant, a force 

t ■» time; time of vibration; thickness 
tc *■ time of complete vibration period 
dt aa infinitesimal increment of time 
Ai a* a small increment of time 
T « torque 

T, P ■* tension; tension in a cord 
U ■■ kinetic energy; work 

V = linear velocity 

dv =a infinitesimal increment of velocity 
Av « small increment of velocity 
V a* volume 
V, F =* a vertical force 

w =a weight per unit length 
w' « weight per unit of horizontal distance 
W = weight; weight or mass in pounds 
Xy yy z ^ coordinates ; unknown quantities 
dXy dy, dz = infinitesimal increments of or, y, and z 
Xf Yy Z ^ coordinate axes 

2 « coordinates of center of gravity 

a (alpha) = angular acceleration; angle with X axis; any angle; angle of contact 
of pulley with belt 

/3 (beta) = angle with vertical axis; any angle 
7 (gamma) « angle with Z axis; any angle 
A (delta) a small increment 

$ (theta) = angular displacement; any angle, usually unknown 
d6/dt = angular velocity « w 
/i (mu) = coefficient of friction 
p (rho) density 

^ (phi) » an angle; angle of friction 
Cl) (omega) » angular velocity 

dia/dt « angular acceleration =■ a 
$ (sigma) n summation 
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FUNDAMENTAL IDEAS 

1. Definitions. Mechanics is the science which treats of the effect 
of forces on the motion or form of bodies. This science is divided into 
statics and kinetics. When the forces which act on a body are so bal¬ 
anced as to cause no change in its motion, the problem of finding the 
relation of these forces falls under the division of statics. When the 
forces which act on a body cause some change in the magnitude or 
direction of its motion, the problem of finding the relation of the forces 
to the mass of the body and to the change of its motion falls under the 
division of kinetics. The term dynamics is used by some writers as a 
synonym for kinetics. Others use dynamics to include both statics 
and kinetics. 

The branch of statics which considers the change of form of elastic 
solids is called mechanics of materials, or theory of elasticity. When the 
ultimate strength and allowable loads on the material are combined 
with the theory of the ideal elastic solid, the subject is called 
strength of materials. The mechanics of fluids is treated under such 
titles as hydraulics, hydrodynamics, thermodynamics, and fluid 
mechanics. 

This volume deals chiefly with the statics and dynamics of solid 
bodies, which are sufficiently rigid that the change of form or dimen¬ 
sions does not appreciably affect the calculations. The subjects of 
strength of materials and fluid mechanics are left for future study. 

In the study of the mechanics of rigid bodies, any body selected for 
consideration is called a free body. This term is a little unfortunate, as 
constrained body might have been more appropriate, but it is in almost 
universal use. A free body may be anything, any part of a thing, or 
any collection of things. A problem in rigid-body mechanics involves 
a situation in which the forces acting on one or more free bodies are 
to be considered in connection with the motions of the body or bodies. 
For clarity of presentation and convenience of solution, the force sys¬ 
tem acting on any free body may be classified by the words concurrent 
and coplanar and their opposites. Sometimes the further classifica¬ 
tions of parallel and symmetrical are convenient. There are sometimes 

1 
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arbitrary elements in the classification, the system falling into one 
class or another depending on the assumptions made, as illustrated 
below; or, on solution, some of the forces may turn out to be zero, 
leaving the problem in a simpler class than that assumed at the 
beginning. 

The principles of mechanics enable us to state unequivocal relations 
between and among the forces acting on and the motions (if any) of 
any free body. In any problem, if enough of the forces and elements 
of motion are known, the remainder of the forces and elements of 
motion, called the unknowns, can be determined. With each classifi¬ 
cation of force systems, there is associated an invariable number of 
unknowns which can be determined. A problem having exactly the 
right number of unknowps can be carried to a definite solution. One 
having too many unknowns cannot be solved except in the sense that 
the unknowns can be stated in terms of the knowns and of other 

unknowns. A problem with too few 
unknowns for its class results in absurd 
answers unless it has been carefully or 
fortuitously devised. 

2. Illustrations. Figure 1 is an example 
of a problem in mechanics. The figure 
represents a mass of 40 pounds on a 
rough horizontal plane and subjected 
to a force P, The sketch obviously conveys more than an artistic 
presentation of the idea stated above. The symbol a designates 
the angle between the direction of the force P and the horizontal. 
The vertical downward arrow through the center of the body indicates 
the force exerted on the body by the gravitational attraction between 
it and the earth. The horizontal arrow to the left under the block 
represents a force to the left w^hich the plane exerts on the block by 
an action called friction, and the symbol F represents the magnitude 
of this force. The arrow directed vertically upward under the block 
represents the resultant of all the upward pressures which the plane 
exerts on the block, and the symbol N represents the magnitude of 
this force. Dimension lines to show the distance from the left edge of 
the block, or some other point, to the position of N, and to show the 
distance from the plane to the point of attachment of the cord exerting 
the force P might be added if there were any question involving these 
dimensions. 

The addition of these symbols to the simple sketch of the body 
resting or moving on the plane completes what is called the free^^ody 



Fig. 1. 
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diagram. If the positicm erf iV i» not in question and it is assumed 
that the body will remain in contact with the plane all along its bottoipa, 
the force system depicted in Fig. 1 is classified as a concurrent^ coplanar 
system. If it is assumed (or turns out) that the body remains sta¬ 
tionary or moves along the plane with constant velocity, the problem 
of the magnitude of the forces involved and the direction of the force P 
is a problem of statics. If the force P is so large that the friction 
force F is insufficient to prevent motion, the problem becomes a prob¬ 
lem of dynamics^ and the additional elements of displacement and time 
must be considered in a complete analysis of the problem. If the 
position of the force N or the possibility of the block^s turning over is 
open to question, the system of forces becomes a nonconcurrent, copla¬ 
nar system, regardless of whether the problem is one of statics or of 
dynamics. The i^sumption that the blo^ will not upset is equivalent 
to an ass ump tion that the resu ltant of the forces F and N passes 
throughj^ p oint of intersection o f t he lines of action of P and the 
vertical gravity f orce, a poi nt called t he point of concurrenc y. 

^n almost every problem of mechanics some assumptions must be 
made at the outset. When the problem has been solved, the validity 
of these assumptions can and should be considered. In Fig. 1, let us 
assume that the body remains at rest and that the exact location of N 
is of no interest. The force system classifies as concurrent, coplanar, 
a system in which the number of unknowns should be exactly two. 
If any two of the group P, a, F, and N are known, definite values for 
the other two can be found. If P were 25 pounds and a = tan^^ 0.75, 
F would be 20 pounds and N would be 25 pounds, as will be shown 
later. But for any two dry surfaces the ratio of the friction force to 
the normal force has a definite limit, called the coefficient of friction, 
which can be determined only by experiment. If the horizontal plane 
is of dry, rough-sawn wood and the bottom of the block is of soft 
rubber, the coefficient of friction could be 0.8 or greater. The assump¬ 
tion of no motion in this case would be justified and the values for 
F and N would be correct. But if the plane and the block are smoother 
and it is known that the coefficient of friction is only 0.4, then it can be 
shown that N is still 25 pounds but F would be limited to 0.4 X 25 
pounds and would be 10 pounds. The block would then start from 
rest and, provided the force P remained constant in magnitude and 
direction, would acquire a velocity of 8.05 feet per second in the first 
second. In this case F would be assumed to be known to be Q.AN, 
and the unknowns of the problem would be the normal force N and 
the acceleration of the body. 



4 


MECHANICS 


(Art. 3 


3. Fimdamental Quantities. The first case discussed above involves 
position and direction. These are properties of space. The problem 
also involves the intensity of the pull of the cord, the weight of the 
body, and the forces exerted by the plane. These are forces. Every 
problem of statics involves the two fundamental ideas of force and 
space. When mass is involved in any problem of statics it is only 
.because the mass is affected by gravitational forces which are 
significant. 

The second case considered above is a problem of dynamics. In 
addition to the ideas of force and space, it involves the ideas of mass 
and time. The quantities of velocity and acceleration referred to are 
quantities involving space and time, velocity being length divided by 
time and acceleration being velocity divided by time. 

The four fundamental quantities of mechanics are /orce, mass, space, 
and time. These quantities are elementary and the many attempts to 
define them have proved more wordy than useful. Every rational 
person, however, has a fairly definite notion of these quantities which 
he has acquired through his senses from the experience of his lifetime. 

4. Standards and Units. While force, mass, space, and time are 
difficult to define, they are relatively easy to measure. It is neces¬ 
sary only to have for each quantity a unit of measure. If such measure¬ 
ments are to be taken at diverse times and places, it is necessary to 
have a standard unit to which all other units are referred. These 
standard units were originally chosen arbitrarily. Other units might 
have been selected just as well. When a particular unit has once been 
adopted, however, it is important that its value be preserved without 
change, in order that physical measurements separated by wide inter¬ 
vals of time may be compared with accuracy. 

5. Length. Space in one direction is length. Two official standards 
of length are preserved by the Bureau of Standards at Washington. 
These are the standard yard, which is practically equal to the British 
standard yard, and the st^-ndard meter, which is a copy of the Inter¬ 
national Standard. The British standard yard is the ^‘Straight line 
or distance (at 62°F) between the transverse lines in two gold plugs in 
a bronze bar deposited in the office of the Exchequer.^^ The Inter¬ 
national Standard meter is the distance between two lines (at 0®C) 
on a platinum-iridium bar deposited at the International Bureau of 
Weights and Measures. The length of the standard meter in terms 
of the wave length of cadmium-vapor light has been carefully deter¬ 
mined by Michelson. If this standard bar and the copies preserved 
by various nations should undergo any change in length, the magni- 
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tude of the variation may be found by a new comparison with the 
wave length of this light. ^ 

While the yard is the standard of length, the foot is the unit com¬ 
monly used by American engineers. Physicists use the centimeter. In 
countries where the metric system has been adopted, the meter is the 
unit in engineering practice. 

Space in one dimension is length; space in two dimensions is area; 
space in three dimensions is volume.'^ 

The relation between the metric system and the inch is given by 

39.370 in. = 1 m 

• 2.540 cm = 1 in. 

6. Time. The standard of time is the mean solar day. The unit 
commonly used in problems of mc^chanics which involve change of 
motion is the mean solar second. For other purposes longer units such 
as the minute^ the hour, or the day are frequently employed. 

7. Mass. The British standard of mass is the standard poufid, 
which is a piece of platinum, marked ‘^P.S. 1844, 1 Ib^^ preserved at 
the Exchequer office. The metric standard of mass is the Inter¬ 
national kilogram, which is a piece of platinum-iridium alloy deposited 
at the International Bureau of Weights and Measures. Copies of the 
British standard pound and the International kilogram, preserved by 
the Bureau of Standards at Washington, are the official standards for 
the United States. 

For engineering and commercial purposes, the pound is the common 
unit of mass in English-speaking countries. The ton is the unit for 
large masses. In Great Britain and in some of the states of the United 
States, the long ton of 2,240 pounds is official. Physicists and chemists 
use chiefly the gram. Units of mass are commonly called weights. A 
10-pound weight as used on a beam balance is a 10-pound mass. 

To convert from the metric system to the avoirdupois system, the 
relations are 

15.432 gr = 1 gram 
453.6 grams = 1 lb 

8. Force. There is no standard of force. The common unit of force 
is the attraction of the earth for a unit of mass. A pound force is the 
force exerted by the earth on a pound mass. The force of attraction 
of the earth for a given body is called by physicists the weight of the 

^ For a thorough discussion of standards and units, read the introduction of 
‘‘Smithsonian Physical Tables.” 
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body. A 10-pound mass weighs 10 pounds. Gravitational attraction 
between two spherical bodies varies directly as the product of the 
masses and inversely as the square of the distance between their cen¬ 
ters. The weight of a body is directly proportional to its mass. If 
the earth were a homogeneous sphere and did not rotate on its axis, 
the weight of a body, as measured by a spring balance, would be the 
same at all points on its surface at equal distances above sea level. 
Since the earth is a spheroid with its polar radius about 13 miles shorter 
than its equatorial radius, the weight of a body, as measured by a 
spring balance, increases with the latitude. 

Since the practical units are determined from.the weights of stand¬ 
ard units of mass, it is necessary to choose some standard location for 
the definition of these units of force. Sea level at 45° latitude has 


been suggested as the standard location. The standard pound force 
(which is not official) is defined as the weight of a pound mass at the 
standard location. A pound mass will weigh 0.997 pound at sea level 
at the equator and 1.003 pounds at the North Pole on a spring balance 
which is correct at the standard location. This variation is important 
in the determination of physical constants but is usually neglected in 
engineering calculations. 

9. Work. Figure 2 shows a body B and a force P acting at a point C, 

J ^ which is called the point of 

^ 9 B ^ application. This force may be 

\ 'i'' exerted through a flexible cord 

which is tied to the body at the 
2 point of application. The body 

moves to a second position, 
which is represented by the dotted figure, while the forcO P continues 
to exert a constant pull in the same direction. The point C moves a 
distance s, which is called the displacement of the point of application. 
If the body does not rotate, the displacement of all parts is the same. 
If there is any rotation, the displacement of the point of application 
may be different from that of other points on the body. 

If the displacement of the point of application makes an angle a 
with the direction of the force, the work done by the force during the 
displacement is defined by the equation 


Work = P cos as 


Formula I 


Since P cos a is the component of the force in the direction of the 
displacement, the definition of work may be stated as follows: The 
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work of a force is the product of the displacement of its point of appli¬ 
cation multiplied by the component of the force in the direction of the 
displacement. 

Since (P cos a) X s = P X (s cos a), work may be defined as the 
product of the force multiplied by the component of the displacement in 
the direction of the force. 

If the force is expressed in pounds and the displacement in feet, 
the work is in foot-pounds. Other units of work arc inch-pounds, gram- 
centimeters, kilogram-meters, and ergs. 

Both force and displacement are vectors, hence work is the product 
of two vectors. There are two kinds of vector products. When the 
product of the magnitude of the two vectors is multiplied by the sine 
of the angle between them, the result is a vector and is called the 
vector product. When the product of the magnitude of the two vectors 
is multiplied by the cosine of the angle between them, the result has 
magnitude but no direction and is called the scalar prodmt. Work is a 
scalar quantity without direction. Work may be positive or negative. 
Two or more quantities of work are added algebraically, with no atten¬ 
tion to the direction of the forces and displacements by which the work 
was done. 

Problems 

1 . A body is pullod 60 ft along a horizontal plane by a rope which makes an angle of 
25° with the horizontal. The tension in the rope is 40 lb. Find the work done. 

Ans. 2175 ft-lb. 

2. A mass of 200 lb is pulled 40 ft up a plane which makes an angle of 15° with the 
horizontal by a rope which makes an angle of 45° with the horizontal. The 
tension in the rope is 80 lb. Find the work done by the rope. 

Ans. 2771 ft-lb. 

3. In Prob. 2, what is the vertical displacement of the mass? What is the work 
done on the mass by the attraction of the earth? What is the total work done 
on the mass by the pull of the rope and the attraction of the earth? 

Ans. 10.353 ft; -2071 ft-lb; 700 ft-lb. 

10. Measurement of Mass. The accurate measurement of mass is 
done by weighing on a beam balance. If a body A on the left pan 
balances a body B on the right pan, and if a body C on the left pan 
also balances the body B on the right pan, then the mass of A is equal 
to the mass of C. In other words, if the weight of A is equal to the 
weight of C, then the mass of A is equal to the mass of C. If the mass 
of C is 1 pound, the mass of ^ is 1 pound. 

Weighing on a beam balance is a comparison of forces. Comparison 
of mass by weighing is based on the following definition: The mass, or 
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giuintity of material, of a given body is proportional to the force with 
which it is attracted by the earth. 

Problems 

1. If the radius of the earth is 4000 miles, what is the weight on a spring balance 
at 1000 miles above the earth of a body which weighs 10 lb at the surface? 
What is the mass at each position? 

2. On a planet having a radius of 2000 miles and a mass one-tenth that of the earth, 
a 40-lb mass is weighed on a spring balance which reads in pounds at the earth’s 
surface. What is the reading on the spring balance? 

8. Calculate the length of a foot in centimeters. 

4. Calculate the length of a meter in feet. 

6 . Find the mass of 1 kg in pounds, correct to four significant figures. 


11. Representation of Quantity. There are several ways of repre¬ 
senting magnitude. The most common is by means of numbers, as 
6 feet, 8 pounds, 12 seconds. A number expresses magnitude in terms 
of a unit and means little to one who does not possess a definite idea of 
the magnitude of the unit. Two numbers give a clear notion of the 
relative size of two quantities without conveying any information as to 
the actual size. Anyone knows that 20 decameters is twice as long as 
10 decameters, but if he is accustomed to measuring with English units, 
he must translate these lengths into yards or rods before he can have 
any real conception of their meaning. 

While working with mechanics or any other science, the student 
must have an exact understanding of the physical nature of the units 
involved if his calculations are to be anything more than a meaningless 
substitution in formulas. Mechan’os is a physical science in which 
mathematics is freely used as a tool in reasoning or as a shorthand 
method of expressing results. The mathematics is of small value, 
however, unless each step and every equation is 
interpreted in terms of the physical nature and 
the fundamental units of the quantities under 
consideration. 

The relative magnitudes of several quantities are 
frequently represented by means of straight lines, as 
in Fig. 3. These lines may be horizontal, as in Fig. 3, 
or vertical with their lower ends on a horizontal 
line. For most purposes, such lines are merely used 
to express magnitude to the eye. The necessary calculations are made 
by numbers. The operations of addition and subtraction, however, 
may be conveniently performed with lines. In Fig. 4 it is desired to find 
th^ sum of the lines ab and cd. The lines are placed together so as to 


Fig. 3. 
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form one continuous line without overlapping. The total line thus 
formed is the sum of the two lines. It is immaterial in what order 
the lines are placed. The line ad of Fig. 4 is a6 + cd. The line cb is 
cd + ab. 

12. Vectors. Many quantities, such as mass, time, volume, or 
value, may be represented by a single number or by the length of a 
single line in any arbitrarily chosen direction. These are called scalar 
quantities. A quantity which has both magnitude and direction is 
called a vector quantity. A vector is expressed 
in words by giving its magnitude (length) and its 
direction. When the plane of the vector is known 
and a fixed directional axis is understood, a single 
angle is sufficient to designate the direction. For 
instance, a given vector is six units in length and 
makes an angle of 25^ with the horizontal. To 
describe fully a vector in space, one magnitude 
and two angles are required. For instance, the 
magnitude of a vector is 10 units at an angle of 
25° with the vertical in a vertical plane which is north 30° east. 

In Fig. 5, a6, cdj and ef are vectors in the plane of the paper. The 
vectors ab and ef have the same direction and equal length and, there¬ 
fore, are equal. 

In the vector afo, the point a is the origin and the point b is the 
terminus. The vector is regarded as extending from the origin to the 
terminus, as is indicated by the arrow. The arrow points from the ori¬ 
gin toward the terminus, and its direction is 
the positive direction of the vector. 

When a vector is designated by a single letter, 
that letter is usually printed in boldface type. 
In Fig. 6 , a and b represent two such vectors. 
The arrow shows the origin, direction, and terminus. 

In algebraic formulas when a single letter is used to express the mag¬ 
nitude of a vector while its direction is given in terms of angles, the 
letter is printed in italic instead of boldface type. In this book, a 
letter (such as P or Q) is often used to represent a force or other vector 
quantity. When emphasis is placed on both the magnitude and the 
direction of the quantity, these letters are printed in boldface type. 
When only the magnitude is stressed, italics are used. 

13. Addition of Vectors. The addition of vectors is defined in the 
same way as the addition of lines (Art. 11). The origin of the second 
vector is placed at the terminus of the first vector and the line extend- 



Fig. 5. 



cd + ab 
Fig. 4. 
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ing from the origin of the first vector to the terminus of the second 
vector is the vector sum. The addition of numbers (which may be 
represented by vectors in one direction) is a special case of vector 
addition. 

Figure 6,11 shows the addition of vectors a and b to get their sum 
a + b. Figure 6,III shows b + a. The vector a is drawn first in 

Fig. 6,11 and the vector b is 
drawn first in Fig. 6,III. Figure 
6, IV shows both additions in a 
single diagram, beginning at a 
common origin. Since the two 
lines a are equal and parallel and 
the two lines b are equal and 
parallel, the four lines form a parallelogram. The diagonal shown 
is the vector sum. Evidently it is immaterial in what order the vectors 
are added. 

The sum of three or more vectors is found in the same way. Figure 
7,11 shows the addition of three vectors in the order a + b + c. Fig¬ 
ure 7,1 may be regarded as a graphical statement of the vectors to be 
added with each of the vectors starting from a 
common origin. 

In Fig. 6,1, the graphical stat^ent of the 
two vectors to be added, the origins of the vec¬ 
tors do not coincide. In Fig. 7,1, the three 
vectors to be added are shown with a common 
origin. In either case the addition is made in 
exactly the same way, and the vector sum is 
entirely independent of whether the vector 
quantities added are concurrent or not. Obviously, the sum of a set 
of vectors can be found graphically by drawing the vector diagram to 
scale, scaling the magnitude of the resultant, and measuring the 
angle which it makes with some convenient line. Or it can be 
found trigonometrically by sketching the diagram and computing the 
unknown quantities by the principles of trigonometry. The choice 
between the two methods depends on convenience and the degree of 
precision desired. 

Problems 



1. Given two vectors, a = 5 units at 0° and b =» 4 units at 40°. Solve graphically 
for the vector sum a + b. Use the scale of 1 in. = 1 unit. Measure the vector 
sum. Measure the angle between the direction of the vector sum and that of 
vector a. Give the result in degrees. 
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First construct the statement to scale, as shown in Fig. 8,1. Then draw a 
as in Fig. 8,11 equal and parallel to a of the statement. From the terminus of 
a draw b equal and parallel to b of the 
statement. 

2. Find the vector sum of three vectors in the same 
plane. These are a = 12 units at 0°, b = 10 units 
at 30°, and c = 15 units at 75°. Find a + b + c. 

Use the scale of 1 in. = 5 units. On the same 
sheet draw also c + a + b. Measure the magnitude and direction of the 
vector sum on each drawing. 

3. Find the vector sum of 20 units at 30° with the horizontal toward the right 
and 16 units at 15° with the horizontal toward the left. 


n 

Fio. 8. 


14. Components of a Vector. The sum of two or more vectors is 
frequently called the resultant vector, and the vectors which are added 
are called components of the resultant. The process of finding the 
components is called resolution. In Fig. 8, the vector a + b is the 
resultant of the vectors a and and the vectors a and b are compo¬ 
nents of a + b. 


Problems 

1. A vector 20 units in length at 15° to the right of the vertical is made up 
of two components. One component is 60° to the right of the vertical and 
the other is 45° to the left of the vertical. Find the magnitude of these 
components. 

2. Solve Prob. 1 if one component is 60° to the left of the vertical and the other is 
45° to the right of the vertical. 

3. A vector 15 units in length at 30° to the right of the vertical is the resultant 
of a vector 12 units in length and a vector 15° to the left of the vertical. Find 
the direction of one component and the magnitude of the other. 

The most important kind of resolution of vectors is that in which 
each component is formed by the orthographic projection of the result¬ 
ant upon a line along the desired direction. In Fig. 9, c is a vector 

which makes an angle 6 with the horizontal. 
Its horizontal component is a and its vertical 
component is b. The lengths of these com¬ 
ponents are given by the equations 

a — c cos B 
5 = c sin ^ 

(In these equations, the letters a, fe, and c 
represent magnitudes only. For that reason they are printed in 
italics instead of in boldface type. The components are vectors.) 
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Figure 10 shows two such orthographic components, which with 
their resultant form a right triangle. 

When the term component is used without 
qualification, the orthographic component is 
generally meant. The process of finding the 
orthographic component of a vector in a given 
direction is called resolution in that direction. 

Problems 

4. A vector of 60 units is north of 35° east. Find its component north and its 
component east. Ans. 49.149 units north; 34.415 units east. 

6. A vector of 32.427 units is directed north 32°24' cast. Find its north component 
and its east component by logarithmic functions. 

6 . The hbrizontal component of a vector is 18.24 ft and the vertical component is 
12.48 ft. By means of the tangent find the angle which the vector makes with 
the horizontal. Then find the length of the 
resultant vector by means of the cosine (or 
secant) of this angle. Check by projecting the 
horizontal and vertical components upon the 
line of the resultant and adding the components 
thus found (Fig. 11). 

7, The horizontal component of a vector is 27.734 
ft. The vertical component is 18.245 ft. f'lnd 
the direction of the resultant vector by me4ns of 
the logarithmic tangent. Find the iliagnitudc 
of the resultant by means of the lo^rithmic cosine. Check by projections as 
in Prob. 6. 

16. Vector Subtraction. Subtraction is the addition of a negative 
quantity. If a negative quantity is regarded as having direction, its 
direction is opposite to that of a positive quantity. The negative sign 
before a vector reverses Us direction. If a vector a = 4 units at 25°, 
—a = 4 units at 205°. 





Figure 12,1 shows two vectors a and b. To get the difference a — b, 
the vector a is first drawn in Fig. 12,11. From the terminus of a the 
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vector — b is then drawn in the direction opposite to that of b in Fig. 
12,1. The vector c from the origin of a to the terminus of —b is the 
required difference. 

a — b = c 
a = c + b 

Figure 12,111 shows another method of getting the same result. If 
c = a b, then a = b + c. The difference c is the vector which 
must be added to vector b to give vector a. The vectors a and b are 
drawn from the same origin and the terminus of b is then joined to the 
terminus of a. The vector c, with its origin at the terminus of b and 
its terminus at the terminus of a, is the required difference. 

Figure 12,IV shows this form of vector subtraction combined with 
vector addition. The vectors a and b form the sides of a parallelo¬ 
gram. The diagonal which starts at the origin of the first two vectors 
is the vector sum. The other diagonal is the vector difference. 

Problems 

(Solve graphically) 

1. Given a vector of 12 units at 0® and a vector of 20 units at 30®. Subtract the 

first vector from the second ^ Aur. 11.33 units at 62°. 

2. Vector a = 15 units at 20°, vector b =» ,^12.5 units at 40°, and vector c = 20 units 
at 110°. Find a -f b — c. Find a — ;c + b. Find c — a — b. 

16. Vector Multiplication. In mechanics, work is defined as force 
multiplied by displacement, it being understood that the force is in the 



same direction as the displacement. Force and displacement are both 
vector quantities, and if the two vectors are not in the same direction, 
no work is done by the component of the force perpendicular to the 
direction of the displacement, and the quantity of work is found by 
multiplying the component of force in the direction of the displace¬ 
ment by the magnitude of the displacement. The product, work^ is a 
scalar quantity and is called the scalar product of the two vectors. In 
Fig. 13, if the force P remains constant in magnitude and direction 
while it pulls the body B a distance #S, work ~ P cos aS, The scalar 
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product of^ two vectors is the product of the magnitudes of the two vectors 
multiplied by the cosine of the angle between their directions. 

Moment j as the term is used in mechanics, is a measure of the t^end- 
ency to turn. In Fig. 14, the force Q in the inclined cord tends to 
turn the bar in a clockwise sense about the hinge at the lower end of 
the bar. This moment equals the magnitude of the force Q multiplied 
by the perpendicular distance from the hinge to the cord, or the mag¬ 
nitude of Q multiplied by the length of the bar and by the sine of the 
angle between the cord and the bar. Moment is the vector product of 
two vectors, a force and a length. The vector product u)f two vectors is 



the product of the magnitudes of the two lectors multiplied by the sine of 
the angle between their directions, 

In works using vector notation^' vector quantities are usually 
indicated by boldface type. The vector product is called the cross 
product and is indicated by an ordii^ary multiplication sign. In the 
example above, calliug the moment the length of the bar L, and 
the angle between the cord and the bar a, we could wxite M »= (QL) 
sin a = Q X L. In this notation, the scalar product of two vectors is 
called the dot product^ the multiplication being indicated py a dot 
between the quantities multiplied. Let U be the work in the ^example 
above, and the expression for the work can be written as follows: 
U = (PS) cos a = P • S. 

A vector multiplied by a real number n is simply a vector in the. 
same direction as the original vector but n times as great. It is for 
this reason that a unit vector of any chosen magnitude can be set up 
in any direction and other vectors in the same direction can be desig¬ 
nated by numbers which indicate the magnitude of the vectors in 
question in terms of the unit originally chosen. A scalar multiplied 
by a real number n is a scalar quantity of the same kind as the original 
scalar but n times as great; so, similarly, a designated unit of any 
scalar quantity can be used to indicate larger or smaller quantities, 
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such £ts 4 pounds, half a bushel. A vector multiplied by a scalar is a 
vector. A scalar multiplied by a scalar is an absurdity. 

Of'the fundaflhaental quantities of mechanics, two (space and force) 
are vector, and two (mass and time) are scalar, so that the concept of 
the vector is an absolute essential to the understanding of mechanics. 
Fortunsttely, an intimate knowledge of vector analysis is not at all 
necessary to the understanding of the principles of mechanics and the 
art of applying them to practical problems. The simple elements 
stated above are sufficient fbr most of the useful applications. With 
few (and questionable) exceptions, sums and products of quantities 
having both magnitude and direction are correctly determined by 
vector addition and multiplication. 

17. Dimensional Equations. A dimensional equation is an equation 
which shows what exponents should appear with the fundamental 
quantities in expressions for physical quantities. In mechanics, mass, 
length, and time, represented by M, L, and T, are usually taken as the 
basic quantities. Negative exponents are generally used instead of 
fractional forms and the physical quantities are defined, for example, as 

Area = U ' Displacement = L 

Volume ~ L® Velocity = 

Density = ML"^ Acceleration = LT~^ 

Force = MLT~^ Moment = 

In dealing with problems of statics, It is much simpler to use force as a 
fundamental quantity (since mass and length do not appear in that 
restricted branch of mechanics). Some authors prefer to use force as a 
fundamental quantity and mass as a derived quantity. Mass then 
equals 

Dimensional equations have three important uses: 

1. A dimensional equation may be used to determine whether a 
literal expressidh dr equation is possibly correct. 

2. In transferring from one system of units to another, a dimen¬ 
sional equation indicates the required power of the ratio of the units 
of the two systems. 

3. In seeking to formulate a mathematical expression fbr a physical 
law, a study of the dimensions involved may indicate the form of the 
expression sought and serve as a guide to a logical experimental 
procedure. 

The first two of these uses are of interest to the Student of this text. 
It will normally suffice to put into all terms the actual units used and 
then inspect the equation to be sure that the units could be canceled 



16 


MECHANICS 


[Art. 17 


as tl'ough they were numbers, or that 
example, 

(6 ft per sec) (12 Ib) 
32.2 ft per sec per sec 


“the dimensions check. 


= (80 lb)(^ sec) 


For 


An inspection shows that the units check. This is the equation of 
impulse and momentum, mass X velocity = force X time. If the 
equation had been written erroneously, omitting the 32.2 which is 
the acceleration of gravity, g, then the equation would have been 
dimensionally inconsistent. 

The dimensions of an area are I = L-. If an area in square yards is 
transferred to square feet, the ratio of the number of units of length in 
feet to the number of units in yards is 3. Since L in the dimensional 
equation is squared, it follows that the number of square feet in a 
given area is 3^ times as great as the number of square yards. This is 
an example of the second use of a dimensional equation. 

If a, 6, and c are lengths, an area may be expressed by a^, 
ahj aCy bCy c b^y etc. If an expression which is known to be 

an area has any of these forms, or any other form which is equivalent 
to the square of a length, the expressiorf^represents an area. Such 
expressions as afec, {a^ + b^)/Cy etc., cannot represent areas. 

If such an expression appears in a.g^antit;^ which is known to be an 
area, it will be recognized as ineor^oct. Thes^ are examples of the 
first use of a dimensional equation 

Only quantities having the ^toie^iiBaipnsions may be added or sub¬ 
tracted. Volume cannot be added to area nor velocity to density. 
If a, by and c are lengths and m is a mass, ah + b^ + a \/6c and 
me m \/+ c- are possible additions. 


Problems 


The dimension of the tngononiotric function is zero, smee each function is the 
ratio of two lengths. If a, 6 , c, and « are Vngths, is to represent a 

c2 ’ ~ ~ 

nature of the quantity expressed by \ /s (5 — a )(s — b){s — c)? What is the 
quantity expressed by -- —7 


2 . What is the coefficient required to reduce area in square feet to area in square 
inches and to area in square yards? Am. 12 ^, ( 3 . 3)2 

8 . Whej^t is the factor required to reduce pounds per square inch to grams per 
square centimeter? 

4 . How is velocity in feet per second reduced to velocity in miles per hour? 

6 . How is acceleration in feet per minute per minute reduced to acceleration in 
f 6 et per second per second? 

$. Wlow that the expression for radius of curvature on page 278 represents a length. 
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18. Resultant. When a system of forces is replaced by anothe r sys- 
tern havin g the smalle st possib le n umb er of forces without making an y 
change in the effect of the syst^j this simpler system is called th e 
Tesultant of the o rigina l syst em. The resultant of the most compli-' 
ca^edTorce system can be represented by two vectors, and the result- 
ants of the typical force systems usually found in engineering problems 
can be-||pf)resented by one vector each. By definition of resultant, 
any system of*^rces can be replaced, if convenient in the solution of 
any prolblem, hy its resultant or by any other system having the same 
reSliltant; conversely, any force can be replaced by a system of which 
it IS tibe resultant. 

impi'rtance W the conctot of the resultant and its usefulness in 
th^ sojW"' ci problems Jihe separate consideration of the 

reslHant. foi* 6a<*h class of forCif sj^Atos. 

If vtnQTi itwM and dirvHiori of two concurrent forces are repre-- 

sented by a vector the. dirfcMon and magnitrule of the resultant of these 
forms are > epreserUed by the vector sum of these vectors. This is the/orce- 
trikngle law (in a sliglitly different form called the law of the parallelo¬ 
gram of forces) j which may be regarded as an axiom amply verified by 
experiment. 

If the resultant is to have exactly the same effect as the two forces 
which i% replaces, must be applied at the same point to which the forces 
it replaced applied, i.c,, at the point of concurrency. This, also, 

can be considered axiomatic. For tlie purpose of determining whether 
or not a system of forces is in equilibrium, any force or resultant ihay 
be considered to act anywhere along its line of action, on or off the 
free body. For example, if a body is suspended by a string, it makes 
no difference whether the string is attached to a support a short dis¬ 
tance above the body or a greater distance if the question is simply 
whether the body is in equilibrium. But if the body is swinging as a 
pendulum or if the question is whether the body will return to the 
position of equilibrium if displaced and if so how quickly, the point of 
attachment of the string makes a great deal of difference. This die- 
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tinction must be remembered in connection with the axiom. A force 
may be considered as applied anywhere on zts own hne of achon 

Figure 15 illustrates two concurrent forces which are applied to a 
beam at a point A by means of two flexible cords. Each cord runs 
over a smooth pulley. The left cord supports a mass of 8 pounds. 
Since the pulley is smooth and the cord is flexible, it is known that the 
force exerted by this cord at A is 8 pounds tension directed along the 
axis of the cord. A measurement of the angle between the cord and a 
plumb line shows that the tension makes an angle of 35° with the 
vertical. 1 The force in the right cord is 12 pounds at an angle of 50° 
to the right of the vertical. 

Figure 15,11 is the space diagram giving accurately the angles of the 
two forces which are concurrent. The arrows show the direction of 



16 . 

each force along its line. Figure 15,111 is the iorr^ polygon^ which, 
in this case, is a triangle. To draw the force triangle, a point 0 is 
selected as the origin and a line is drawn through this point parallel 
to the direction of the 12 pounds of the sp .cc diagram. A length of 
12 units of some convenient scale is measured off from 0 to C. From 
C, a second vector, 8 units in length, is drawn parallel to the force of 
8 pounds of the space diagram. The direction and magnitude of the 
resultant of these two forces are given by the line OD which is drawn 
from the origin of the first vector to the terminus of the second vector. 
The arrow on this resultant is from 0 toward D. Finally, through the 
point of application of the forces on the space diagram, a broken line is 
drawn parallel to the direction of the line OD of the force triangle 
This broken line gives the location of the line of action of the resultant 
force. 


1 In this book when a direction is given by means of an angle with the vertical 
the vertical upward is meant, unless otherwise specified. When a direction is iri ' 
by means of the angle with the horizontal, the horizontal to the right is meant^and 
the positive angle is measured counterclockwise from the reference line * 
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Where a drawing of the structure is available on the sheet used for 
calculating the forces, as Fig. 15,1, this drawing may be used as the 
space diagram and Fig. 15,11 may be omitted. 

Problems 

1. Find the magnitude and direction of the resultant of the following forces in a 
horizontal plane: 15 lb north^ 75° east, 18 lb north 30° east, and 12 lb north 60° 
west. Solve graphically to the scale of 1 in. =5 lb. Measure the length of the 
resultant in inches and reduce to pounds. Find the angle which the resultant 
makes with the north-south line by means of its sine using a 5 -in. radius. Check 
this angle by means of its tangent. 

2 . Two ropes in a vertical filane ar(‘ attach(‘d to a fixed point A . One rope, which 
supports a mass of 78 lb, runs o\ or a smooth pulley which is 12 ft high(*r than A 
and 5 ft to the left of the vertical line through it. The second rope, which sup¬ 
ports a mass of 50 lb, runs over a smooth pulley which is 12 ft higher than A 
and 9 ft to the right of the vertical line through it. Construct a space diagram 
to the scale of 1 in. = 5 ft. Then construct the force triangle to the scale of 
1 in. =30 lb. Measure the resultant and express its magnitude in pounds and 
its angle with the v('rtical in degrees and minutes. 

3. Solve Prob. 2 with 50 lb on the left rope and 78 lb on the right rope. 

19. Calculation of the Resultant of Two Forces. Since the force 
polygon for two forces and their resultant is a triangle, the resultant 
of two forces may be calculated by 
means of the formulas for the solution 
of triangles. If the tw^o forces F^nd 
Q of Fig. 16 are at right angles to each 
other or if the loi-ce P is equal to the 
force Q, the magnitude and direction 
of the resultant may be computed by 
formulas for right triangles. For most 
cases the formulas for oblique triangles 
are required. The angle between the 
forces P and Q (Fig. 16,1) is the supplement of the angle opposite 
R in Fig. 16,11. From the cosine law 

R 2 = ]>2 + Q 2 2PQ cos a ( 1 ) 

The angle B between R and P and the angle </> between R and Q may 
be found by the sine law\ 

Problems 

1. Look up the cosine law and compare with Eq. ( 1 ). Explain the difference in 
sign of the last term. 

^ Surveyors express directions by angles with the meridian. North 30° east is a 
direction of 30° east of north. South 20° east is 20 ° east of south. 




20 


MECHANICS 


[Art. 20 


2 . Find the magnitude and direction of 240 lb at 50° with the horizontal and 160 lb 

at 30° with the vertical. Ans, R — 330 lb at 77°6' with the horizontal. 

3 . Find the resultant of 60 lb at 35° with the vertical and 60 lb vertically upward. 
Also solve graphically to a scale of 1 in. =10 lb and compare results. What is 
your error in pounds and what length on your scale does this represent? 

Ans. 106.44 lb at 62°30' with the horizontal. 

4 . Solve graphically for the resultant of the four forces in the two problems imme¬ 
diately above. Check by adding the answers vectorially. 

5 . Solve Prob. 1 , Art. 18, trigonometrically. 


20. Calculation of the Resultant of More than Two Forces. Prob¬ 
lem 4 of Art. 19 is an example of adding more than two forces. If the 
work is to be done graphically, all the vectors are laid off, in any order, 
with the origin of each at the terminus of the preceding one, and the 
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vector from the original origin to the final terminus represents the sum 
Each additional force in the problem adds If) tl.e difficulty of the solu¬ 
tion onI\ the labor required to lay off a mgle vector. If, however, 
the work is to be done trigonomet: ,cally, each additional force adds 
the labor of computing one additional tnangle, and it is le.ss labor to 
make use of the principle that the sum of the components of any sys¬ 
tem of forces m any given direction is etjual to the < omponent of the 
resultant in the same direction. Figure 17,1 shows three forces P 
P 2 , and P3, which make angles of a, and 7 , respectively with the 
axis OX. Figure 17,11 shows the vector addition of these forces 
together with components of each force along OX and along an axis 
OF perpendicuilar to it^ The resultant of these forces is a line from 
0 to 0, which IS not drawn on Fig. 17,11. The component of this 
resultant pai allel to OX is H, which is equal to the sum of the enm 
ponents of the forces. com- 


= P, cos a -h Pi cos /3 + P3 cos 7 


(1) 
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The component of the resultant parallel to OF is V. 

V = Pi sin a + P 2 sin /3 + P 3 sin 7 
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( 2 ) 


The components H and V, drawn with reduced scale, with their 
resultant R form the right-angled force triangle of Fig. 17,111. If 0 is 
the angle which the resultant makes with the axis OX, 


tan 0 
R 
R 


V 

H 


H sec 0 = 


H 

cos 0 


V 

sin 0 


(3) 

(4) 

(5) 


The resultant R might be calculated from the square root of the 
sum of the squares of H and V. If these numbers are of four or more 
figures, it is easier to use the equations above. 


Example 

Find the resultant of 10 lb at an angl(‘ of 20° with the horizontal, 12 lb at 60°, 
and 8 lb at 110°. 

First Solution' Axes at 0° and 90° 


The statement of the example is given by Fig. 18,1. (This figure also illustrates 
the construot^on of a 20° angle by m^ans of its chord.) It is assume^d that the 



forces are measured accurately to one-hundredth of a pound. Resolution along 
the axis OX gives 

10 cos 20° - 10 X 0.9397 = 9.397 

12 cos 60° = 12 X 0.5000 = 6.000 

8 cos 110° = 8 X (-0.3420) = -2.736 

H = 12.661 

Resolution along the axis OF gives 

10 sin 20° = 10 X 0.3420 = 3.420 
12 sin 60° = 12 X 0.8660 = 10.392 
8 sin 110° = 8 X 0.9397 = 7.518 


V = 21.330 
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From Fig. 18,11, 


tan 6 


21.330 
12.661 


1.6847 


0 = 59 ° 18 ' 
21.330 

^ ■" sin 59°18' 


21.330 

0.8599 


= 24.81 lb 


The student will check R by means of H and the cosine of $. 


Second Solution: Axes at 20 a7id 110 
The statement^ of the example is given by Fig. 18,111. 

The solution is arranged in i ibular form, which is very convenient when the 
number of forces is large. 


Force 

Angle 

Cosine 

H' component 

Sine V' 

com ponent 

10 

0° 

1 

10.000 

0 

0 

12 

40° 

0.7660 

9.192 

0.6428 

7.714 

8 

90° 

0 

0 

1 

8.000 



H' 

= 19.192 

V' - 

I 5 .T 14 


21. Equilibrium. The vector diagram, Fig. 15,111, gives the result¬ 
ant of the 8-pound force and the 12-pound force acting at point A, 
If the two forces were removed and a single force equal to this resultant 
were applied at point A, the effect on the beam would be unchanged. 
But point A does not move because the beam applies at point A to 
the cords a force exactly equal and opposite to the resultant of the 
other two forces. The three forces arc< in equilibrium. Ihc point of 
attachment A is also said to be in equilibrium, and if there is a small 
body at A, such as a nail to Avhich the cords are ai^+:iched, this small 
body is said to be in cciuilibrium. The ra^altart cf alt V^roe forces is 
zero and their vector sum is zero, as can be jeen by reversing the result¬ 
ant in the force diagram at the right of the figure. Any body which 
remains stationary or which rnove.^ in a straight line without change of 
speed is in equilibrium. 

Newton’s law states that: Every particle continues in its state of 
rest or of uniform motion in a straight line, except in so far as it is com¬ 
pelled by impressed forces to change that state. This law follows ration¬ 
ally from the second law, to be discussed later. ^ The law means, 
simply, that so long as no vector quantity results from all the forces 

1 It is not necessary to make this sketch. Figure 18,1 will do for both solutions. 

® It is occasionally argued that since statics is but a special case of dynamics, 
its study should be deferred until after (‘onsideration has been given to the more 
general cases. However, a better mastery of any subject can usually be attained 
by starting with the simpler ideas and building upon thorough comprehension of 
them, and the usefulness of statics to the engineer transcends that of any other 
science so greatly that its thorough mastery must be conceded first priority. 
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acting on the particle, there will be no change in its state of motion. 
It can be easily shown that the law thus stated applies to any sizable 
body as well as to a particle, it being remembered that ^Wector quan¬ 
tity^’ includes moments as well as forces. 

When a body is in equilibrium, the forces acting on it are said to be 
in balance. Every force in the system is equal and opposite to the 
resultant of all the other forces in the system and acts along the same 
line as does this resultant. Further, the resultant of any group of the 
set of forces is exactly equal and opposite (along the same line) to the 
resultant of all the remaining forces. Any force in the system can be 
properly called the equihbrant of all the other forces, and the resultant 
of any group of the forces is the equilibrant of the remainder of the 
forces of the system. If there are only two forces in the system in 
equilibrium, the two forces are equal, 
opposite, and along the same line 
Each is the equilibrant of the other 

Figure 19 shows three flexible 
cords attached to a point. The 
resultant of the forces P and Q is the 
force R of the vector addition dia¬ 
gram, Fig. 19,11. Figure 19,111 is 
the force triangle for the three forces 
in equilibrium, ^"^or a graphical solution of this problem, Fig. 19,11 
would be imnecessM’y and would not be drawn. Figure 19,1 is called 
the space diagroin and is simply a sketch showing the relation of the 
forces in space and giving all the information known about the prob¬ 
lem as well as indicating the unknowns. Figure 19,111 is known as 
the force diagram^ the vector diagram, or, if there are more than three 
forces involved, the force polygon. The positions of the lines in the 
vector diagram are not important and they may be laid off in any 
order, even vith some of the lines crossing over others. It usually 
looks a little better, however, and is less confusing to lay them off in 
some order which gives an open polygon. The force diagram should 
never be superimposed upon the space diagram. Such a procedure 
never clarifies and often confuses the problem. 

Figure 19 presents a basic problem of coplanar, concurrent, non¬ 
parallel forces. There are six elements, the magnitudes of P, T, and Q, 
and their respective directions (the point of concurrency and the plane 
in which the forces lie being understood). Figure 19,111 is a solution 
of the problem. It has six elements, the lengths of the three sides 
and their respective directions, or, if preferred, the lengths of the sides, 
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the direction of one side, and two of the angles of the triangle (the 
third angle of the triangle being known from the other two and a 
proposition of geometry). It should be clear from geometry that if 
two (and only two) of the six elements are not known, the force dia¬ 
gram can be constructed and the problem can be solved. For example, 
if all the directions in Fig. 19,1 are known and the magnitude of T is 
given, there is a single definite value for each of the forces P and Q. 

In the force diagram for a force system in equilibrium, the terminus 
of the last vector coincides with the origin of the first, and the arrow 
on one side of each angle of th^ diagram points toward the angle, 
while the arrow on the other side of the same angle points away 
from it. When a body is in equilibrium under the action of a set of 
forces, the force polygon closes and the arrows follow each other 
around. 

Example 

A 40-11) mass rests on a sinoolh inclined plane, which makes an angle of 35° with 
the horizontal. It is supported by a horizontal push of 12 lb, and a pull P paraded 
to the plane. Find the* force P and 1 lie normal reaction. 



Figure 20,1 is the space diagram showing the -hroction of all the forces. The 
mass of 40 Ih is the free body in equilibrium. Th * arrows s/.ow the direction of the 
forces which act from other bodies on the fre^- body. The reaction of the plane 
is upward at an angle of 35° with the vertical. The pull of the enrth on the free 
body is downward force of 40 lb. The lengths of the linens in this (Ingram are not 
necessarily proportional to the magnitudes of the foret s. 

Figure 20,11 is the force polygon. The known fore(‘8 are 40 lb downward and 
12 lb horizontally toward the right. The unknown quantities are the magnitude of 
the pull P, the direction of which is known to be parallel to the plane, and the 
magnitude of the normal reaction of the plane. As the first step in the construc¬ 
tion of the force polygon, s vertical line AB is drawn which is 40 units in length 
From B a horizontal line BC is drawn which is 12 units in length. Th(‘ arrow in AB 
is downward toward B and the arrow in BC is toward the right, directed away from 
B, Through C a line is drawn parallel to the force P of the space diagram and 
through A a line is drawn parallel to the direction of the normal reaction. These 
lines are extended until they intersect at D, The length of CD measures the ten- 
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sion parallel to the incliiKMl plane, and the length of DA represents the normal 
reaction of the plane against the 40-lb mass. Since the arrow in BC is toward C, 
the arrow in CD must be away from C toward D. The arrow in DA is from D 
toward A, which is the point of beginning of the polygon. 

As Fig. 20,11 is drawn, the' forces of the space diagram follow each other in the 
counterclockwise direction. The force of 12 lb might have been placed at the top 
to the left of A, The forces could then follow in the clockwise direction on the 
space diagram, and the force polygon would be inverted. Other forms of the 
polygon are possible if the forces are not taken in order around the point of applica¬ 
tion. The results are the same for any possible arrangement. 

Problems 

1 . Solve the above example graphically to the scale of 1 in. = 10 lb, with the 
horizontal force 17.5 instead of 12 Ib. 

2. Solve Prob. 1 if the horizontal force is 35 lb. 

3. A 50-lb mass is supported by three cords in the same vertical plane. One cord 
makes an angle of 45° to the left of the vertical. The second cord makes an 
angle of 30° to the right of the vertical. The third cord runs horizontally 
toward the right and exerts a pull of 10 lb. Find the tension in each of the 
others, using the scale of 1 in. = 10 lb. 

4. A mass of 50 lb is supported by two ropes; one makes an angle with the vertical 
whose tangent is 0.75 and the other exerts a pull of 45 lb. Find the tension in 
the first rope and the direction of the second. IVTeasun' the angle by means of 
the tangent. Give the results for both posaibl(‘ solutions. 

6. Solve Prob. 4 if the second rope exerts a pull of 60 lb. 




Fig. 21. 

22. Equilibrium by Resolutions. The force diagram for concurrent, 
coplanar forces in equilibrium is a closed polygon. If a closed polygon 
is projected upon any line in its plane, the sum of the positive projec¬ 
tions is equal to the sum of the negative projections, and the total 
projection is zero. When the forces which act on a body are in equi¬ 
librium, their resultant is zero and the sum of their components in any 
direction is zero. 

Figure 21,1 is the space diagram for Prob. 3 of Art. 21, and OABCO 
of Fig. 21,11 is the force polygon. Figure 21,111 shows the projections 
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of the sides of the force polygon upon a line at an angle of 10 below 
the horizontal. The projections O'A', A'^', and 5'C' extend from the 
left toward the right. The projection C'O' extends from the right 
toward the left to the point of beginning. 

To solve a problem of equilibrium of concurrent forces by resolu¬ 
tions, it is not necessary to draw the force polygon, as the components 
may be calculated from the space diagram. However, always draw the 
space diagram and mark all the forces which act on the free body. 

Figure 22 shows the space diagram for four forces Pi, P2, Ps, and P4, 
which make angles ai, 0:3, and 0:4, respectively, with the horizontal 
line toward the right. The point at which the forces meet is the free 



Fig. 22. 


body. The components along the horizontal are P\ cos ai, P2 cos 0^2, 
etc. If the forces are in equilibrium, 

Pi cos + P2 cos a% + Ps cos az + P4 COS ^4 = 0 ( 1 ) 

If the forces of Fig. 22 make angles jSi, ^2, /^s. and 1^4 wiih a second 
axis, the second condition of equilibrium is 

Pi cos j3i + P2 cos /32 + P3 cos /Ss + P. cos j34 = 0 (2) 

For Eq. (1 ■, the dotted horizontal line in Fig. 22 is called the axis of 
resolution, or simply the axis. The toim Pi cos is called the com¬ 
ponent of the force Pi on the axis. A resolution equation is written by 
multiplying each force acting on the body by the cosine of the angle 
which it makes with a chosen axis and setting the sum equal to zero. 
For any system of forces in equilibrium in a plane, this operation can 
be done twice independently. If the operation is done a third tinui, 
the equation so written is true but not independent. These ideas are 
written in mathematical cryptology thus: 

SP* = 0 XFy — 0 Formula II 

For Eq. (2), the dotted line making the angle A with the horizontal 
is the axis, and the equation is the result of multiplying each force by 



Chap. 2] 


CONCURRENT, COPLANAR FORCES 


27 


the cosine of the angle it makes with this axis and setting the sum 
equal to zero. Three things should be noted here about the practical 
business of writing resolution equations. 

1 . Any axis may be used and the resulting equation will be correct 
unless a mistake occurs. The student who slavishly adheres to the 
practice of resolving only on vertical and horizontal axes will miss most 
of the opportunities for skillful and elegaiit solutions. 

2. ^^Multiplying each force by the cosine of the angle it makes with 
the axis'’ presupposes that one direction along the axis has been taken 
as the positive direction and all angles are measured counterclockwise 
(clockwise would do as well) with this direction. This procedure 
involves using angles up to 3()0° and keeping careful track of the alge¬ 
braic signs of the cosines lying in the several quadrants. For most 
students, it is easier and safer to multiply each force by the cosine of 
the acute angle it makes vith the axis, and to determine the algebraic 
sign of the term by noting which way the arrow would point if the 
force were projected on the axis. 

3. Jt is not necessary to draw a separate space diagram for each 
resolution as is shown in Fig. 22. It is not even necessary or desirable 
to show a diagram with all forces radiating outward from the center 
of concurrency as is done in Fig. 22. It may readily happen that the 
free-body diagram may be clearer if one or more forces are shown act¬ 
ing toward the center of concurrency, as is N in Fig. 20. The direc¬ 
tion of the component of this force on any axis will not be made any 
clearer by replacing by a string pulling upward 35° to the left of 
the vertical. 

Any number of equations may be w ritten by changing the direction 
of the axis of resolution. Since two components completely determine 
a vector in a given plane, only tw o such equa¬ 
tions can be independent. A third equation 
may be written as a check. 

Example 1 

A mass of 80 lb is support(*d by throe fl(‘xiblo cords 
in llio same vortical plain*. One cord makes an angle 
of 30" to the left of the vortical and exerts a pull of P lb. 

The second cord makes an angle to the right of the 
vertical whose cosine is 0.6 and exerts a pull of Q lb. 

The third cord makes an angle of 75" to the right of the 
vertical and exerts a pull of 12 lb. Find the unknow n forces P and Q by horizontal 
and v(‘rtical resolutions and check by a third resolution. 

From the horizontal resolution (Fig. 23) wdth components toward the right as 
positive, the equation is 
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12 cos 15° 4 - Q sin /3 - P cos 60° =* 0 
12 X 0.9659 + O.HQ - 0.5P = 0 

From the vertical resolution, positive upward, 

P cos 30° + Q cos /3 + 12 sin 15° - 80 = 0 
0.8660P + 0.6Q = 80 - 12 X 0.2588 = 80 - 3.1056 = 


76.8944 


From Eqs. (2) and (4), 


1.5P - 2AQ 
+ 2AQ 
4.964P 
P 
0.8Q 
Q 


34.7724 
307.5776 
342.3500 lb 
68.966 lb 

34.483 - 11.591 = 22.8921b 
28.6151b 


The solution is now finished, but there may be errors in writing the eciiiations or 
in the numerical work. Th(‘ check is fully as important as the solution. A check 
may be made by resolution along any axis except those used for Eqs. (1) and (3). 
(A resolution perpendicular to Q checks only one unknown.'* A resolution per¬ 
pendicular to the known force of 12 lb (along the axis ON of Fig. 23 at an angle of 
15® with the vertical) may be chosen. This gives 

P cos 15° -f Q sin 21°52' - 80 cos 15° = 0 (9) 

I 28 615 X 0.3725 


68.966 4- 11.035 = SO.Ool = 80 

The error is 1 part in 80,000, which is much less than might be expected ^^ith 
four-place tables. 

Problems 

{Draw the space diagram for each problem, Mark each force which acts on th* 
free body.) 

1. A mass of 200 lb is supported by two ropes, one of uch makes an angle of 60° 

to the left of the vertical and the other an 
^ ^ angle of 45 to the richt of the vertical. Solve* 

by horizontal and \ \i [ical resolutions. ('heck 
^ ; by a resolution along an axis at 60° to the left 

• f , of the vertical. 

? 2yA horizontal rod 8 ft oi length, is hinged 
^ B '</ \ ^ 24) and supported by 

. y . . ■ -^ 4 a rope which is attached at the left end A. 

_.other end of the rope is fixed to n pomt 

^ ^ ^ Cj which is 6 ft above the hinge B. The 

supports a mass of 60 lb at A. Find the 
Y OO 10. tension in the rope and the compression in the 

24 vertical and horizontal resolutions. 

Check by a resolution parallel to the rope. 

When ^ force is unknown, both as to.direction and mq grnitn^o jg 
beatTo^cemsider this force as made up of two component]^ 
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angles to each other and find the magnitude of each of these compo- 
iTents s eparatelyTT ^ext find the direction and magnitude of their 
resint^int, which is the force required. This method is the same as the 
one for finding the resultant of a set of concurrent forces. • 

Example 2 

A 50-lb mass is supported by two cords, one of which makes an angle of 76® to 
the right of the vertical and exerts a pull of 30 lb. Find 
the direction of the second cord and the tension which it 
exerts. 

In Fig. 25, the unknown force Q at an unknown angh? 
e with the vertical may be regarded as made up of a 
horizontal com}>onent H and a vertical component V. 

Resolving horizontally, 

i/ - 30 cos 15° = 30 X 0.9059 = 28.977 
Resolving vertically, 

F = 50 ~ 30 sin 15° = 
tan 0 

e 

Q 

Check by resolving parallel to Q, 

50 cos 34°27' -f 30 sin 19°27' = Q 
50 X 0.8240 = 41.23 

30 X 0.3330 = 9.99_ 

5R22 = Q 

Problems 

3. A mass of 120 lb is supported by three cords in the same vertical plane. One 
cord exerts a pull of 60 lb in a horizontal direction toward the left. The second 
cord makes an angle of 60° to the right of the vertical and exerts a pull of 40 lb. 
Find the direction of the third cord and the tension which is exerts. Check. 

A ns. 103.17 lb at 14°14' to the right of the vertical. 

A mass of 40 lb is supported by two cords. One is horizontal and the other 
exerts a force of 60 lb. Find the force of the first cord and the direction of the 
second. Ans. H = 44.72 lb; ^ = 48°12'38" with the vertical. 

23. Elimination of One Unknown. The examples in the preceding 
article were solved by horizontal and vertical resolutions, and the 
problems can be easily solved in the same way. But in writing a 
resolution equation any axis may be used, and it is often advantageous 
to eliminate an unknown by a skillful choice of an axis rather than by 


50 -* 30 X 0-2588 = 50 

= 4^6 = 

= 34°27' 

_ 42.236 _ 42.236 
'io8d 0.8246 


7.764 = 42.236 


= 51.22 
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the solution of simultaneous equations. The following examp e 
solved twice to indicate the amount of labor that may be savtc 
equations containing only one unknown are written. 

Example 

A 40-lb mass is supported by three flexible eords in the same vertical plan 
One cord makes an angle of 35 ° to the left of the vertical and exerts an un cno^' 
pull of P lb. A second cord makes an angle of 25° to the right of t lie^vc'rtH a an 
exerts an unknown pull of (J lb. The third cord makes an angle of 80 to t le ng 
of the vertical and exerts a pull of JO lb. Find the unknown lorces by J( 



The point O (Fig. 26,1) at which all these cords nn^et is the/rcc body in equilib¬ 
rium. From the horizontal resolution, with components toward the right positive, 


10 cos 10° + Q sin 25° - P sin 35° = 0 ( 1 ) 

0.4226Q - 0.5736P = -9.848 (2) 

From the vertical resolution, positive upw^ard, 

10 sin 10° 4- Q cos 25° -f P cos 35° - 40 =:0 (3) 

0.9003C> -f 0.8192P == 40 - 1.736 = 38.264 (4) 


To elimina .e Q, Fq. (2) is multiplied bv 0 .1063 and Fap (4) is multijilied by 
0.4226. 

0.9063 X 0A22(}Q - 0 .>J99P = - ,S.925 ( 5 ) 

0.4266 X 0.9063(3 + 0.34627* = 16.170 ( 6 ) 

When Eq. (5) is subtracted from Eq. t 6 ), 

0.866 IP = 25.095 ( 7 . 

P = 28.97 lb 

When this value is substituted in Eq. ( 2 ), the result is 

0.4226Q = 0.5736 X 28.97 - 9.848 = 16.617 - 9.848 = 6 769 
(3 -16.02 lb 

6rhn i.nWnnwn fnrr-,. nf Fjg. 26 may be oliiniimtod b;, rcsojving along the broken 
line of Fig. 26,11, which is normal to the direction bf iTabd. tliorofore^ ift ti koH an 
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angle of 25° with th e horizontal On the lef t, this linft makea a g angle of 30° with 
Hi refit ion of the force P. On the right, it makes an angle of 3 5° with the direc¬ 
tion of the 10-lb force, and an angle of 65° with the a ('rt»cal line of the weight. 

P 008 30° - 10 cos 35° - 40 sin 25° = 0 
0.8660P - 10 X 0.8192 + 40 X 0.4226 
0.86607^ - 8.192 ■+• 16.904 = 25.096 
P = 28.98 lb 

While Eq. (10) is identical with Eq. (7), tnc labor of calculation is much smaller. 
After one unknown has been computed by a resolution perf)endicular to the direc¬ 
tion of the other unknown, any conveni(‘nt equation may be used for determining 
the other. P^jr instance, the horizontal and vintical resolutions, which are gen¬ 
erally easy to write, may be used foi the other unknown and the check. A resolu¬ 
tion may be taken perpendicular to the direction of the first unknown. After a 
resolution has been written perpendicular to the direction of one unknown, a 

resolution parallel to that unknown is easy to write, since the angles are comple¬ 

mentary, and a sine in one (‘quation is replaced by a cosine in the other and vice 
versa. 

In P'ig. 26, resolve parallel to Q, 

P sin 30° -f (7 + 10 sin 35° - 40 cos 25° - 0 (11) 

To write Pkp (11) from lOcp (8), it is onlv necessary to observe the sign of each 
term from Fig. 26 and to in(*lud(‘ the term Q uhich, it written in P)q. (8), would be 
Q cos 90°, 

Q = 40 X 0.9063 - 10 X 0 5736 - 28 98 X 0.5 (12) 

Q - 36.252 - 5.736 - 14.490 - 16 02 lb 

After the problem has Ixaui solved by Plqs. (8) and (11), the check is most con- 
v(*nientlv made by the horizontal or vertical resolution. 

Problems 

tf A mass of 40 lb on a smooth plane inclined 25° to the horizontal is supported by 
a rope which makes an angle of 42° w ith the horizontal. Pdnd the tension in the 
rope by a resolution paralUd to the plane. P’lnd tlu' reaction of the plane by a 
resolution perpendicular to the plane. Oheck by a vertical resolution. 

Ans. 17.68 lb;(|l£81^ 

2. A mass of 50 lb on a 20° inclined plane is supported by a rope parallel toTRo 
plane which (‘xerts a force of 8 lb and by a rod w Inch pushes horizontally. Find 
the compression in the rod and the normal reaction, and check. 

3. Solve the problem of Fig. 20 by resolutions, and check. 

4. Solve Prob. 3 of Art. 21. Check. 

6. A mass of in lb is held on a smooth inclined plane, wdiich makes an angle 6 with 
the horizontal, by means of a cord parallel to the plane. Find the tension in 
the cord and the normal rc'action of the plane bv resolutions parallel and per¬ 
pendicular to the plane, and check by a vertical resolution. 

Ans, Tension = m sin 6; normal = m cos $. 


( 8 ) 

(9) 

( 10 ) 
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^ is held on a smooth inclined plane, which makes an angle 6 with 
the horizontal, by means of a horizontal cord. Find the tension in th(‘ cord 
and the normal reaction, and check. 

Ans. Tension = m tan d, normal = ni sec 6. 

24. Trigonometric Solution, When three concurrent forces are in 
equilibrium, the force polygon is a triangle. It is somefiwes desirable 
to draw this triangle and calculate the unknown forces or directions 
trigonometrically. When two of the forces are perpendicular to each 
other, making a right-angled triangle, or when two of the fort'es an^ 
equal, making an isosceles triangle, this method is especially coru en- 
lent. It is the best method when the forces are expressed literally 
instead of numerically. 

Example 1 


nim by two cords, one of which is horizontal and exerts a 

1 . in t le direction of the second coid and the tension which it exerts. 




"^he force triangle (Fig 27) is a right- 
^ j \ ®'^igl6d triangle of base 1C) and altitude 40. 

\ i ^\x 0 == 0.4 T = 40 sec 0 

^ \ 

1 i \ Problems 

LxJ 13 ^ - > \ ^ siipporti'd by a rope 

40 lb. 16 lb, l <-16 *->l ■'^hich inakos an nnglo 0 with the verical. 
Flo, 27 . ^ held bv a horizontal rope which 

terms of W and 0 Find the t 

Find the weight W in terms of the tension n, (be Z lope and 0 
fnctioiiless piiilev a known moo„ n i •'•ven a 

thh prinrlple W ippj.ed u, "to"' ""“'I' 

. 

i £ B 2 

7 . A mass of m lb is held on a smooth inclined plane w hu-h , i 
the horizontal, by a 'rope whirik^arattr^ith Ihe w" 
tension in the rope and the norma, reaction & “ 

Ans. Tension = ^ ^ ^eos 

cos (a - ji) 

It sometimes happens that the force triangle is simii r 
of a. .pace diagrem. In that case the magnitufe 01*111! t‘ * 
proportional to the correapondins length, in the ppL 
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Example 2 

Figure 28 shows a horizontal rod, 12 ft in length, which is hinged fit the left end A, 
A cord is attached to the right end B and fastened to a point C, which is 8 ft above 
4. Neglecting the weight of the rod, find the tension in the cord and the com¬ 
pression in the rod when a load of 40 lb is placed at B. 



The force of 40 lb in the force diagram is homologous to the length of 8 ft in the 
space diagram. Since the ratio is 5 to i, the horizontal push in the rod is 

5 X 12 = GO lb. 

In the space diagram the length BC is V208 = 14.422 ft. The tension in the cord 
is 5 X 14.422 = 72.11 lb. 

Problems 

8 . In P'ig. 28, the cord BC is shortened until the point i? is 2 ft higher than A. 

P^'irid the compression in the rod and the tension in the cord. Solve by similar 
triangles. Ans GO lb; 66.33 lb. 

9. In Fig. 28, the cord BC is lengthened until the point B is 3 ft lower than A. 
P^ind the compression in the rod and tlie tension in the cord. 

Ans. 60 lb; 80 lb. 

10. If the h'ligth of .17? of P1g. 28 is constant and the point C is at a constant 
distance directly ahoDc A, show that the compression of the rod is the same for 
all lengths of the (*ord BC. 

26. Moments. Figure 29 shows a bar OB, which is hinged at 0 
and has a load P applied at B. The load tends to turn the bar about 
the hinge and does turn it unless balanced by a second force tending 
to turn in the opposite direction. In Fig. 29,1, the turning effect is 
greater than in Fig. 29,11. In Fig. 29,111, the force has no tendency 
to turn the bar around the hinge. In the other positions, the force 
P is said to exert a moment on the bar about the hinge. The point 
about which moment is taken is called the origin of moments or the 
center of moments. The origin of moments may be some point in the 
body, as the hinge 0 of Fig. 29, or it may be some point entirely out¬ 
side the body. 
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Definition. The moment of a force about a point in its plane is ^ 
product of the magnitude of the force multiplied by the per pent t(u 

tance from the point to the line along 

which the force acts. 

In Fig. 29, the moment of the 
force P is the product of the force 
multiplied by the length OC. If 
the force is measured in pounds 
and the distance in l(‘et, the 
moment is expressc'd in foot¬ 
pounds. To distinguish moment 
from work, some writers use 
pound-feet for moment and foot¬ 
pounds for work. Though this distinction is desirable, it has not come 
into general use. 

The perpendicular distance from the origin of moments to the line of 
action of the force is the effective moment arm. 

The length OjS, from the origin of moments 
to the point of application of the force, may be 
called the apparent moment arm. If the length 
of the apparent moment arm is a (Fig. 30) and 
the angle between its direction and the direc¬ 
tion of the force is a, 

Effective arm = a sin a (1) 

Moment = P X a sin a 

Formula II] 

Counterclockwise moment is ^ ♦ iierally 
regarded as positive in mathematic<il works. 

In the theory of beams in strength of mate rials, 
some authors prefer to take clockw ise moment 
as positive. It is immaterial which sign is 
used, provided the same convention applies to 
all the moments of a given eejuation. 

In algebraic equations in this book, moment is represented by capital 
M and mass by lower-case m. 





Problems 

{In these prohlems, construct the spare diagram to scale, measure the effective arm 
and compare with the computed length.) 






Chap. 2) 


CONCURRENT, COPLANAR FORCES 


35 


1 . A weightless bar ABj 5 ft long, is hinged at the left end A and carries a load of 
24 lb on the right end B. Find the moment of the load about the hinge when the 
right end is elevated 25° above the horizontal. 

Arts. M — 108.76 Ib-ft, clockwise. 

2. Solve Prob. 1 if the right end is depressed 35° below the horizontal. 

3. A rectangular board in a vertical plane is 12 in. long and 5 in. wide. The board 
is hinged at the lower h'ft corner and a force is applied at the uppei right corner. 
Find the effective arm by two methods, and find the moment of the force about 
the hinge if the 12-iii. (‘dges are horizontal and the force is 30 lb at 35° to the 
left of the vertical upward. 

Am. Effective arm = 13 X 0.9767 or 12 X 0.8192 + 5 X 0.5736; 
M = 380.94 lb4n. 

4. Solve Prob. 3, if the right end of the board i.s eli^vaied to bring the 12-in. edges 
to an angle of 10° with the horizontal. Sfilve for the effective arm by two 
methods. Compare with the graphical solution. 

6 . Solve Prob. 3 if th(' 12-in. edg(‘S are horizontal and the force of 30 lb makes an 
angle of 20° to the right of the vertical upward. Check. 

A71S. M - 286.99 lb-in. 

By changing the order of the letters, Formula III may be written 

M = P sin a X a (2) 

The term P sin a is the component of the force perpendicular to the 
apparent moment arm. Equation (2) gives a second definition of 
moment: The moment of a force is the product of the length of the appar¬ 
ent moment arm multiplied by the compo7ient of the force perpendicular 
to it {Fig. 30,//). 

The first definition states: The moment is the product of the entire 
force multiplied by the component of the arm perpendicular to it. The 
second definition states: The momeiit is the product of the entire arm 
multiplied by the component of the force perpendicular to it. 

Since force and apparent arm are vectors, moment is the product of 
two vectors. It will be shown, in Art. 82, that this product may be 
represented by a vector normal to the plane of the arm and force. 

26. Moment of Resultant. If Pi, P 2 , P 3 , etc., are forces which make 
angles «], a2, as, etc., with the apparent arm of length a^ the sum of 
the moments of all these forces about the origin is 

M — Pi sin aia + P2 sin oL 2 a + P3 sin a^a -f - • • (1) 

M — (Pi sin ai + P2 sin a2 + Ps sin as * * • (2) 

The term in the parentheses of Eq. (2) is the sum of the components 
of all the forces perpendicular to the apparent arm and, therefore, is 
the compoiu'iit perpendicular to the apparent arm of the resultant of 
the forces Pi, P 2 , Ps, etc. Eejuation (2) gives the moment of the 
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resultant of these forces and proves the proposition: Fhe morncn o 
the resultant of several concurrent forces is equal to sum of the momi 

of the separate forces. _ . , 

This proposition is known as Varignon’s theorem, and it is ^ eiy us( u 
in practical applications of mechanics. When the moment of a 
calculated by multiplying the apparent arm by the component ol t le 
force perpendicular to the apparent arm, tlie proposition has been used 
as the other component then passes through the origin of moments an ^ 
its moment is zero. The total moment is, then, t ic 
^ moment ot the component normal to the apparent 
arm. 

^ It is often advisable to find the moment of a force 
by means of the sum of Ihe moments of its com¬ 
ponents. Figure 31 shows a force P applied at a 
point 7J. The vertical component is V and the 
horizontal component is H. If the origin of moments is taken 
as the origin of coordinates, the moment arm of V is .r and the 
moment arm of H is g. 

Moment = Vx — IIy Formula IV 

Formula IV is especially useful when the coordinates of the origin of 
moments and of some point on the line of application of the force are 
given, or when the horizontal and vertical components of the apparent 
arm may be easily calculated. 

This formula is of value in w^ork using formal n'ctangular coordinates 
when the coordinates of the origin of mome’^ts and of some ])oint on 
the line of action of the force are kno\vn. The student should note 
that, as is usually the case with matlu matical formulas, the situation is 
presented in the first quadrant and this accounts for the negative sign. 
In other quadrants some of the terms may be m'gative. an<I the moment 
as computed by the formula is positive if it is counten*lo(*kwice. The 
formula, in spite of the negative sign, says that the moment of the 
force is the sum of the moments of its components. 

Example 1 

A force of 40 Ib at an angle of 25° to the left of th(‘ verti(‘al upward is applied 
at a point whose coordinates, in feet, are (6,2). Find the moment of this force 
about the origiii of coordinates (Fig. 32). 

By horizontal resolution, 



/f = 40 X 0 1226 = 16.904 lb 
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By vertical resolution, 

F = 40 X 0.9063 = 36.252 lb 

The effective arm of the horizontal component is the vertical length of 2 ft. The 
effective arm of the vertical component is the horizontal distance of 6 ft Both 
components turn counterclockwise 

16 904 X 2 = 33.808 
36.252 X 6 = 21^512 

25173^ Ib-ft 



1 lo 32. 


The example may be ohf‘(‘ked by the hist d(‘hnition of moment. Th(* apparent 

arm, OB (Fig 32,1) is 

OB = \/^ = 6 325 ft 
tan B = i 6 — 18°26' 

OC = OB cos (25° - 0) ^ OB cos 6°34' = 6 325 X 0.9934 = 6.283 ft 
il/ = 40 X 6.283 = 251.32 Ib-ft 

Problems 

1 . A force of 12 lb at 35° to the left of the vertical upward is applied at a point 

whose coorvlinates, in feet, are (5,3). Find the moment with respect to the 
origin of coordinates. ins M — 49.152 + 20.650 = 69.802 Ib-ft. 

2 . Check Prob. 1 by means of the fiist definition of moment. 

3 . Solve Prob. 1 if the force makes an angle of 35° to the right of the vertical. 

C^heck. Ans. AT = 28.502 Ib-ft. 

4 . Find the moment of tli(' force of Prob. 1 about the point whose coordinates are 
0,lj. (^lu*ck. 

6 . Solve Prob. 1 with respect to the y^oints (1,3) and (5,0). 

6 . Solve Prob. 3 of Art. 25 by means of the horizontal and vertical components 
of the force. 

7 . Solve Prob. 1 of Art. 25 by means of the components parallel and perpendicular 
to the edges of th(‘ board. 

8 . A bar AB, 13 ft long, is hinged at the left end .1 and supported with the right 
end B elevated 5 ft above the level of the left end by means of a rope w’hich 
makes an angle of 30° to ihe left of the vertical and exerts a pull of 50 lb. Find 
the moment about A by Formula IV and check by one definition of moment. 

9 . A bar AB, 10 ft long, has the right end B elevated 20°. It is supported by a 
rope at B w hich makers an angle of 10° to the right of the vertical and exerts a pull 
of 30 lb. Find the moment about a point w^hich is 2 ft above and 3 ft to the 
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right of A. Also find the moment about a })oint u hirh is 3 ft below and 5 
the right of A. ('heck both results 

Proposition. In the calculation of inovientj any point on the hne (f 
action of the force may he regarded as the point of application. 

This proposition is usually regarded as axiomatic. It can 
readily demonstrated by the student by showing that in rig. 

P sin (a — 6) X OE is equal to P X OC, OC being perpendicular to 

fhe line of action of P. 

The point B of Fig. 33 lies on the Y 
axis through 0. The vertical component 
of the force has a zero moment arm, and 
M = Hy. At D on the .Y axis, the 
horizontal compoiumt has a zero moment 
arm, and M = Vx. It is oflen convenient 
to extend the line of the force until it 
intersects a horizontal line through the 
origin and to calculate the moment by 
multiplying the vertical component of the 
force by the distance from the origin to 
the point of intersection. The line of 
force may be extended until it intersects 
the vertical line through the origin, and 
the moment may be computed by multiplying the horizontal com¬ 
ponent of the force by the vertical distance from the origin to the point 
of intersection. 

Example 2 



In Fig. 32, find the moment about 0 by multiplying the veitical component of 
the force by the horizontal distance* from ) Xo I) 


0/> = 6 + 2 tan 25° = 0 + 2 X 0.46(53 = (5 9326 ft 
M = 6.9326 X 36.252 = 251.32 Ih-ft 

Problem 



10. In Fig. 34, find the moment of the force about the 
point O' by multiplying the horizontal arm bv the 

vertical component of the force. Next extimd the line of force until it 
intersects the vertical line through O' and multiply the vertical arm by the 
horizontal component of the force. 


27. Equilibrium by Moments. Since the moment of the resultant 
of a set of concurrent forces is equal to the sum of the moments of 
the separate forces, and since the resultant of a set of forces in equi¬ 
librium is zero, it follows that the sum of the moments of a set of con- 



Chap. 2] 


CONCURRENT, COPLANAR FORCES 


39 


current forces about any origin is zero when the forces are in equilibriv/tn. 
This affords another method of solving a problem of the equilibrium 
of concurrent, coplanar forces. The moment equation of equilibrium is 

== /^ 1 sin (Xia P^ sin oL^a -}- jPa sin oL 2 ia “h * * * =0 (1) 

M = (Pi sin ai + P 2 sin «2 + P 3 sin as + • * * ) « = 0 (2) 

The term in the parentheses in Eq. (2) is the sum of the components, 
perpendicular to the apparent moment arm of length a, of all the forces 
vhich act on the free body. It is evidemt from Ihis equation, after it 
has been divided by the apparent arm, that a moment ecjuation for 
concurrent forces is equivalent to a resolution perpendicular to the 
apparent arm 

Since the moment equation of equilibrium for concurrent, coplanar 
forces is equivalent to a resolution perpendicular to the apparent 
moment arm, it would seem that there is no advantage in the use of 
moment methods. This might be true if all problems were given with 
the required angles expressed explicitly in degrees. On the contrary, 
dimensions are frequently so stated that it is much easier to compute 
the lengths of the effective arms than to find the angles necessary for 
the resolution method. For a graphical solution by the force polygon, 
an accurate drawing is recpiired to give the directions of the forces. 
On this drawing any convenient points may be chosen as origins of 
moment, the effective arms may be scaled, and the unknown force 
may be computed by elementary arithmetic. A solution of this kind, 
which may be called the graphcaI-mo7nent method, is frequently more 
accurate than the graphical solution by the force polygon. On an 
actual structure or machine, angles must be measured before resolution 
methods can be applied. It is generally easier to measure moment 
arms than to measure angles, and the calculations by moments are 
shorter and require no tables. It is essential that the engineer should 
acquire the habit of recognizing moments and moment arms in a struc¬ 
ture or machine and should acquire facility in thinking in terms of 
moments as well as in terms of force components. 

Figure 35 represents a Aveightless bar hinged at 0 and supporting a 
load P at B. The bar is supported by a cord at B. It is desired to 
find the tension in this cord. The three forces at B are the load P, 
the tension in the cord T, and the compression along the bar. If 
moments are taken about the hinge 0, the line of action of the com¬ 
pression in the bar passes through this point so that its moment is 
zero. The moment of T in a counterclockwise direction must be 
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equal to the moment of P in a clockwise direction. The effective 
moment arm of T is the length OD, measured from 0 perpendicular 
to the direction of the cord. The moment arm of P is the perpen¬ 
dicular distance from the hinge to its line of action, the length OC of 
Fig. 35. To find the perpendicular distance from a point to a straight 
line, it is only necessary to measure the shortest distance. This may 

be done with a tapeline or rule. In the 
actual machine or structure, it is much 
easier to measure these lengths than it is to 
determine the angles necessary for resolu¬ 
tion equations. 

The moment equation for finding the 
tension T is 

T XOD P X OC (3) 

To find the compression in the bar OB of 
Fig. 35, the point E may be used as th(‘ 
origin of moments, or any other point, as 
(7, on the line EB, 

When the origin of moments is taken on the line of action of a force, 
the moment arm of that force is zero. In the solution of a problem of 
equilibrium, it is desirable to take at least one origin of moments on 
the line of one of the unknown forces to avoid simultaneous equations. 

Problems 

1. A beam, as in Fig. .35, is 10 ft long, and the fixed point E 8 ft diroctiv abo\e 0. 

The right end of the beam is 2 ft higher than O, and tfu ]^>ad P is 200 lb Firnl 
the tension T • nd the compression in OB ])v the graphical moment method. 
Use a scale 1 = 2 ft and take origins at 0 tnd F. r'heck both rt‘sults by 

moments about a point 2 ft above O, 

2. Solve Prab. 1 when the end B is 2 ft lower than O 

3 . In Prob. 1, solve trigoiiometncallv for the angk'S. CahMilati' (*/> and solv(‘ 
for T by moments to four significant figures. C'alculate thf perpendiculfir 
distance from E to OB and solve for the compression m tin* beam. Uheck by a 
vertical resolution. 

4. In Fig. 28, find the compn'ssion in AB by moments about C; calculate thi' 
moment arm and find the tension in the cord. 





Example 

A mass of 40 lb is supported by two cords, one of which makes an angle of 30° 
to the right of the vertical and exerts an unknowui force Q. The second cord is 
attached to a fixed point A, which is 12 ft higher and 5 ft to the left of the point of 
attachment of the two cords to the mass. Find the tension Q by moments about 4 
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Find the tension in the other cord by horizontal resolutions. Check by vertical 
resolution. 

{The student will make a sketch.) 

Q sin 30° X 12 + Q cos 30° X 5 = 40 X 5 
10.330 = 200 

Q = 19 361 lb 
0.50 = Ha'J' 

T = 1.3 X 19.361 = 25.169 lb 

The student will make all the calcidations, including all omitted steps, and will 
complete the check.) 

28. Independent Equations. As was stated in Art. 21, the proper 
number of unknowns for a (*on(‘urrent, coplanar problem of statics is 
two, and in each problem of this class in the preceding articles there 
have been just two unknowns. These have been 

1. An unknown magnitude and an unknown direction of one force. 

2. An unknown magnitude of one force and an unknown direction 
of another. 

3. Two unknown magnitudes. 

4. Tw'o unknown directions. 

With tw^o unknowuis, iwo independent equations are required to solve 
each problem. Figure 30 shows a force AB. Its 
orthographic component along a direction OC isTi/ii, 
and its orthographic component along a direction 
OD is A 2 B 2 . If a third orthographic component were 
drawn, its length could lie expressed in terms of A ]Bi, 

A 2 B 2 , and known angles. Consequently, if three 
resolution equations w(*ie WTitten for a problem of 
concurrent, coplanar forces, any one of these could be 
derived algebraically from the other two. Only two resolution equa¬ 
tions, therefore, are independent. Expressed in another way, the solu¬ 
tion of a problem of equilibrium may be regarded as equivalent to the 
determination of the magnitude, direction, and position of a single 
resultant or equilibrant, and the number of unknowns in a solvable 
problem falling under any classification will be the number of elements 
necessary to describe completely a single force in that system. When 
the plane of the force is given and its position in this plane is known 
to be at the point of application of all the forces, only the magnitude 
of this resultant and its direction in the known plane remain to be 
determined. There can be only two unknowns, unless there are other 
conditions of the problem which are not based on mechanics. 
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Example 

A mass of 60 lb is supported on a 30° plane by a force F down the plane and a 
horizontal force H which tends to pull the body up the plane. Find these forces 
and the normal reaction of the plane. 

There are three unknowns and the problem is ind(*terminate unless another 
condition is known. Suppose it is known that F is equal to 40 per cent of the 
normal force. This reduces the unknowns so that the problem can be solved. 

A vertical resolution eliminates the unknown H. 

O.SOGA^ - 0.5 X OAN - 60 = 0 
0.666A = 60 

N = 00.01) lb 

A horizontal resolution gives 

H - 0.5A - 0.866 X 0.4A = 0 
H - (0.5 + 0.3464)A = 0.8464A 
H = 0.8464 X 00.09 = 76.252 lb 

Check by a resolution parall(‘l to the normal. 

Th(‘ two possible independeni equations may be written in any one 
of three ways: 

1. Two resolution equations. 

2. Two moment equations. 

3. One resolution equation and one moment (equation. 

A moment equation is equivalent to a resolution pt'rpendicular to 
the line joining the origin of moments to the point of ap})li(*ation of 
the forces. If two moment equations are written and the tuo origins 
of moment and the point of application of the forces lie on the same 
straight line, the equations are not independent After each moment 
equation has been divided by the length of its .pparent moment arm, 
the two are identical, and the resulting equation is eciuivalent to a 
resolution perpendicAilar to the mom'Uvt armo When two moment 
equations are written for a 'problem of concurrent^ coplanar forces, the two 
origins of moment and the point of application of the forn s mud not he 
in the same straight line. When one resolution a/ai moment equa¬ 
tion are written, the resolution must not be perpendicular to the line join¬ 
ing the origin of moments with the point of application of the forces. 

A resolution perpendicular to the direction of an unknown force 
eliminates that force. A moment about a point in the line of action 
of an unknown force eliminates that force. 

29. Questions 

1 . Give three metliods for finding the resultant of two concurrent forces 

2 . Give two practical methods for finding the resultant of three* or more concurrent 

coplanar forces. ^ ’ 
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3 . Give two definitions of the moment of a force and show how one definition is 
derived from the other. 

4 . Name four ways of solving a problem of the equilibrium of concurrent, coplanar 
forces. 

6 . In the solution of a probhun of equilibrium by resolutions, how may the resolu¬ 
tion be taken to eliminate one unknown? 

6. In the solution of a probh'm of equilibrium by moments, how may an unknown 
be eliminated? 

7. When a problem of equilibrium is solved by one resolution and one moment 
equation, what precaution is necessary? What pn'caution is necessary when 
two moments are used? 

8. When is it convenient to ealeulate moiiKuit by resolving both the force and the 
apparent arm into components? 

9. What is meant by the graphical-moment method for the solution of a problem of 
equilibrium? 

30. Miscellaneous Problems 

1 . F’ind the magnitude and direction of the resultant of 60 lb at an angle of 20° 
with the horizontal, 40 lb at 60° with the horizontal, and 10 Ib 40° (counter¬ 
clockwise) from the vertical. Check graphically. 

2. To the system of three forces given in Prob. 1 add the equilibranty 2 .c., the equal 
and opposite of th(‘ resultant, and check by resolving on some axis not used in 
finding the resultant. 

3. Find the res\iltant of 60 lb at 20° with the X axis and 80 lb at 110°. Solve by 
horizontal and vertical resolutions. Solve again by a more convenient pair of 
axes. Chc‘ck by a force triangle. 

4 . A 50-lb mass is attached at a point 5 ft from one end of a cord 11 ft long, and 

the ends of the cord are attached to a horizontal bar at such a distance apart 
that the point of attachment of the mass is 3 ft below the bar. Find the 
tension in each of the two parts of the cord. Solve by resolutions and check 
graphically. Ans. 46.53 lb; 43.65 lb. 

6 . A cord 10 ft long is fastened to two points at the same levid and 8 ft apart. 
From a small smooth ring on the cord a 60-lb mass is suspcmded. Find the 
tension in the cord. 

6. A force of 100 lb makes an angle of 30° with the horizontal. Find its rec¬ 
tangular component on an axis making an angle of 50° with the horizontal. 
Find its horizontal and vertical components, and find the sum of the com¬ 
ponents of the horizontal and vertical compoiuuits on the 50° axis. (This 
sum should check with the component of the KK)-lb force on the same axis.) 

7 . A mass of W lb is hung on a rope which makes an angle ct with the vertical and 
is held in position by a second rope. What should be the direetion of the 
second rope if it is to have the minimum possible tension? Solve graphically 
and check by considering the moments of ail forces with respect to a point on 
the first rope. What shouhl be thi‘ direction of the second rope if the tension 
in the first rope is to be a minimum? 

8 . An unknown mass is placed on a smooth inclined plane which makes an 
unknown angle with the horizontal. It is found that it can be held in place 
cither by a horizontal force of 30 lb or by a force of 24 lb parallel to the plane. 
Find the four unknown quantities. (Two separate free-body diagrams should 
be drawn. From each of the diagrams, two independent equations can be 
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written and the four unknowns can be determined. The situation will be 
confused by an attempt to put all the data into one space diagram.) 

9. Solve Prob. 8 graphically. (The situation may be clarified by superimposing 
the force diagrams for the separate conditions of the problem.) 

10. The resultant of a force of 400 lb and a force of 1,300 lb is a force of 1,500 lb. 

What is the angle between the forces? A ns. 67°23'. 

11. A mass of 100 lb is supported by a cord making an angle of 30° to the k'ft of 
the vertical, a second cord at 40° to the right of the vertical, and a third cord 
horizontally to the left. If the horizontal cord exerts a force equal to 0.5 times 
the smaller of the other two, what is the tension in each of the three cords? 
(Study a force polygon until the condition becomes clear and then solve by 
vertical and horizontal resolidlons.) A ns. The horizontal force is 24.3 lb. 

12. Find the force P to move the block in Fig. 1 if a is 20° and F cannot exc(‘ed 
0.65A. Find also the smallest force P to move the block and the corresponding 
value of a with the same (condition for F. 

13. A small 15-lb mass at the upper end of a light rod 17 in. long is placed against 
a smooth vertical wall with the rod in a vertical plane and its lower end 8 in. 



from the wall. Find the coefficient of friction 
between the end of the rod and the floor necessary 
to prevent slipping. Would the rod stand with 
a smaller coefficient at the floor if the wall were 
rough ? 

14. Figure 37 shows an 80-Ib mass hung from a 
smooth pulley free to run along a cord where the 
tension is 60 lb. The pulley is pulled downward 
at 30° below the horizontal by a force of 60 lb. 


Write two resolution equations and solve for the two unknown angles. 


Am. The situation is impossible. An attempt to do a graphical solution will show 


the nature of the difficulty. 



CHAPTER 3 


APPLICATION OF FORCES 

31. Forces. For the system of forces discussed in Chap. 2, it 
appeared that for any given problem a direct procedure can be set up 
leading to a definite solution and that it can be determined by rule 
whether or not any given problem has. a definite solution. It will 
presently be seen that the same things may be said of the more com¬ 
plex systems, but it must not be concluded that mechanics is a game 
wherein it is necessary only to know the rules. Applied mechanics, the 
serious business of the designer of machines and structures, requires, 
above all, a clear conception of how forces arise and how they are 
applied to the bodies under consideration. Every practical problem 
of applied mechanics involves the study of a set of forces and their 
effects on matter. No mathematical method, however powerful, is 
likely to be fruitful unless it is used with a clear understanding of 
what is known about the problem and of what can be assumed with¬ 
out destroying the usefulness and correctness of the conclusions. 

Forces are classified as mechanical Jorces, or forces which are exerted 
on a body by other bodies in actual contact with it, and field forces, or 
forces which somehow act at a distance as do gravitation, magnetic 
and electrostatic forces, and the inter- and intraatomic forces.^ For 
the sake of simplicity, no forces are considered in this text except con¬ 
tact forces and gravitation. (Gravity forces appear only as the weights 
of the bodies under study. Fictitious forces such as “inertia forces,^’ 
“Coriolis force,” etc., are discussed in Chap. 19. There are a few 
problems dealing with simplified magnetic fields. 

^ After centuries of study, the nature of field forces is still obscure. It is fashion¬ 
able at present to consider gravitation not as a force but as something inherent in 
space, time, and matter which causes masses to accelerate toward each other (an 
opinion widely held before the time of Newton) and to consider other field forces 
as actual forces. The distinction seems to arise from the circumstance that 
gravitation cannot be ‘‘cut off” by intervening matter. It is now generally agreed 
that bodies are never in actual contact but are merely in such close proximity 
that the intermolecular and interatomic forces become significant, so that “contact 
forces” are really field forces. 
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32* Tension, Compression, and Shear. When forces are applied to 
a body, stresses are produced in it. The stress which resists stretch¬ 
ing or elongation is called tensile stress. A vertical rope (Fig. 38) 
which supports a 10-pound mass is subjected to a downward force of 
10 pounds at one end and an upward force of 10 pounds 
(plus the weight of the rope) at the other end. The rope 
is said to be in tension^ and the total tensile stress at any 
section is 10 pounds plus the weight of the rope below the 
section. The unit tensile stress (which will be considered 
in the course in .Strength of Materials) is the total tensile 
stress divided by the area of the cross section. A body is 
in tension when it is subjected to a pair of equal forces 
which are opposite in direction, along the same line, and away from 
each other. 

Figure 39 shows a 50-pound mass resting on a short block. The 
block is subjected to a downward push of 50 pounds at 
the top and an upward push of 50 pounds (plus its own 
Aveight) from the support at the bottom. The block is in 
compression and is subjected to compressive stress. A body 
is in compression when it is subjected to a pair of equal 
forces which are along the same line, opposite in direc- ^ 
tion, and toward each other. A body in compression is shortened along 
the line of the forces. 

In Fig. 40, the block AB is said to be in shear and subjected to 
shearing stress. A body is in shear when it is subjected to a pair of 
equal forces which are opposite in direction, and Avdiich act 
along parallel planes. 

In Fig. 38, the rope is in tension, the horizontal portion 
of the frame at the top is ii shear ombined with bending), 
and the vertical post is in compression (combined with 
bending). 

33. A Rigid Body. A solid body, which suffers bt tie change of form 
when subjected to considerable force, is called a rigid body. All bodies 
are elastic, so that there is some change in form or dimensions when 
force is applied; but these changes are frequently so small as to be 
negligible, except for measurements requiring the greatest accuracy. 
Such bodies are regarded as rigid. Figure 41,1 shows a beam sup¬ 
ported at the middle with a load on each end. The beam is some¬ 
what bent, but the amount of bending may be so small that the 
distance of the loads from the vertical line through the support is not 
materially changed. Figure 41,11 shows a lighter beam, in which the 
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amount of bending is sufficiently great to change materially its 
form and dimensions. If, however, the beam is considered as it 
is now loaded, it may be regarded as a rigid body, but one of differ¬ 
ent form and dimensions from what it would have with a different 
loading. 

In elementary calculations of mechanics^ no allowance is made for 
slight elastic deformations. In that branch of applied mechanics which 
is called mechanics of materials or strength of 
materials, these deformations are taken into 
account. 

34. Friction. When two solid bodies are 
in contact with a definite pressure between 
them, each is capable of exerting a limited 
force on the other in any direction tangent 
to the surface of contact. This force is called the force of friction, 
or simply friction, and its maximum value depends more on the 
nature and condition of the surfaces in contact and on the total 
pressure between them than on the velocity of sliding or the unit 
intensity of the pressure. Figure 42 shows a small body in equilibrium 
on a horizontal plane with a force P acting parallel to the plane. The 
force diagram for the system is shown at the right in this figure. If 
P is below the limiting value, the friction force F remains equal 
to P and the body remains at rest. If P is now increased, F increases 
with it until the limiting value is reached and the body starts to 

move. After motion starts, F 
drops slightly below the value it 
had when the body started and 
then remains practically con¬ 
stant at this smaller value, 
regardless of the value of P. If 
P is reduced until it is equal to 
the nevv^ value of F, the body 
continues to move with uniform velocity; if P is made larger or smaller 
than the value of F, the body speeds up or slows down accordingly. In 
either of these latter two cases, the force diagram PWFN at the right 
of the figure would not close and the force system would have a 
resultant causing the acceleration. 

35. Friction of Dry Surfaces. Early experiments on the friction 
of dry surfaces were made by Morin and (^oulomb, and the follow¬ 
ing statements about the friction between such surfaces are called 
Coulomb's laws. 
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1. The friction is directly proportional to the (total) normal pres¬ 
sure between the surfaces. (Friction here mea»-^the limiting value of 
the force.) 

2. The friction is independent of the velocity of rubbing. 

3. The friction between two surfaces at rest (relatively) is greater 
than when they are in motion. 

4. The friction is independent of the area of the surfaces in con¬ 
tact for any given normal pressure, i.e., it is independent of the unit 
intensity of the normal pressure. 

5. The friction depends upon the nature of the surfaces in 

contact. 

The experiments from which these laws were deduced covered only 
a small range of low pressures and velocities, and the ^Taws^’ have 
been found by later experimenters to be considerably in error. Some 
of these disagreements are discussed below, ('oiilomb^s laws are still 
useful in mechanics, however, as they permit a simple algebraic state¬ 
ment of the relation between the limiting friction force and the normal 
pressure with which it is associated. The ratio of the limiting friction 
force to the normal pressure at the surface is called the coefficient of 
friction^ represented in this text by the Greek letter ^ (mu). 

F 

F = or ^ ^ Formula V 

Here F is the limiting friction force and N is the normal pressure. In 
practical work, coefficients of friction must be chosen with caution and 
then amended by a factor of safety. Handbooks give tables of coeffi¬ 
cients in terms of limiting values, and the 
designer’s choice must be made on the 
basis of whether he wishes sliding to take 
place or not. 

Example 

In Fig. 43, the mass W weighs 12 lb and the 
force parallel to the surface required to start the 
body is 5.4 lb. The force required to keep the 
body in motion after it is started is 4.2 lb. Find 
the coefficient of starting friction and the coefficient of moving friction. 

Since the plane is horizontal, the normal force is equal to W. 
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Problems 


1 . A block of wood weighing 60 lb resting on a horizontal floor required a horizontal 
force of 23.4 lb to start it and thereafter a horizontal force of 19.5 lb to keep it 
in motion at 4 ft per sec. Find the coefficients of friction, static and kinetic. 

Ans. Static coefficient = 0.39; kinetic coefficient « 0.325. 

2 . What pull parallel to the plane will be required to drag the body of Prob. 1 
up a 30° inclined plane of the same material as the floor? What force is required 
parallel to the plane for uniform motion down the plane? 

Ann. 46.89 lb and 13.11 lb up the plane. 

3. A mass of 60 lb is pulled up a 30° plane by a force of 42 lb parallel to the plane. 

Find the coefficient of friction. Ans. fi = 0.231. 

4. A mass of 60 lb is pulled along a horizontal plane by a force of 24 lb at an angle 
of 20° with the horizontal. Find the coefficient of friction. 


Ans. n 


22.553 

51.792 


0.435. 


6. What force at an angle of 20° with the horizontal is required to drag a 40-lb 
body along a horizontal plane where the coefficient of friction is 0.28? 

Resolving horizontally, 

P cos 20° = F - 0.28A 

Resolving vertically, 

A = 40 - /" sin 20° 

Ans. P ~ 10.81 lb. 

6 . A mass of 50 lb is just pulled up a 30° plane at a constant speed by a force of 
40 lb at an angle of 45° with the horizontal Find the coefficient of friction. 

Ans. n = 0.417. 

7. What pull up the plane will just permit the 60-lh mass of Prob. 3 to slide down 

tlie plane at a uniform speed aft(‘r it has been start(‘d? Ans. 18 lb. 

8 . What pull at 45° with the horizontal upward will just permit the 50-lb mass of 
Prob. 6 to slide down the plane at a uniform speed after it has been started? 

Ans. P — 8.11 lb. 


36. Variation of the Coefficient of Friction. If experiments are 
made with an apparatus like that shown in Fig. 42, keeping the area 
in contact with the plane constant and making all trials at a constant 
speed of sliding, it will be found that as W is increased the coefficient 
of friction at first decreases gradually and then rises rapidly until 
seizing occurs. On examination, a pair of surfaces which have seized 
are usually found to be galled and stuck together. There is little 
doubt that the rising coefficient of friction indicates incipient galling. 
If the coefficient under light pressure and the galling pressure have been 
determined (at a given speed of sliding), the friction force can be esti¬ 
mated fairly accurately at any pressure by the equation F = 
where is the coefficient at low pressures and N is the total pressure 
between the surfaces. This equation should not be used above three- 
fourths of the galling pressure. For most purposes the first of 
Coulomb's laws is sufficiently accurate without a pressure correction. 
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The second law states that the friction is independent of the velocity 
of rubbing. This law is not sufficiently accurate for anything other 
than rough estimates. Westinghouse and Galton (in England)^ got 
the following average values for steel wheels on steel rails: 


Speed, in miles per hour. 

10 

15 

25 

38 

45 

50 

(Coefficient of friction. 

0.110 

1 

0.087 

0.080 

0.051 

0.047 1 

0.040 


Kilgore and Veley^ found that the coefficient of friction for automobile 
tires on wet brick roads dropped from O.SGl at 4 miles per hour to 
0.299 at 10 miles per hour and decreased more gradually for higher 
speeds. On dry penetration macadam, the coefficient dropped from 
0.657 at 4 miles per hour to 0.491 at 9 miles per hour. The velocities 
above were all velocities of sliding or skidding. The resistance of a 
wheel to skidding (initial) also decreases as the rolling velocity increases. 
This will be discussed later. 

Ordinary tests with an apparatus like that shown in Fig. 43 indicate 
a sudden drop in the friction coefficient from the static condition to 
the moving condition, but more careful experiments with controlled 
speeds have shown that there is a gradual, continuous decrease in the 
coefficient at speeds from 0.0002 to 0.001 feet per second.® 

37. Angle of Friction. Figure 42 shows the simple case of a body 
on a rough horizontal plane being pulled by a force parallel to the 
plane. In the vector diagram at the right, the vector AB is the result¬ 
ant of P and W and the vector BA is the resultant of the friction force 
and the normal force. (No arrows are shown on these vectors and 
the directions are indicated by the order of reading the letters at the 
ends of the line. This is a common an<i very convenient convention 
when a vector represents forces which are equal, opposite, and along 
the same line of action.) If the block is on the point of moving along 
the plane, the angle 0 in the force diagram is the angle of starting 
friction. If the block is moving uniformly along the plane, 0 is the 
angle of moving or kinetic friction. From the figure it is clear that 
tan <i> = F/Nj or sin <f> = F/R^ where R is the resultant of the friction 
and the normal forces. \^hen the friction force has its limiting valae^ 
the angle between the normal force and the resultant of the friction and 
normal forces is called the angle of friction. This angle is the key to 
graphical or trigonometric solutions of problems involving friction. 

^Proc. Inst. Mech. Engr.^ 1879. 

* Ohio State Univ. Studies, 1939. 

^ Prof. Fleming Jenkin, Proc. Roy. Soc., 1877. 
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In analytical solutions it is often convenient to eliminate the normal 
force and the friction force by resolving in a direction perpendicular 
to their resultant, ?.e., by using an axis at the angle <#> with the friction 
force. 

Example 1 

Find the horizontal force P required to start a body of weight W up an inclined 
plane. The space diagram is shown at the left in Fig. 41. If we know the inclina¬ 
tion of the plane and the coefficient of friction, F can be rcplacinl by fxN and the two 
unknowns are the magnitudes of P and N, 

In the space diagram, draw the dotted 
line AB making the angle of friction with 
the direction of N. In the force diagram, 

Jay off W to scale. From the* origin of W, 
draw^ the line R parallel to AB, and from 
the terminus of W draw P to th(‘ right 
until it inters(‘cts R. Scale P for a 
numerical answer. To complete the force 
diagram, draw in N pcu-peiidicular to the 
plane and F parallel to th(' jilane, as 
show’n. R is a vector in this diagram and 
makes the angle </> woth N. Reading upward to flu* right, it is the resultant 
of N and F. Rc'ading downward to the left, it is th(‘ (Hpial and opposite* resultant 
of W and P. 

Example 2 



Find the minimum force r('quir(‘d to drag a body along a horizontal plane ami 
the angle* at which it must act. 

In Fig. 45, the weight W is laiel off as a ve*rtical line of knowui length. The^ 
resultant of the normal and the* friction mak(*s an angle* <> with the vertical. The 

tangent of 4> is the coefficient of friction. 
Through one e*iid of the vector W of the 
force diagram, a line of inelefinite length 
is drawn at an angle </> with the vertical. 
This line gives the diree*tion of the result¬ 
ant of the friction and the normal. A line 
from the other cud of W to the line of this 
resultant ri'presents the force P. The 
length of tins line is the l(*ast when it is 
perpendicular to the line of the resultant. 
Since the resultant makes an angle <t> with the vertical, the line P perpendicular 
to the resultant makes the same angle with the horizontal. The pull is a minimum 
when its angle with the horizontal plane is the angle of friction. 



38. Fluid Friction. When layers or laminae of a fluid (liquid or gas) 
are made to glide along each other or when a fluid moves along a solid 
surface, a resistance to the motion is set up, which is termed fluid 
friction. There are two clearly distinguishable cases, (a) where the 
layers (probably one molecule thick) actually do glide along each other 
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A 

without mixing and {b) where parts of each layer are continually mov¬ 
ing out of line and joining with the adjacent layers which are moving 
with greater or lesser velocities. Case a is called laminar flow or vis¬ 
cous Jlow (even though the fluid may have very low viscosity) and case 
h is called turbulent Jlow, Of course there are cases of mixed type 
intermediate between the two, either Avith some parts of the surface 
having one kind of flow and other parts the other, or areas on the 
surface where the type of flow varies rapidly with time. In nearly 
every case where a fluid moves along a smooth solid there is a laminar 
layer adjacent to the solid. 

Suppose two smooth parallel solid surfaces are separated by a layer 
of liquid and one of the solid surfaces is moved relative to the other 
with a constant velocity and with the li(][uid layer remaining uniformly 
thick. The force required to maintain the constant motion is directly 
proportional to the area of the moving surface, directly proportional 
to the viscosity of the liquid, and inversely proportional to the thick¬ 
ness of the liquid layer if the layer is thin enough so that the flow is 
laminar. This is the law of viscous friction substantially as stated by 
Newton, and the law serves to define the numerical factor known as 
the viscosity of the fluid. In algebraic form the law is F = ixVAjt, 
where F is the force to maintain the constant velocity F, A is the area 
of the surfaces, t is the thickness of the liquid layer, and g is the coeffi¬ 
cient of viscosity, (It should be noted that this ijl is not a simple numeri¬ 
cal ratio as was the same symbol used for the coefficient of friction 
but is a quantity having dimensions, with its numerical value depend¬ 
ent on the units of force, time, and length used. Since the coefficient 
of viscosity is not used in any problems in this text, no confusion is 
likely to arise from using y in the equatio]i above. It is the customary 
symbol for absolute viscosity in works on fluid mechanics.) It has 
been found that gases and most liciuids follow this lav\^ Avith a high 
degree of exactness. Some colloid solutions and liquids Avith large 
complex molecules which do not follow the laAv closely are called non- 
Newtonian liquids. 

Surfaces in relative motion completely separated by a liquid film 
betAveen them are called lubricated surfaces. The thicknesses of film 
Avhich can be maintained under various conditions of temperature, 
velocity, pressure, etc., are covered in works on the mechanics of fluids 
and on the theory of lubrication and are beyond the scope of this text. 
The discussion above, hoAvever, along Avith the general rule that the 
viscosity of a liquid decreases with temperature, may enable the stu¬ 
dent to understand the so-called laws of lubricated surface friction and 
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why they seem to be almost exactly the opposite of the laws of dry 
surface friction. Paralleling the order used before, these laws for 
lubricated surfaces are: 

1. The friction resistance is independent of the total normal 
pressure. ^ 

2. The friction increases Avith the velocity of sliding. 

3. The friction between two surfaces relatively at rest is zero (pro¬ 
vided the film is maintained).^ 

4. The friction is directl}^ proportional to the area of the surfaces. 

5. The friction is independent of tlie uatxuv of the surfaces. 

Between the conditions of dry surfaces and lubricated surfaces lies 

the condition of partj ally lubricated surfaces on which there is oil or 
grease insufficient to prevent actual contact of the solids. Surfaces 
of this kind behave much like dry surfaces hut with greatly reduced 
coefficients of friction. Tn this text, as in most discussions of the sub¬ 
ject, the force problems of lubricated surfaces are treated exactly as 
though the surfaces Avere dry, but of course the coefficients of friction 
may be considerably smaller. The coefficient of friction for a lubri¬ 
cated surface may easily be smaller than 0.001 under good conditions 
and compares favorably to that of a good ball or roller bearing. Ball 
and roller bearings have their principal advantages in their ability to 
maintain closer alignments and to run at higher speeds rather than in 
their reduction of friction, except on starting, in A\hich condition they 
show a great advantage. 

39. The Smooth Surface. No surface is absolutely Avithout friction 
Avhen another surface is moved along it, but in many problems of 
mechanics the concept of a smooth surface is used b(‘cause the friction 
force is either negligible or undependable. When surface's in contact 
are subjected to rapid vibrations or jarring they may behave as though 
the coefficient of friction AAere zero or even negative. The force 
exerted by or on a smooth surface must be normal to the surface if 
the surface is plane or normal to the tangent at the point of contact 
if the surface is curved. 

Statics deals chiefly Avith conditions of equilibrium. The position 
of equilibrium for perfectly smooth bodies is approximately midway 

^ The normal pressun* may change the film thickness, and this would cause a 
corresponding change in the force. Also, the viscosity of liquids is slightly 
increased by pressure so that the friction actually increases with pressure. 

^ In a bearing the film is never maintained when the bearing stops unless the 
lubricant is being forced in under pressure, so there is usually a relatively high 
starting resistance. 
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between the limiting positions if the bodies were rough. For this 
reason the elementary discussions of statics assume frictionless bodies. 

To demonstrate experimentally the mechanics of ideal frictionless 
surfaces, apparatus may be provided with wheels or rollers, as shown 
in Fig. 46. 

40. The Smooth Hinge. Two bodies are frequently connected as in 
Fig. 47. A cylindrical pin passes through cylindrical holes in each of 
the bodies B and G, The pin may be fixed in one of the bodies but 

must be free to turn in the other. This form 
of conn^^ction is called a hinge. One body 
can rotate relative to the other in a plane 
which is perpendicular to the axis of the pin. 
In a smooth hinge or pin connection the force 
between the pin and the hollow^ cylinder is 
normal to the curved surfaces at the line of 
contact. The force is, therefore, along a line through the axes of the 
pin and the hollow cylinder, and in a plane normal to these axes. 

In Fig. 47, the hollow^ cylinder in body C is drawn much larger than 
the pin A. In practice, the pin is made to fit the cylinder with little 
clearance. 

A bar wdth a smooth hinge in each end, as in Fig. 18, is called a link, 
A link transmits force in the direction of the lino joining the two 
hinges. A single link may be in tension, as 

in Fig, 48, or in compression. A series of ~~~ g -1 

links with hinges parallel is equivalent to a 
flexible cord and transmits tension alone. 

41. The Smooth Pulley- A circular disk moun .ed on a smooth pin 
at its center and having a groove around the periphery is a smooth 
pulley. In statics, a cord passing over Siich a piiiey has the same 
tension on both sides. In dynamics the tensions on the two sides may 
be different because of the friction between the cord and the pulley. 
Sometimes this difference is neglected, and the pulley is called a 
smooth, light pulley. A smooth roller is like a smooth pulley except 
that its periphery rolls along a surface instead of along a rope or cord. 
The force exerted by a smooth roller or on a smooth roller is radial 
(neglecting rolling resistance to be discussed later). Figure 46 shows 
a bar provided with a smooth roller at cither end, with one roller on a 
horizontal floor and the other on a vertical w^all. The situation w^ould 
be exactly the same if the floor and w all were smooth and the rollers 

< were omitted. The bar as shown cannot possibly be in equilibrium, 
but it could be put in equilibrium by a single force of suitable magni¬ 
tude and direction applied anywhere along the bar. 



Fig. 46. Fia. 47. 
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42. The Flexible Cord. Figure 49,1 shows a stiff rope supported at 
the middle This rope has some ngidity It is similar to a very 
flexible beam Figure 49,11 shows a perfectly flexible cord The cord 
takes the form of the support at the top and hangs 
vertically downward at the ends An ideal flexible 
cord offers no resistance to bending A flexible cold 
or rope can exert force only m the form of tension in 
the direction of its length When a flexible cord 
forms a part of a structure or piece of apparatus the 
position and diiection of the force which it exeits are 
dehnitely know 

In Fig 50, two flexible cords aie attached to the beam AB. The 
direction of the tension exerted by each coid on the beam is shown 
by the arrow ; the position of the force in each is known to be along 

its axis On the other hand, the direction of 
the force ex^uted by the beam at B cannot be 
determined by inspection of the diagram but 
must be (alculated fiom the diiection and 
magnitude of the forces m the coids 

43. The Free Body. In every problem of 
mechanics wuth any piactical signihcance 
the foices which aie consideied act on some 
definite body oi portion of a bod}^ and, as was 
stated before, this body oi portion ot a body is called the free body. 
In the solution of the problem it is necessary to designate clearly the 
free body and to account for all the forces which act on it by the 
attraction of gravity and by the other bodies in contact with it. 




In Figure 51, for example, the mass W may be taken as the free 
body. The forces which act on it arc the attraction of the earth down¬ 
ward and the upward pull of the vertical cord 4gain, the beam B 
may be taken as the free body. The foices which act on B are its 
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weight, which is the attraction of the earth at its center of gravity, 
the downward pull of the vertical cord, which is equal to W, and the 
tensions in the three inclined cords which support it. The beam B, 
the mass PF, and the cord which connects them may be considered 
together as the free body. The external forces are the weight of B 
at its center of gravity, the weight of W at its center of gravity, the 
weight of the short vertical cord (if it is not negligible), and the tensions 
in the three inclined cords. The tension in the vertical cord is an 
internal force which is not now considered. A portion of the beam to 
the right of the section at B may be taken as the free body. The 
forces are now the weight of the portion at its center of gravity, the 
tension in the rope attached to the right end, and the shear, tension 
(or compression), and moment in the beam itself at the section. (This 
is an important statics problem preceding the problem of finding the 
stresses at the section, which is a problem of strength of materials.) 
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NONCONCURRENT, COPLANAR FORCES 

44. Resultant of Nonparallel Forces. Figure 52 shows three copla- 
nar forces Pi, P-i, and Pa, which arc applied lo a ligid body at Ai, Aa, 
and Az, respectively. It is assumed as an aviom: A force may be 
regarded as applied at any point along its line. Since the forces P, and 
Pa intersect at B, they may be treated as concurrent at that point. 

c' 


1 1 ' 

Fig 52 

The direction and magnitude of the resultant of these two forces are 
given by the line Ri of the force triangle of Fig. 52,11. This resultant 
is applied along the line BB\ which passes through the intersection B 
of the space diagram and is parallel to the force Ri of the force triangle. 
The third force P 3 and the resultant of the first two intersect at Cj 
which is outside the rigid body. The resultant of Ri and P 3 at C is 
R of the force polygon. This is the resultant of all three forces and 
acts along the line CC'. 

The force diagram show^s that the direction and magnitude of the 
resultant of a set of nonconcurrent, coplanar forces may be found 
from the force polygon in exactly the same w^ay as if the forces were 
concurrent. 

When forces are concurrent, the location of the resultant is known, 
since it must pass through the point of application of all the forces. 
When forces are nonconcurrent, the location of the resultant must be 
determined. The combination of the force polygon w ith the process 
of successive intersections on the space diagram as showm in Fig. 52 is 

57 
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the graphical solution of the problem. Finding these intersections by 
trigonometric computations would be possible, but obviously laboiious 
and tedious. This labor can always be avoided by making use of the 
following proposition: The moment of the resultant of a set of noncon- 
currentj coplanar forces about any point in the plane is equal to the sum 
of the moments of the separate forces about that point 
This proposition follows from Varignon^s theorem. In Fig. 52 the 
forces Pi and Ps are concurrent at U and their resultant is Ri. There¬ 
fore, from the theorem the moment of Ri about any point in the plane 
is equal to the sum of the moments of Pi and P-, and the argument can 
be extended to any number of forces. 

Problems 

1. A force of 20 lb at an angle of 60° to the right of the vertical is applied at the 
point (5,0); a force of 15 lb at 15° to the right of the vertical is applied at the 
point (3,2); and a force of 12 lb at 25® to the left of the vertical is applied at 
the point (—2,3). Find the magnitude and direction of the resultant. Find 
the distance of the resultant from (0,0), and also find wh(‘rc it crosses th(‘ X axis. 
The graphical sohition may be drawn to the scales of 1 in. = 2 units on the space 
diagram, and 1 in. =*10 lb on the force diagram (Fig. 53). 



Fiu, 53. 


2. Given the following forces; 20 lb horizontal toward the right through the point 
(2,4); 25 lb at an angle of 35° to the right of the vertical through the point (3,3); 
15 lb vertical through the point (1,3); and 16 lb at an angle of 45° to the left 
of the vertical through the point (—2,2). Find th(‘ direction and magnitude 
of the resultant by means of the force polygon, and find its position on the space 
diagram. Use 1 in. == 5 lb on the force diagram, and 1 in. =2 units of length 
on the space diagram. Measure the perpendicular distance from the point 
(0,0) to the line of the resultant. 

In order to describe completely a force in a plane three values are 
required: a magn itude, a direction, and a location. At first sight the 
student may conclude that the position or location requires two coordi- 
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nates to be given, as was done for the forces in Fig. 53. But all these 
forces might have been located just as well by giving their intercepts 
on the A axis or by stating the moment of each torce about some desig¬ 
nated point. 1 he magnitude and direction, of course, could have been 
alternately stated by giving two components of the force in designated 
directions. In any case, only three values aie necessary. There are 
available for solutions, in all cases, three independent equations, two 
equations of resolution and one equation of moments. A problem of 
equilibrium is solvable if there are just three unknowns, when the force 
system is coplanar, nonparallel, and nonconcurrent. 

Graphical solutions depend on closing the force polygon, in lieu of 
the resolution equations, and on intersections of the lines of action 
of the forces in the space diagram, in lieu of the moment equation. 
In problems involving only a few forces, intersections of the lines of 
forces can often be used in trigonometric or mixed types of solutions. 

Example 

A rectangular board (Fig. 54) is 4 ft wide and 3 ft high. A force of 20 lb, at an 
angle of 15° with the horizontal toward the right, is applied at the lower right 
corner. A force of 24 lb, at an angle of 30° to the right of the vertical, is applied at 



the upper right corner, A force of 16 lb at an angle of 45° to the left of the vertical 
IS applied at the upper left corner. Find the magnitude and direction of the result¬ 
ant and its distance from the lower left corner. 
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Hesolving horizontally and vertically, 


Force 

H component 

V component 

20 

19 318 

5 176 

24 

12 000 

20 784 

16 

-11 314 

11 314 


20 004 

3y¥74 


The resultant is the hypotenuse of the right-angled triangle of which the base is 
20.004 units and the altitude is 37.274 units. The resultant makes an angle of 
61®47' with the horizontal toward the right. Its magnitude is 42.30 lb. 

To find the location of the line of the resultant force on the space diagram, 
moments are taken about the lower left corner of the board. Since the horizontal 
and vertical components of the several forces have already been computed, it is 
convenient to use these components in calculating the moments. 

The horizontal comporu'nt of the 20-lb force and the vt'rtical component of the 
16-lb force pass through the origin of moments so that the moment of each of these 
components is zero. 


V component of 

20 

lb 

5 

176 

X 

4 = 

20 

704 

V component of 

24 

lb 

20 

784 

X 

4 == 

83 

136 

H component of 

24 

lb 

12 

000 

X 

3 = 

-36 

000 

H component of 

16 

lb 

11 

314 

X 

3 

33 

942 






M = 

101 

78'2Twt 


Figure 54,111 locates the resultant. Since it makes an angle of 61° 17' with the 
horizontal, its effective arm makes an angle of 28°13' below the horizontal toward 
the right. The resultant passes through the point B at a distance of 2 406 ft from 
the lower left corner of the board measured along the direction of th(* elTc'ctive arm. 
If a smooth pin ere placed in the board at anv point aloi g the line of the resultant, 
this pin could hold the board in equilibrium. The equilibrium would be stable or 
unstable, depending on the position of the pin i i the line f-T action of the resultant 
force. 

It is best to determine the sign of each moment by observing on the space dia¬ 
gram whether the force tends to produce rotation in the clockwise cr counterclock¬ 
wise sense. The student who prefers to use Formula IV should check all his 
results from the diagram. 

The location of the resultant may be expressed in terms of its intercept on a 
coordinate axis. Since the origin of moments lies on the X axis, the moment of 
the horizontal component is zero at the intercept, and only the vertical componert 
needs consideration. If x is the intercept, 


37.274X = 101.782 a; = 2.731 ft 


Since the moment is counterclockwise and V is positive upward, x is positive. 

In a similar way the y intercept is found to be 5.088 ft below the lower left 
corner of the board. 




Chap. 4] 


NON CON CURRENT, COPLAN AR FORCES 


61 


Problems 

3. In Fig. 54, find the moment of the force of 24 lb by means of its effective moment 

arm. Ans. = 24(4 cos 30° - 3 sin 30°) « 47.l36Ib-ft. 

4. In Prob. 1, find the magnitude, direction, and position of the resultant alge¬ 
braically 

Ans H = 16.131 lb; V = 35 365 lb; R = 38 87 lb at 24°3P to the right of the 
vertical; M == 79.164 Ib-ft counterclockuise, d = 2 037 ft. 

5. In Prob. 4, find the X and Y intercepts of the resiilt^ant. Compare with the 
graphical solution. 

6. In Prob. 4, compute the moment about the point (3,2) and find th(‘ distance of 
this point from the intersection of th(' resultant .vith the A' axis. 

46. Resultant of Parallel Forces in a Plane. When all the forces 
in a plane are parallel, a resolution equation in the direction of the 
forces is the only independent resolution ecfuatioii, since a resolution 
in any other direction multiplies all forces by the same cosine and this 
cosine can be canceled out. A resolution in a direction perpendicular 
to the forces is meaningless, but there is still the independent moment 
equation. The deficiency of one moment eejuation is offset by the 
lack of any components of force in one direction. There arc then two 
independent equations, and (the direction of })arallelism being under¬ 
stood and the sense of the force being indicated by a plus or minus 
sign as a part of its magnitude) only two values are reejuired to deter¬ 
mine completely a single force in the system, following the general 
rule stated on page 41. 

Parallel forces do not intersect. Conse(iuently, the method of 
locating the resultant by intersections in grapliical solutions must be 
modified. The modification consists of the resolution of each of the 
parallel forces into two components, making one or both of the com¬ 
ponents the equal collinear opposite of a component of another of the 
parallel forces. The equal collinear opposites cancel each other, leav¬ 
ing at last the whole system replaced by two nonparallel forces. In 
the examples below, the resultant of two parallel forces are found by 
this method. A more extended discussion will be given in the chapter 
devoted to graphical methods. 

Figure 55 represents two parallel forces P and Q in the same direc¬ 
tion. At any point A on its line, the force P is resolved into two 
components Si and Ti at any convenient angle with each other. The 
lower triangle of Fig. 55,11 shows this resolution. The line of the force 
Ti through A intersects the line of Q at B. The force Q at B is resolved 
into two components, as showm by the upper triangle of Fig. 55,11. 
One component is To, w4iich is equal and opposite to Ti, the other 
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component is S2. The components Si and S2 intersect at 6 on the 
space diagram. The resultant of Si and S2 is represented by ef of the 
force diagram. The resultant of two parallel forces is in the direction 
of the forces and is equal in magnitude to their sum. 

The moment of the resultant R is equal to the sum of the moments of 
Sj and S2 about any point whatever, by Varignon’s theorem. Ti and 


f 




T2 cancel each other, so that the moment of Si and S2, or R, about any 
point is equal to the sum of the moments of P and Q about the same 
point. The moment of R about a point on its line of action is zero. 
The sum of the moments of all the forces of the system about any point on 
the line of action of the resultant is zero. 



In Fig. 56 , the force Q is opposite in direction to the force P. The 
resultant is P — Q and lies to the left of the force P on the space dia¬ 
gram when the force Q is on the right and is smaller than P. 

Problems 

1 , Given vertical forces of 6 lb upward and 8 lb upward at a distance of 5 ft apart. 
Find their resultant graphically to the scale of 1 in. — 1 ft and 1 in. = 4 lb. 

2 . Solve Prob. 1 if the 8-lb force is downward. Use 1 in. = 2 ft on the space 
diagram. 
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In Fig. 57,1, P and Q are two parallel forces at distances x and y, 
respectively, from the line of their resultant. Taking moments about 
a point on the resultant, 


Px - Qy ^0 Px -- Qy 
Q X 


fl) 

( 2 ) 


Equation (2) is called the law of the lever. 

It is not necessary that x and y should be perpendicular to the direc 
tion of the forces, provided they are mea-ured p q 

along a straight line. From Fig. 57.11, the 
moment equation is 


I ^ 

J 

\ 

1 

<- x- 




1 

. I . 


Px sin a = Qy sin a 
Px - Qy 

. The resultant of a set of parallel forces is equal to 
the algebraic sum of the forces, and the moment 
of the resultant about any point is equal to the 
algebraic sum of the moments of the separate forces about that point. 



Example 1 

Two forces of 12 lb and 18 lb arc parallel, in the same (hre(‘tion and 5 ft apart. 
Find the magnitude and position of their resultant. 

Tl(‘sultaiit = 12 + 18 = 30 lb 

Taking moments about a point in the line of the force of 12 lb (Fig 58). 

12 X 0 - 0 

18 X 5 = 00 
30x = 00 
X — 3 ft 


K-. -S-- 




12 lb 


Id lb. 


The resultant is a forc(‘ of 30 lb at a distance of 3 
ft from the force of 12 lb 


R 

Fig. 58. 


Example 2 

Find the magnitude and position of the resultant 
of the following vertical forces: 8 lb down at 2 ft, 11 lb down at 5 ft, 0 lb up at 7 ft, 
and 10 lb down at 12 ft. Solve by moments about the zero position. 

Since most of the forces are downward and most of the moments are clockwise, 
downward force and clockwise rotation are taken as positive. It is convenient to 
arrange the solution in tabular form. 
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Force, lb 

Mornerd arm, ft 

Moment, Ih-ft 

8 

2 

16 

11 

5 

55 

-9 

7 

-63 

10 

12 

120 

20 


20a: = 128 


a; = r> 4 ft 


Problems 

3. Solve Example 2 by moments ab .iit the 12-ft position. C'all eounterelookwise 
rotation positive. 

4. Cheek Example 2 by moments about the resultant. 

5. Find the position and magnitude of the resultant of 20 lb down at 0 ft and 12 lb 
up at 6 ft. Take moments about a point in the line of the 12-lb force. Ch(»ek 
by moments about the resultant. 

6 . A beam 20 ft long weighs 40 lb and has its center of mass at the middle. It 
carries 12 lb 3 ft from the left end, 16 lb 9 It from the left end, and 12 lb 5 ft 
from the right end. At what point will a single rope support this loaded beam? 
C'heck. 

7. Prove the law of the h'ver from Fig. 55 by showing that 

Q X CB sin ofg = P X CA sin oeg. 

46. Equilibrium of Parallel, Coplanar Forces. A system in equi¬ 
librium has no resultant. C\>nsequently, if a body is in equilibrium, 
the (vector) sum of the forces which act on it is zero, and the moment 
of these forces about any axis is zero. If the system in question is 
one of parallel coplanar forces, it is sufficient to say that the algebraic 
sum of the forces (with due regard to plus a .d minus signs) is zero 
and the moment about any chosen point in the plane is zero. Once 
the direction of parallelism is unders‘ood, all directions are known 
and the unknowns are magnitudes and positions in any combination 
of two. There are available two independent equations, one resolu¬ 
tion and one moment equation. The resolution equation may be 
replaced by a second moment equation, but the moment equation 
cannot be replaced by a second resolution equation. 

Example 

A horizontal beam is 20 ft long. It weighs 240 lb and its center of mass is at the 
middle of its length The beam is supported at the left end and at 4 ft from the 
right end. It carries a load of 120 Ib 6 ft from the left end, and a load of 160 lb 
at the right end. Find the reaction at each support. 

Take moments about the left support, in order to eliminate the reaction Pi (Fig. 
59). Call the downward force positive and the distance toward the right positive. 
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Fk;. 59. 


Force, lb 

Ar7n, ft 

Afotneni, Ih-ft 

240 

10 

2400 

120 

() 

720 

160 

20 

3200 

520 

3 6/1^2 = 6320 

6320 


R 2 = 395 lb 


Take moments about the right sui)port and call ih(‘ distance toward the left 
positive. 


'(tree, 

Arm, ft 

Moment, Ib-fi 

240 

6 

1440 

120 

10 

1200 

160 

_4 

-640 



”2000 


H)/vb = 2000 


Ri = 125 11) 


Check by vertical resolutions; 395 -f 125 = 520 ib. 


Problems 

1. A horizontal beam, with its center of mass at the middle, weighs 440 lb. The 
beam is 20 ft long and is supported at the right end and 4 ft from the left end. 
It carries 200 lb on the left (‘iid, and 300 lb 2 ft from the right cmd. Find the 
reactions of the supports and check. 

2. In Prob. 1, find the distance of the resiiltant of the downward forces from the 
left support. Find the sum of the moments of the two reactions about the line 
of this resultant. 

3. A horizontal beam, 12 ft long, weighs 00 lb and has its center of mass at the 
middle. The beam is hinged at the right end and is supported 8 ft from the 
left end. It carries a U)ad on the left end which makt's th(‘ total reaction at 
the support 330 lb. Find this load and the reaction at th(* hinge. Check. 

47. Equilibrium of Nonconcurrent, Nonparallel, Coplanar Forces. 

The forces which act on a rigid body may be divided into two groups. 
In order that equilibrium may exist, two conditions must be satisfied. 
These are: 

1. The resultant of the forces of one group must be equal and oppo¬ 
site to the resultant of all the other forces. 
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2. The resultant of the forces of one group must he along the same 
line as the resultant of all the other forces 

The first condition is equivalent to the statements that the force 
polygon must close and the resultant force is zero This condition i^^ 
expressed algebraically by two resolution equations, 

2P cos a = 0 (1) 

SP cos /3 -- 0 (2) 

of the form as given by Ecjs (1) and (3) of Art 22 Condition (1) is 
the same for concurrent and for noi <*oncurrent forces 

When the force polygon closes, the force system may be divided 
into two groups, with any forces placed m one group and all the 
remaining forces in the other, and the resultants of the two gioiips 
vill be equal and opposite Ff the forces are concurrent, the lesult- 
ants of both groups must pass through the point of concuriency and 
so will be collmear, but if the forces are nonconcurrent these two result¬ 
ants will not lie along the same line unless the sum of their moments 
about any point is zero From this it follows that the sum of the 
moments of all the forces of the system with respect to any point must 
be zero This condition is expressed by the equation 

2M - 0 (3) 

The basic equations available for the solution of a problem of copla- 
nar, nonconcurrent forces are two resolutions and one moment The 
moment equation is indispensable (except by some process involving 
the intersections of the lines of action of the forces of the system), 
but one or both of the resolution equations may be cpiaced by addi¬ 
tional moment equations When this is done che conditions foi inde¬ 
pendent equations as shown in Table 1 must oe obser ed 

Table 1 Conditions for Independent Locations or LguiiiBRiuM 
CoiKurrent, coplanar forces Noiiconcurr( iit, coplic u forces 

Two resolutions One moment, two resolutions 

One moment, one resolution Two moments, one resolution 

The resolution must not he perpendicu- The rtsolution must not hi perperuheu- 
lar to the line joinmg the origin of moments lar to the line joining the two origins of 
to the point of application of the forces moment 

Two moments Three moments ; 

The tivo origins of moment and the point The three origins of moment must not 
of application of the forces must not line on he on the same straight line 
the same straight line 
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A resolution perpendicular to an unknown force or a moment about 
a point in its line of action eliminates that force. Moment about the 
intersection of two unknown forces eliminates both. When two 
unknown forces intersect, it is advisable to beghi by a moment about 
their intersection. If the direction and magnitude of one force are 
unknown, although the location of one point on the line of action of this 
force is given, the first equation should be a moment about that point. 

When nonconcurrent forces are parallel, all forces have the same 
direction, which is known, and one resolution equation must be omitted 
from the list of Table 1. 

Example 

A bar AB (Fig. 60) is 20 ft long, weighs 60 lb, and has its center of mass 8 ft 
from A . The bar is hinged at A and supported by a cord at B. The bar makes an 



angle of 15° above the horizontal toward the right, and the cord makes an angle of 
35° to the left of the vertical. Find the tension in the cord and the direction and 
magnitude of the hinge reaction at A . 

The free body is the entire bar AB. The forces which act on the free body are 
its weight, the unknown tension in the cord at B, and the reaction of the hinge at .4. 
The hinge reaction as to both direction and magnitude is unknown. 

Begin by writing a moment equation about the hinge A, since this eliminates two 
unknowns. 

60 X 8 X cos 15° = 7" X 20 cos 20° (1) 

24 X 0.9659 = 0.9397P 
P = 24.67 lb 

To find the direction and magnitude of the reaction at the hinge, it is convenient 
to regard it as made vip of a horizontal component H and a vertical component V. 
Resolving horizontally, 

if = 7" sin 35° = 14.15 lb (2) 

Resolving vertically, 

F = 60 - F cos 35° = 60 - 20.21 = 39.79 lb (3) 

From the force triangle (Fig. 60,11) the resultant reaction of the hinge is foimd to 
be 42.23 lb at an angle of 19°35' to the right of the vertical. 
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Check all results by moments about B, 

60 X 12 cos 15° = 42.23 X 20 cos 34°35' (4) 

The reaction at the hinge may be found by means of components perpendicular 
and parallel to the bar. The component perpendicular to the bar may be repre¬ 
sented by N and the other by Q. 

{The student will make a new sketchy shoimng these cornponentSy omitting H and V.) 
The component N may be found by moments about B. 

20N = 60 X 12 cos 15° 

• A = 36 X 0 9659 - 34.77 lb 
By resolutions parallel to the bar, 

Q = 60 sin 15° + P sin 20° 

60 X 0.2588 = 15 528 
24.67 X 0.3420 = 8.437 

ri = '23ll65 lb 


Problems 

1. Find the direction and magnitude of the resultant of N and Q, and compare 
with the resultant of V and H of the example above. 

2. Calculate N of the example by resolutions perpendieular to the bar. 

S. A bar similar to that of Fig. (50 makes an angle of 30° below the horizontal 
and IS supported at B by a rope which makes an angle of 10° to the left of the 
vertical. The bar is 10 ft long, weighs 100 lb, and ha-, its center of mass 4 ft 
from ri. Fmd the tension in the rope by means of the effective arm. Cheek 
by formula IV. Find the resultant at the hinge by horizontal and vertical 
resolutions. Cheek by normal and parallel components. Check again by 
moments about B. © j 



4. Figure 61 shows a rectangular board with three nonconcurreTi+ 

on It in the plane of the board. Neglect the weight of the bn ^^ Tn 
magnitude and position of the resultant of th. forces 
ant cuts the lower edge of the board. 


S board and find the 

Find where the result- 
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5. A uniform bar weighing 60 lb is hinged at the loft end, and the right end is 
elevated 6 ft above the level of the left. The bar is 12 ft long and a 200-lb load 
is hung from the right end. A cord attached 4 ft from the right end passes 
directly over the hinge making an angle of 40° with the bar. Find the tension 
in the cord and the components of the reaction at the hinge. 

6 . A vertical door (Fig. 62) is 12 ft wide, 

10 ft high, and weighs 360 lb. The 
hinges are 1 ft from the top and bottom, 
respectively, and are so placed that the 
vertical load is carried by the lower 
hinge. Find the direction and magni¬ 
tude of each hinge reaction. 

7. A uniform bar AB is 10 ft long and 
weighs 56 lb. Its left end rests on a 
horizontal floor and the right end is 
held 6 ft above the floor by a cord 
inclined toward the left. If the bar is 
about to slip on the floor at the left end, what is the direction of the cord and 
the force which it exerts if the coefficient of fri(*tion is 0.4? 

Ans. 22.63 lb at an angle of 45° with the vertical. 

8 . Solve Prob. 7 with the cord inclined toward the right. 

9. A bar A B is 7 it long, weighs 28 lb, and has its center of gravity 3 ft from the 
left end A. End A rests on a horizontal table and the bar is held at an angle 
of 35° with the horizontal by a cord attached at B and making an angle of 50° 
with the bar. Find the necessary coefficient of friction at A to prevent sliding. 

Ans. fji = 0.502. 

10. Solve Prob. 9 if the cord makes an angle of 20° with the bar. 

11. A ladder 30 ft long rests on a horizontal 
floor and leans against a smooth vertical 
wall, as in Fig. 63. The ladder makes an 
angle of 20° with the vertical. The center of 
gravity of the ladder and its load is 25 ft 
from the lower end. What must be the 
coefficient of moving friction at the bottom 
SO that the ladder will not slide down after 
it has been started by a slight jar? Solve by 
one moment and two resolution equations 
together with Formula V. Ans. n = 0.303. 

12. Solve Prob. 10 if the wall is not smooth but 
has a coefficient of friction equal to that of 
the horizontal floor. 

48. Stability of Peurallel Force Systems. The preceding discussions 
and examples of equilibrium have dealt with the magnitudes and lines 
of action of the forces, and it has been stated that a force may be 
regarded as applied anywhere along its line of action or may be 
replaced by its equivalent in components anj’^where along that line. 
The actual points of application of the forces on the physical free body 


W 








•H 


F 




In 


Fig. 63. 
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have been seemingly unimportant. But these ® 
determinants of the condition of stability once equili num ^ 
lished, and by changing them to other points on the lines o a i 
the forces the condition of stability can be changed. j i H I 

Figure 64 shows a rigid body which is supported at B and oa ec 
at -4. A second load Q acts along the line through C 2 , 

If the body is in equilibrium in this position, it is in equilibrium 
whether the load is applied at C, at Ci, or at (72. The points A, By 
and C lie in a straight line, as shown in Fig. 65,1. If the beam is 
turned through an angle 6 from the horizontal position, the moment 
arm of the force P becomes x cos 6 and the moment arm of Q becomes 


y cos S, In the original position of 
equilibrium 

Px = Qy 

Consecpiently, 

Px cos 6 — Qy cos 6 

There is the same relative change 
in the moments of the two forces; 

S 




Fig. 64. 


Fig. 65 


therefore, the beam is in equilibrium n the no c position 

When a body is in eguilibrium under th( action of three parallel forces^ 
if the points of application of the three forces he in a straight line, the 
equilibrium is neutral. 

Figure 65,11 represents the case in which the load is applied at a 
point C\ placed above the line through A and B. The broken lines 
illustrate the condition when the beam is rotated in a clockwise direc¬ 
tion about B. The moment arm of Q becomes longer and Ihe moment 
arm of P becomes shorter. After the arm BC has passed the hori¬ 
zontal position, the moment arm of Q diminishes, but less rapidly than 
the moment arm of P. If the forces P and Q in the original position 
produces equal and opposite moments about B, the moment of Q in 
any one of the new positions is greater than the moment of P, and the 
beam continues to rotate about B through approximately 180° to a 
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position of stable equilibrium. The equilibrium of Fig. 65,11 is unstable. 
If the beam has been rotated in the opposite direction from the position 
of equilibrium, the same condition would obtain and it would continue 
to rotate in that direction approximately 180'' to the position of stable 
equilibrium. 

In Fig. 65,111, the load Q is applied at C 2 , which is below the line 
through A and B. When the beam is rotated slightly from this posi¬ 
tion in a clockwise direction, the mome nt arm of P shortens less than 
that of Q. The beam will return to its original position after dis¬ 
placement. The equilibrium is stable. 

Example 

66 represents a rectangular board in a vertical plane supported by a 
smooth hinge at the middle. A load of 10 lb is suspended from A 2 and a load of 
Q lb is suspended from C 2 . The board rotates through an angle of 10° in a clock¬ 
wise direction. Find the load Q. 

It is assumed that the center of 
mass is at the center of the board, so 
that its weight exerts no moment 
about the support in any position. 

Moments are taken about B. (The 
student should make a sketch of the 
board after it has rotated 10° and 
should show the effective moment 
arms.) The apparent moment arms are each 13 in. long at angles of 22°37' below 
AC. After the board has rotated 10°, the equilibrium equation is 

10 X 23 cos 12°37' - Q X 13 X cos 32°37' 

By using the horizontal projections of the lines BA and AA 2 and BC and CC 2 , the 
moment equation may be written 

10(12 cos 10° + 5 sin 10°) = Q(12 cos 10° - 5 sin 10°) 

Problems 

1. In Fig. 66, the load at A 2 is 10 lb and the load at C 2 is 12 lb Find the position 

of equilibrium. Ans. The rotation is 12°19' clockwise. 

2. Solve Prob. 1 if the loads are 20 lb and 22 lb, respectively. 

3. In Fig. 66, the board weighs 4 lb and its center of mass is 2 in. below the point 
of support. The load P is attached at A and the load Q at C. The points 
A, B, and C are in a horizontal straight line. Find the position of equilibrium 
if P is 10 lb and Q is 11 lb and there is no friction at B. 

Ans. Rotation = tan~^ % = 56°19'. 

4. Solve Prob. 3 for loads of 5 and 6 lb, respectively. 

6. In Prob. 3, the loads are suspended from Ai and (7i, which are 1 in. above A 
and C, respectively. Find the position of equilibrium when P is 1 lb and Q is 
2 lb. Ans. Rotation = tan~^ 2.4 == 67°23'. 

6 . Solve Prob, 5 for loads of 4 and 5 lb. 
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7. In Fig. 66, a load of 10 lb is applied at A 2 and a load of 11 lb at Ci. The board 
weighs 4 lb and its center of mass is 2 in. below B. Find the posi ® 

equilibrium. . ® 

8 . A circular disk 10 in. in diameter is pivoted on a pin 2 in. from its axis. cot 
wound round the circumference carries a load of 10 lb on one end and a oa o 
6 lb on the other. If the disk is counterbalanced to bring the center of 

to the pivot, what angle does the line joining the pivot to the axis of the is 

make with the horizontal when the forces are in equilibrium? 

Ans. 5ri9' or -SriO'. 

9. Solve Prob. 8 if the disk weighs 2 lb and has its center of gravity at the axis. 

Am. 56^5' or -56°15'. 

10. A balance beam weighs 50 grams and its center of gravity is 0.008 in. below the 
central knife-edge. The knife-edges are 4 in. apart and arc in the same plane. 
The pointer is 10 in. long. How much will the end of the pointer move when 
1 mg. is placed on one pan? 



Fig. 67. 


11 . The center of gravity of a balance beam is frequently adjusted by nu'ans of a 
nut which is moved up or down on a screw at the top. (This is not shown in 
Fig. 67.) If the balance of Prob. 10 has a nut weighing 2 grams, how much 
must it be moved to double the sensibility, t.c., to double the motion of the 
pointer due to the milligram on one pan? 


49. Direction Condition of Equilibriu^i. When a body is in eiiui- 
librium under the action of three (apparently) nonconcurrent forces^ 
the third force has no moment about the point of intersection of the 
other two, from the principle of == 0 for equilibrium. It follows, 
therefore, that the third force passes through the iiiiersection of the 
other two and lies in the plane of the other two. This relation is 
sometimes called the geometrical condition of equilibrium but in this 
text it will be called simply the direction condition of equilibrium. The 
direction condition of equilibrium is the key to graphical solutions of 
problems of nonconcurrent forces, and it can often be used to advan¬ 
tage in problems like those in the preceding list, as will be illustrated 
in the examples below. 

To make use of the direction condition of equilibrium in problems 
involving more than three forces, it is necessary to replace pairs of 
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forces by their resultants (passing through their points of intersection, 
of course) until the system is reduced to a system of three forces. A 
well-developed sense of the direction condition of equilibrium assists 
the student greatly in making correct assumptions as to the unknown 
directions in any problem and generally in understanding force refla¬ 
tions. Figure 68 shows a bar AB with a 
mass center at C, hinged at" A and 
supported by a cord at B, The dotted 
vertical line CD is the line of action of the 
weight, and BD is the direction of the cord 
extended to the intersection D. The 
hinge reaction is in the direction DA . 

Having found the directions of the forces, 
the problem can be solved graphically by a force triangle or analyti¬ 
cally by two resolution equations. 

Example 1 

(ProhJern 9, Art 47.) 

Figure 69 is the same as Fig 63 with F and N replaced by their resultant R, If 


X 


Fig 70. 





the ladder is about to slip, <t> is the angle of friction and tun 


tan t - 30 cos 20° 


5 tan 20° 


- 0.303 


Example 2 

A bar 7 ft long, with its center of mass 3 ft from the left end, is supported by a 
rope at the left end which makes an angle of 30° to the lett of the vertical, and a 
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rope at the right end which makes an angle of 35° to the right of the 
What angle does the bar make with the horizontal? If the bar weighs 60 , w a 

is the tension in each rope ? 

From Fig. 70, 

DF DE + EF 

4 cos 0 tan 55° = 3 cos 6 tan 60° + 7 sin 6 


tan e 


— IJ'®'? 3 J-an 6^^° _ ^ 0737 


4°13' 


By a resolution perpendieular to the dire tion of the ropc' at the left end, 

Q cos 25° = 60 sin 30° 

0 = 30 sec 25° = 30 X 1.1034 = 33.10 lb 

Check Q and B by moments about the left end. Solve for P by a resolution (‘qua- 
tion and check. 

Problems 

1. A horizontal bar 5 ft long, weighing 30 lb, with its center of mass 2 ft from the 
left end, is supported by cords at the ends. The cord at the left end makes an 

angle of 30° to the left of the vertical. Find 
the direction of the cord at the right end. 
The line connecting D with B of F’ig. 71 gives 
the direction of the force Q and makes it 
possible to draw the fona' triangle and find the 
unknown forces graphically. For algebraic 
calculations, the direction condition replaces 
the one moment equation which is required 
in the solution of a problem of non concurrent 
forces. 


V-i. ~r~- 


\ V ^ 

p. 

':’“1 
\ w 


^—>\/ 


/ 


>1/ 

Fig. 71. 


To find the angle B from the right-angled triangles of Fig 71, 

CD = 2 tan 60° = 3 tan 
2 X 1.7321 


tan 6 = 


= 1 1547 


d = 49°06' 


This method of solution is especially valuable when only the direction is required. 
In practical work it is often desirable to know the direction of a fo.ee, in order 
to put in a support in the best position. 

2. Solve Prob. 1 graphically. Draw the space diagram of Fig. 71 to the scale of 
1 in. = 1 ft. Having found the direction of DB by the direction condition of 
equilibrium, construct the force triangle to the scale of 10 lb — 1 in. Compare 
with the algebraic solution of Prob. 1. 

3. A bar AB, 20 ft long, weighs 60 lb and has its center of gravity 8 ft from the 
left end A. It is hinged at the left end, and the right end is elevated 15° above 
the horizontal and supported by a cord which makes an angle of 35° to the left of 
the vertical. Find the direction of the hinge reaction graphically by the direc¬ 
tion condition of equilibrium. Then draw a force triangle to the scale of 20 lb 
= 1 in. and find the tension in the rope and the resultant hinge reaction. Com¬ 
pare with the example of Art, 47. 
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4. 


A ladder 20 ft long, weighing 40 lb, with its center of mass 8 ft from the lower 
end, rests on a smooth horizontal floor and leans against a smooth vertical wall. 
It is held from slipping by a horizontal force of 12 lb at the bottom. Find the 


position of equilibrium. 

The line AJJ of Fig. 72 shows the direction 
of the resultant of the vertical reaction 
V and the horizontal pull of 12 lb at A. 
It also shows the direction of the 
resultant of the weight of 40 lb and the 
horizontal force H at thi'ir intersection D. 
The resultant of the horizontal force and 
the vertical reaction at the bottom must 
pass through the point D (Fig. 72j, at 
which the vertical line through the center 
of the mass intersects the horizontal line 
through the top of the ladder. Bj" verti¬ 
cal resolution, the vertical r(‘action at the 
bottom is found to be 40 lb. The 



Fig. 72. 


resultant of 40 lb and 12 lb mak(‘s an angle with the vertical whose tangent 
is 0.3. From the figure, 


1)K = 20 sin 0 = 8 cos $ cot a 

’'‘"‘’ = 03X20 = 13333 

e = 53^08' 


60. Couples. Two equal parallel forces in opposite directions con¬ 
stitute a covple. The resultant of such a system is a zero force at an 
infinite distance—an intriguing mathematical concept of no practical 
value, A student who is fairly skilled in the art of depicting the 
free body and adept at analysis by moments and resolutions but who 
has never heard of a couple would find himself abl(‘ to solve many 
problems involving couples; but such a student might be baffled by 
the problem of finding the resultant of a system when that resultant 
turned out to be a couple, and he would miss many opportunities for 
elegant solutions by manipulation of couples. 

There are presented below some useful propositions having to do 
with couples, the arguments as to their validity, and some hints as to 

their usefulness in mechanics. 


o 



Fig. 73. 


Moment of a Couple. The moment of a 
couple is the product of either force multiplied 
by the perpendicular distance between the 
forces constituting the couple, and it is the same 
for every point in the plane. 


In Fig. 73, tw'o forces, each of magnitude P, are at a distance a from 


each other. The distance of the down\vard force from any origin of 
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moments at O is represented by x. The moment equation is 
M = -Px + Pix + o) = Pfl 


(1) 


A couple is the limiting case of two parallel forces in opposite lu c 
tions. As showTi in Art. 45 (Fig. 56), the resultant of two sue i ones 

is their difference, and the moment of the resultant about any 

the sum of the moments ot we 


P 



riG 74 


is at a distance d from the force Q. 


forces about that point. 

Figure 74 shows a force P up¬ 
ward through a point A and a 
smaller force 0 doA^nward 
through a point B hi St distance 
a from the force P. The result¬ 
ant is a force T? — Q C, which 
By moments about B, 


(P - Q)d = Pa 


, Pa 
^ ~ p~-^ 


( 2 ) 


As Q is increased, the quantity P — Q becomes smaller and the dis¬ 
tance to C increases, becoming infinity when P ^ Q. 

When, in the solution of any problem, a couple is recognized, both 
of the forces of the couple may be omitted from resolution e(iuations 



and the moment of the couple may be put into the moment equations 
regardless of the point about which moments are being taken 

61. Equivalent Couples. Any two couples in th( savir plane ar( 
equivalent if their moments are equal in magnitude and sign 

In Fig. 75, Pi and P 2 are the equal forces of a couple with moment 
arm a. At any point C on Pi, replace Pi by the components Ti ir 
any direction 6 and Qi at right angles to Ti. Extend the line of actioi 
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of Ti to intersect the line of action of P 2 at Z). At D replace P 2 with 
the component T 2 , the collinear equal and opposite of Ti and the com¬ 
ponent Q 2 . Ti and T 2 cancel each other, leaving Pi and P 2 replaced 
by Qi and Q 2 . From the force diagram (Fig. 75,11) Qi and Q 2 are 
equal and opposite with a moment arm (in Fig. 75,1) of CD. 

CD = a CSC 6] = Pi sin 6 


the moment of Q\Qi — (a sec d) {Pi sin 6) — Pia. 

In the solution of a problem of mechanics, any couple may be moved 
at will from any location on the free body to any other location in the 
plane, or it may be replaced by another couple anywhere and the forces 
of the replacing couple may be in any desired direction and of any 
desired magnitude, providing only that the replacing couple is in the 
same plane and has the same moment as the couple it replaces. (It 
will be shown later that a couple niav be moved to any plane in the 
^frfie body parallel to Ihe original plane of Ihe couple.) 




62. Addition of Coplanar Couples. Figure 76,1 shows two couples 
of unequal magnitudes and opposite sense, P 1 P 2 with arm a and clock¬ 
wise sense and ^ 1^2 with arm b and counterclockwise sense. Pi and 
Qi intersect at A. P 2 and Q 2 intersect at C. Replace Qi and P 2 at 
C by their resultant R 2 and replace Pi and Qi by their resultant Ri. 
(Figure 70,II shows the vector addilfion.) Ri and R 2 constitute a 
couple with moment arm d. Taking moments about C, 

7?id = P\a — Qib 

Figure 76,111 and IV, shows the addition of two clockwise couples. 

The moments of couples in the same plane are added algebraically. A 
system of forces which reduces to a couple cannot he further reduced. To 
P'udra couple into equilibrium requires an equal and opposite couple. 
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Example 

Figure 77 shows a 15- by 20-in board weighing 10 lb placed m a vertical plane 
and acted upon by four externally applied forces. Find the resultant of the 



system of forces including the weight (The problem is the same as Prob. 4 of 
Art 47 with the weight and the 36-lb horizontal foice added ) 


Force, 

Component 

Moment about lower right corner 

lb 

Vertical 

Horizontal 

(counterclockwise = +), lb-in. 

25 

15 

-20 

0 

25 

25 

0 

-350 

10 

-10 

0 

+ 100 

34 

-30 

-16 

+240 

36 

0 

+36 

-360 

V 

0 



H 


0 


M 



-370 


The resultant is a clockwise (ouple of 370 Ib-in The board is not in ('quilibriiim 
It can be put in equilibrium by any counterclockwise couple in its plane if the 
moment of the couple is 370 Ib-in. 


Problems 

1. Resolve the forces along one of the diagonals and tak(' monunts about the 
center of the board of the example 

2. Find the magnitude, direction, and position of all the forces except the 36-lb foi ce 
{Set down your answer before working the problem ) 
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3. Find the magnitude and direction of all the forces except the weight. 

4. The board is held in position by a hinge at its lower left comer and a vertical 
force at the upper right corner. Find the magnitude of the force at the upper 
right corner and the components of the hinge force 

5. Rework Prob. 4, putting the hinge 6 in. above the lower left corner and making 
the force at the upper right corner horizontal. 




a—>+<- jb -X 


i 


S = P*Q 

Fig. 78. 


In a coplanar system, all the couples appearing in the system may 
be lumped together and considere'd as a single couple by finding their 
algebraic sum (assigning, of course, opposite signs to the clockAvise and 
counterclockwise couples). 

In many problems of equilibrium the forces may be grouped to form 
two or more couples. Figure 78 p q 

shows a beam with loads P and Q 
near the ends. Neglecting the 
weight of the beam, the reaction 
S == P + Q. The load P at the 
left end together with an equal 
amount of the reaction at the middle 
forms a couple of moment Pa, The 
load Q at the right end, together with the remainder of the reac¬ 
tion, forms an opposite couple of moment Qb. For equilibrium these 
couples are equal. 

53. Relation of Forces and Couples. A force and a couple in the 
same plane are eqnivalent to a single force, the direction and magnitude 
of which are the same as those of the original force. Its distance from 
the title of action of the original force is such that its 
moment about any point on that line is equivalent to the 
moment of the original couple. 

In Fig. 79,1, there is a single force P and a counter- 
clockwise couple in the same plane made up of two 
equal forces Qi and Q 2 at a distance b apart. The 
moment of this couple is Qb. If Pa — Qb, this 
couple may be replaced by a couple made up of two 
equal forces Pi and P 2 at a distance a apart. By 
Art. 51, these forces may be placed anywhere in the 
plane of the couple. The force Pi may be placed in 
the line of action of the single force P, and the force P 2 at a distance a 
from that line on the side which makes the moment counterclockwise. 
The force Pi (Fig. 79,11) balances the force P. The remaining force 
P 2 , at a distance a from the position of the force P, replaces the force 
and the couple. 
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Example 

A vertical force of 20 lb upward is applied at the point a; = 4 ft. A horizontal 
force of 5 lb toward the right is applied at y = 2 ft, and an equal horizontal force 
toward the left is applied at 2 / = 12 ft. Find the location of the single force which 
is equivalent to this force and couple. 

The moment of the couple is 50 Ib-ft. 

= 2.5 ft 

The single force is 20 lb upward at a distance of 2.5 ft from the vertical line through 
the point a; =* 4 ft. Since the couple is counterclockwise, the distance of 2.5 ft 
must b^* measured toward the right from the lino a; == 4 ft. The resultant force 
lies in the line z = 6.5 ft. 

A single force may be replaced by an equal force, m the same direction 
through any point in its plane, and a couple, the moment of which is the 
same in magnitude and direction as the moment of the original force about 
the point. 

Figure 80 shows a single force P. It is desired to replace this force 
by an equal force and a couple of moment Pa. In Fig. 80, C is a 
point at a distance a from the line of action of the force 
P. At C are applied two opposite forces, Pi and P 2 , each 
of which is equal in magnitude to the force P, and along 
a parallel line. Since these forces balance each other, 
they have no effect upon the equilibrium of the body upon 
which they act. The force Pi and the force P form a 
couple of moment Pa. The force P 2 , which is equal and parallel to 
the original force P, stands alone as the single force reciuired. 

64. Shear, Moment, and Axial Forces at Sections. In finding the 
stresses in solids acted on by external forces, the principal topic of the 
science of strength of materials, a clear understanding of the relations 
of forces and couples becomes imperative. Figure 81,1 sh(>wB a pier 
loaded by a force at its center. At the section S-S the unit compres¬ 
sive stress is simply calculated by dividing the load by the cross-section 
area. Figure 81,11 shows the same pier loaded by a couple Pa any¬ 
where above the section, and the stress distribution is found by a 
simple formula for this case, compression on one side and tension on 
the other. Figure 81,111 shows the case where the load is off-center. 
This force P is replaced by a force at the center as in I, and a couple 
as in II, and the stress distributions for the two simpler cases are 
added to give the stress distribution shown in III, with a large com¬ 
pressive stress on one side and a small tensile stress on the other, The 



Fig. 80 . 
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resultant of the distribution shown in Fig. 81,111 is an axial force 
upward equal to P and a moment clockwise equal to Pa, 


P P P P 



} K. 81 


Figure 82 shows a light beam 8 ft long with a single concentrated 
load of 400 lb located 3 ft from the right end. The reactions, 150 lb 
at the left end and 250 lb at the right end, are easily found by using 
the ^^hole beam as a free body. The first step of the problem of find- 

400/b 



150 lb 250/b 

Fig. 82. 


ing the stresses anywhere on the section A-A is to take the portion 
of the beam on either side of the section as a free body and to find the 
force and couple which must be applied at A-A to produce equilibrium 
of the part under consideration, figure 83,1 sho\vs the portion to the 


V 400 fb 



Fig. 83. 


left of A-A and Fig. 83,11 shows the portion to the right of A-A, the 
couple being represented by the curved arrow M and the force by the 
arrow V, 
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Example 

Using the left portion as a free body and resolving vertically, V = 150 lb (down¬ 
ward as assumed). M can be determined by taking moments about any point 
on or off the free body, but it is customary to take moments about the center of 
the section, thus eliminating V from the computation. 

M = 150 lb X 4 ft = 150 Ib-ft (counterclockwise as assumed) 

Problem 

1. Find M and V using the portion to the right of the section (Fig. 83,11) as the 

free body. 

Comment on Signs. It should be noted that V comes out 150 lb downward 
when the portion to the left of the section is the free body, and it comes out 150 lb 
upward on the portion to the right. Similarly M is a counterclockwise couple for the 
left portion and a clockwise couple for the right portion of the beam. This is to be 
expected. Each of these effects is the equal and opposite reaction of its corre¬ 
spondent. In the terminology of beam theory, the force V at the section is called 
the shear at the section and the couple M is called the moment at the section. If there 
had been in this illustration any horizontal forces on the beam on the two sides of 
the section, such as would have been the case if the beam had been supported by 
inclined forces instead of vertical ones, then there would have be(m a horizontal 
component at the section directed toward the right on one part and toward the 
left on the other. This component is called the axial force or, sometimes, the 
ihrueA at the section. 

Mathematicians using formal coordinates usually assume forces to the right, to 
the front, and upward as positive and their opposites as negative. Couples are 
assumed as positive wIkui th(*y appear as counterclockwise' when viewed from the 
positive end of the axis looking toward the origin. Practi(;al users of statics and 
dynamics normally adopt, for each free body under consideration, and even for 
each equation to be written from the free body, a convenient direction for positive 
and its opposite for negative. The unknown values are assigned assumed direc¬ 
tions to be used in writing the equations. The actual directions are as assumed or 
the opposite, depending on whether the vah-es found cx)me out positive or negative. 
In beam theory a system of conventional signs is in almost universal usage. 
According to these conventions, the shear in the illustration is positive and the 
moment is positive, regardless of which side was used as a free body. If the beam 
is viewed from the other side, the shear by these conventions becomes negative V)ut 
the moment at the section remains positive. 

A set of nonconcurrent, coplanar forces can always be reduced to a 
single force or a single couple. The set can usually be reduced to a 
force and a couple in the same plane. A force and a couple can be 
reduced to a single force in the plane. Occasionally, the resultant 
force is zero and the resultant couple is not zero. This resultant 
couple cannot be reduced to a single force at a finite distance. 

When a system to be equilibrated can be reduced to a couple, the 
problem is more readily solved if this fact is recognized, but it can be 
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solved in the usual manner if it is not. The equilibrating system in 
this case will be a couple, or have a couple as its resultant. 

When a system of forces is required to be equilibrated by a force 
at a given point, this force will have the same magnitude and direc¬ 
tion as the simple single-force equilibrant of the system, but in addi¬ 
tion to the force there will have to be applied a couple equal and 
opposite to the moment of all the forces of the system about the point 
where the equilibrating force is required to be put. (The word equili¬ 
brant is often thought of as meaning a single force, but generally it 
means the system required to put another system in equilibrium.) 

Problems 

2. A force of 12 lb vertically upward acts through the point a: == 2 ft. A counter¬ 
clockwise moment of 60 Ib-ft i.s applied to the same body. Find the single 
force which is equivalent to the force and the couple. 

Ans. 12 lb upward through x = 7 ft. 

3. A force of 20 lb acts horizontally to the right through y ^ 5 it. Replace this 
force by an equal force through y — 0 and a couple. 

Ans. 20 lb through y = 0 and a clockwise couple of 100 Ib-ft. 

4. Find the resultant force or couple from 20 lb down at 0 ft, 15 lb up at 5 ft, 12 lb 

down at 8 ft, and 17 lb up at 10 ft. Take moments about 0 ft. C'heck by 
moments about 2 ft. Ans. A counterclockwise couple of 149 Ib-ft. 

6. Find the resultant force at (0,0) and the couple from 10 lb up at (0,0), 12 lb up 
at (2,2), 15 lb down at (5,2), 20 lb horizontal toward the right at (3,?/i), and 
20 lb horizontal toward the left at (5,t/i-f5). 

Ans. Force = 7 Ib up; couple == 49 units counterclockwise. 

6. A light beam 12 ft long is supported by v(‘rtical forces at the ends and loaded 
with two 400-lb loads, one of them 4 ft from the left end and the other 4 ft 
from the right. Find the shear and moment at a section 5 ft from the left end. 
Check by using the othc'r portion as a free body. 

Ans. F = 0; M = 1600 Ib-ft, acting couiitercioclnNise on the portion to the 
left of the section. 



R LiP 

Fig. 84. 


7. The bar AB (Fig. 84) is 7 ft long, weighs 28 lb, and has its center of mass 3 ft 
from A. The end A is provided w'ith a cylindrical roller which allows it to 
move on a surface with little friction. The bar is placed with the end A on a 
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horizontal platform. It is supported by a cord BD attached at B and is held 
at A and by a second cord AC. Find the tension in each cord and the reaction, 
of the platform when the bar makes an angle of 35° with the horizontal and 
both cords are horizontal. Ans. F — Q = 17.14 lb; 12 =28 lb. 

8 . Solve Prob. 7 with the angle changed from 35 to 45°. 

9. Visualize the lower hinge reaction in Fig. 62 as separate components, and 
solve the problem by equating the two couples. 



10. Write three equations from Fig. 85. If the cord at the top of the figure were 
shortened a little, would the wheel move up, or down? 

66. Questions 

1 . How many independent equations may be w-itt/m for a problem of noncon¬ 
current, nonparallel, coplanar forces? How many equations may be written if 
the forces are parallel? 

2. What precaution must be taken when three monant equations are used? Why? 
What is the similar case for concurrent forces? What precaution must be taken 
when two moment equations and one resolution equation are written? 

3. By what two methods may one unknown be eliminated? How may two 
unknowns be eliminated? When is it possible to eliminate two unknowns in 
writing a resolution equation? 

4. Can a set of nonconcurrent, coplanar forces in equilibrium be transformed into 
a set of couples in equilibrium by resolving some of the forces into components? 

6 . Can a system of three forces in equilibrium be really nonconcurrent? Non- 
coplanar? 

6. If a force in a system is moved to a new line of action parallel to its old lin(‘, 
what must be done to compensate for the move? 

7. How can a system of parallel forces be transformed into an equivalent system 
of nonparallel forces? 

8 . Can a system of nonparallel forces be transformed into an equivalent system 
of parallel forces? 
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66. Miscellaneous Problems 

1 . In Fig. 60, the force at B is 20 lb. What angle does the bar make with the 
horizontal if the other data are unchanged? Find the components of the 
hinge reaction. Is it necessary to know the angle of the bar to find these 
components? 

2. In Fig. 60, the tension at B is 20 lb. The bar remains at an angle of 15° with 
the horizontal but the position of the load is changed. How far is the load 
from A*i Find the components of th(‘ hinge r«-action. 

3. Solve Prob. 2 graphically for all unknowns. 

4. A rectangular board, 30 by 16 in., weighs 12 lb and has its center of mass at 
the center. The board is in a vertical plane with the 30-in. tnlges horizontal. 
A force of 6 lb perpendicular to the diagonal acts upward to the left of the 
vertical at the lower left corner. A force 
of 6 lb perpendicular to the diagonal acts 
downward to the right of the vertical 
at the upper right corner. Find the 
direction, magiiitud(‘, and location of a 
single force which can hold the board in 
equilibrium. 

6 . Figure 86 shows a light platform with 
one leg resting on a roof with a slope of 
5/12 and the other leg extending over the peak of the roof. If the coefheient 
of friction at both points of contact is 0.25, what is the limiting value of x, 
the horizontal distance from the peak of th(* roof to the center of gravity of 
the platform and its loads? An.s. 3.95 ft. 

6 . Solve Prob. 5 in general by hdting 5 ft = /?, 12 ft = 5 (or use the angle B), 
and 6 ft = c, with coefficient of friction /x. Check your solution by substi¬ 
tuting th(‘ values from Prob. 5. 

7. Solve Prob. 5 graphically. 

8. A horizontal beam AB is 12 ft long, weighs 40 lb, 
and is hinged at the left end A. A rope runs 
vertically upward from the right end B, passes over 

9 two smooth pulleys and supports a mass of 24 lb on 

the end. The descending portion of the rope is 
vertical at a distance of 4 ft to the left of the aseending 
portion. The rope is of such length that the 24-lb 
mass rests on th(' beam. Find the tension in the 
rop('. 

9. In Fig. 81, let the force Q be 15 lb and let AB make 
an unknown angle 6 with the horizontal. By means 

pjQ g 7 of the forc(' polygqn and the direction condition of 

equilibrium, find B. Ares, tan B — 0.8. 

10. Find the unknown direction in Fig. 88 by an algebraic solution based on 
direction condition of equilibrium. 

11. A bar AB is 10 ft long, weighs 30 lb, and has its center of mass 4 ft from A. 
The end A rests on a horizontal floor and the end B rests against a vertical 
wall. Both ends are provided with frictionless rollers. The bar is held by a 
horizontal cord attached 1 ft from A. Find the tension in the cord and the 
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Reactions at the floor and at the wall when the bar makes an angle of 30° with 
the vertical. 

12. Solve Prob. 11 if the wall makes an angle of 15° with the vertical, away from 
the bar, as shown by Fig. 87. 

In order to eliminate two unknowns, it is advisable to take moments about the 
intersection of the vertical line through A with the line of the cord. It is best 
to use the vertical and horizontal components of Q in this moment equation. 

A part of the solution is 

30 X 4 sin 30° = 0(9 cos 30° cos 15° + 10 sin 30° sin 15°) 

Q = 6.800 lb 

P = Q cos 15° = 6.569 lb 

The student will verify these results and check by morqents about A, He should 
find R by vertical resolution and check by moments about B. 

13. The bar of Prob. 11 is placed upon two inclined planes (Fig. 88). The end A 

rests on a plane which makes an angle of 
65° to the left of the vertical, and the end 
B rests on a plane which makes an angle 
of 50° to the right of the vertical. Find 
the reaction of each plane and the angle 
which the bar makes with the horizontal. 

Compute the reactions by resolving parallel 
to the inclined planes. Then find the angle by moments about A. It is best 
to use the components of the force P in the moment equation. 

30 X 4 cos 0 — P sin 40° X 10 sin B P cos 40° X 10 cos B 
12 = P(sm 40° tan B -f cos 40°) 

Check by momenta about B. Arcs. B = 8°07'. 

14. A beam AB of length I is fastened to a semicircular di‘k of radius r. The 

center of curvature of the disk coincides with the right end B of the beam. A 
load P is suspended from A and a load Q is hung on a cord which is tangent to 
the circumference of the disk. The body is supported on a pivot at C on the 
straight line which joins A to B. Find the angle which the line A B makes with 
the horizontal if AB — 16 in., AC — 10 in., r = 5 in., P = 12 lb, Q = 10 lb, 
and the center of mass is at the support. Ans. +33°35'. 

16. Solve Prob. 14 if the mass of the body is 4 lb and the center of gravity is 2 in. 
below C when AP is horizontal. 

Ans. Left end elevated 41°54' for stable equilibrium. Left end depressed 
26°43' for unstable equilibrium. 

16. Solve Prob. 14 if the pivot is 1 in. above the line AB. The beam weighs 4 lb 
and has its center of gravity 3 in. below the pivot. All the other data remain 
unchanged. 

17. A ladder 24 ft long with its center of gravity 16 ft from the lower end rests on 
a horizontal floor for which the coefficient of friction is 0.3 and leans against a 
smooth vertical wall. Find the maximum angle with the vertical. Solve 
trigonometrically by the direction condition of equilibrium and the angle of 
friction, (Fig. 89.) 
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18. Solve Prob. 17 with a coefficient of friction of 0.03 at the floor and 0.02 at the 

wall. (Fig. 90.) Ans. d * 24°53'. 

19. A ladder stands on a horizontal floor and makes an angle of 30 with a vertical 
wall. If the coefficient of friction at floor and Wall is 0.3, how far up the ladder 
can the center of gravity (of ladder and load) go before slipping impends? 
Solve graphically. A triangle described in a semicircle is a right triangle 
(Euclid). 




20. Solve Prob. 12 graphically. First use the intersection of R and P and the 
intersection of 30 lb and Q. Then solve again, using the intersection of 30 lb 
and P and the intersection of R and Q. 

When the position of the free body is given, as in Prob. 1 of Art. 49 and the 
problems above, the graphical solution is convenient. When the position of 
the free body is not givi'ii, it often is necessary to combine the direction condi¬ 
tion with algebraic work based on the geometry of the space diagram. 

21. Solve Prob. 7 of Art. 54 graphically. 

22. A slender uniform rod is placed inside a hemispherical bowl. If the rod has a 
length equal to th(' radius of the bowl and can be made to stand at an angle of 
30° with the horizontal, what is the coefficient of friction between the ends of 
the rod and the bowl? 

23. A slender uniform rod, equal in length to the diameter of the bowl of Prob, 22, 
can be made to stand with one end at the bottom of the bowl. What is the 
coefficient of friction between the rod and the bowl, assuming it to be the same 
at the end of the rod and the point where the rod rests on the edge of the bowl? 
Assume that the upper edge of the bowl is in a horizontal plane. 

Ans. 0.42. Check graphically. 

24. A uniform rectangular block is pulled up a 30° inclined plane where the coeffi¬ 
cient of friction is 0.4 by a cord attached to the upper rear corner and making 
an angle of 20° with the plane. The block has a length a in contact with the 
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plane and a height 6. Find the minimum ratio of a to h to keep the block from 
turning over rather than sliding up the plane. Ans. a = 2.986. 

226. Solve Prob. 24 with the cord attached to the upper front corner. Check 
graphically. (Problems 24 and 25 are easy to check graphically but require 
some ingenuity for a direct graphical solution.) 

26. A slender uniform bar 10 ft long rests on a horizontal surface and is to be turned 
into the vertical position by a force always perpendicular to the bar and 2 ft 
from one end. What must be the coefficient of friction between the end of the 
bar and the surface to make this possible without providing a stop at the 
lower end to prevent sliding? 

27. Generalize Prob. 26 by letting a equal half the length of the bar and 6 equal the 
distance from the middle of the bar to the force. 


Ana. 


a cos 0 
a sin 0+6 esc 




where d 


= sin"i xT 

^ a 


6 

+ 2b 



CHAPTER 5 


CONNECTED BODIES 

67. Connected Bodies. In the preceding chapters the force sys¬ 
tems considered were acting on discrete' rigid bodies, but the prob¬ 
lems of importance in the practical application of mechanics are 
generally more complex then those so far treated and usually involve 
two or more rigid bodies connected together by cords, links, pins, bars, 
or other bodies. It then becomes necessary to isolate the separate 
parts of the whole structure or machine and to treat each part so iso¬ 
lated as a free body under the action of a system of forces, some of 
which come through the connecting members from the neighboring 
parts. For example, consider Prob. 7 of Art. 54. This prob!3m dealt 
with the equilibrium of the bar AB of Fig. 84. Equilibrium of the 
bar was assumed and the numerical values of P, Q, and B were required. 
But there were several other bodies in the picture such as the mass Q, 
the pulley Z), the mass P, the pulley C, and the scales by which th^i 
reaction R was supposed to be determined experimc'iitally. If the bar 
A P is in equilibrium, it can be assumed that each of these other bodies 
is in equilibrium. The cord at A pulls, it was found, 17.14 pounds 
to the right at A, but it pulls 17.14 pounds to the left at the top of 
pulley C. Moments about the smooth pin at the center of C would 
show that the vertical part of the cord mUvSt pull down 17.14 pounds 
at the right side of C. Two resolution equations would show that the 
smooth pin at the center of C exerts a force of 24.24 pounds at an 
angle of 45° with the horizontal.* The vertical cord pulls upward on 
the mass P with a force of 17.14 pounds and giavity pulls downward 
on this mass 17.14 pounds, the weight of the mass. The platform 
pushes up on the roller at A 28 pounds, and the roller at A pushes 
down on the platform 28 pounds. This pair of 28-pound forces con¬ 
stitutes an example of the action and reaction which are stated to be 
equal and opposite in Newton's third law of motion. The problem 
of the equilibrium of the pulley C is relatively simple, and it was 
assumed that the student would not stop to consider it. The prob¬ 
lem of the equilibrium of the mass P is still simpler but is by no means 
trivial. It can be classified as a problem of coplanar, concurrent, 
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parallel forces—a system having only one independent equation. The 
little platform scale shown in the sketch has a rigid frame integral 
with a vertical hollow column and horizontal beam arm, and a plat¬ 
form mounted by knife-edge bearings on at least two horizontal beams, 
one resting on the frame and on the other beam and the other resting 
on the frame and on a vertical hanger in the column. The vertical 
hanger is suspended from a knife-edge at the back end of the graduated 
beam, and the graduated beam is pivoted in a hanger from the beam 
arm and carries the movable poise and the swinging pan. The problem 
of determining the force li by the size and positions of the poise and the 
weights on the pan obviously requires the consideration of the equi¬ 
librium of a number of separate but connected pieces, if it is to be 
done analytically. 

Statics problems involving connected bodies require the treatment 
of some or all of the parts as separate free bodies and, usually, the 
consideration of the whole group as a free body in equilibrium under 
the action of all the outside forces. Each part is in equilibrium under 
the action of the outside forces which are applied directly to it and the 
forces which are exerted on it by the adjacent parts. For each ele¬ 
ment used as a free body, the student should draw a clear free-body 
diagram, showing all that is known and indicating what is unknown. 

Isolate the Free Body 

The unknown genius who first conceived the idea of isolating the 
free body deserves a rnonumenhim acre peremdum. 

What was said about friction and smooth surfaces, smooth pulleys 
and hinges, flexible cords, smooth rollers, rigid bodies, and gravity 
forces in Chap. 3 must now be reme^^ubered. A cord exerts a tensile 
force in its own direction. A light (assumed weightless) link with 
smooth hinges at its ends can exert a fc.rce only in its own direction, 
but this force may be either tension or compression. The same may 
be said for any rigid body with forces applied at only two points (and 
no couples). Such bodies or members of a structure are called two- 
force members. If a bar or other body has forces (w^eight included) 
applied at more than two points, it is called a multi-force member and 
the forces which it exerts on the parts to which it is connected are 
generally not in the direction of its own length. The bar of Fig. 87 is 
an example. The force which it exerts on the wall at B is the equal 
and opposite of Q, and it is not even approximately in the direction 
of the bar. Forces which one part of a free body exerts on other parts 
of the same free body arc called internal forces and should always be 
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omitted in writing moment and resolution equations for that free body. 
The action of one free body on another and the equal and opposite 
reaction of the second on the first must always bo designated by the 
same symbol in algebraic equations, but the opposite directions must be 
shown consistently on the two free bodies on which they act. 

The basic principles of statics are truly simple, and they can be 
expressed in the simple rules of resolution and composition of forces 
and of the writing of moment and resolution (-quations. These tech¬ 
niques are necessary to the practical solution of problems and must 
be mastered, but they will avail the stucfimt of mechanics little unless 
he is also skilled in the art of depicting the free body and all that per¬ 
tains thereto. This art cannot be accpiired by rule but comes only 
from the study and solution of a series of problems of increasing 
difficulty. 

Example 1 

One end of a beam (Fig. 91) rests on a fixed support and the other end is lifted by 
a 10° wedge. The beam weighs 800 lb and has its center of mass at the middle. 
The lower face of the wedge is horizontal on a horizontal support. The coefficient 
of frictif)!! is 0.3 at the upper surface of the wedge and 0.2 at the lower surface. 
Find the horizontal force required to push the wedge under the beam. 


K. i-- i -H 



Ftg. 91. 

The reaction at the upper surface makes an angle of 16°42' with the normal, or 
26°42' with the vertical. Taking the beam as the free body, the vertical com¬ 
ponent of —R'l is found to be 400 lb. The horizontal component of pushing 
the wedge toward the right is 400 tan 20° 12' = 400 X 0.05295 = 201.2 lb. The 
horizontal resistance at the bottom of the A\edge is 80 lb. 

F = 281.2 lb 

Problems 

1. What must be the coefficient of friction at the left end of the beam of Example 1 

to keep it from sliding on the support? Ans. = 0.503. 

2. What horizontal force toward the right will draw the wedge of Example 1 from 

under the beam? Arts. Pull = 127 lb. 




92 


MECHANICS 


[Art. 57 


3. If the coefficient of friction at the upper surface of the wedge of Example 1 is 
0.1 and at the lower surface is 0.05, is it possible to lift the beam a considerable 
distance by striking the wedge a succession of blows with a sledge hammer? 

4. Solve Example 1 and Probs. 1 and 2 if the right end 
of the beam and the right edge of the support are in 
the same vertical plane, and the surfaces of the wedge 
each make an angle of 5° with the horizontal as in 
Fig. 92. 

Ami. P == 159.2 4- 117.1 = 276.3 lb; ^x^ 0.398; 

pull = 127.1 lb. 

6 . In Fig. 91, where should the horizontal forc(‘ P be 
applied in order to keep the lower face of the wedge horizontal? 



Fig. 92. 


Example 2 

Block A in Fig. 93 is held on the inclined wall by a light rod hinged to A at its 
upper end and resting on the corner of block B at its lower end. The rod makes 
an angle of 40° with the horizontal and lies in a vertical plane through the centers 
of A and B. The coefficient of friction is 0.6 between the blocks and the planes 
on which they rest. What is the minimum wc'ight of block B for equilibrium if 
block A weighs 200 lb? 

The rod is hinged to A. Ih'sting on the corner of B is equivalent to a hinge. 
The rod is a two-force member and so exerts a force in its own direction. Let 
this force be P, Assume that the proportions of block A are such that it will not 
turn about the hinge, Le., that the resultant of its weight and the forces exerted 


200/b 




on it by the inclined plane can pass through the hinge, (^omplete the free-body 
diagram for block A, showing all the forces known and unknown which act on it 
(Fig. 94). 

All directions are known. After replacing the friction force with 0.6A (it being 
assumed that slipping is impending) there are two unknowns, P and N. Choose a 
convenient pair of axes and solve by resolutions, or lay out a force diagram and 
scale the unknowns. 

Resolving on an axis perpendicular to the force P, 

200 cos 40° = N cos 20° + 0.6A cos 70° 

whence 

153.2 = 1.145A N = 133.8 lb 
Resolving on an axis parallel to the inclined plane, 

P cos 20° + (0.6)133.8 = 200 cos 30° 
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whence 

P = 98.8 lb 

Complete the free-body diagram for block B. Since the rod pushed upward on 
block A, it must act downward on B. To avoid confusion in algebraic equations, 
another symbol, M, is used for the normal force which the floor exerts on block B, 
There are now two unknowns in this free-body diagram, M and the weight of the 
block B. The free body is shown in Fig. 95. (It 
is obvious that those two free-body diagrams could 
have been finished just as well in Fig. 93, in which 
case there would be two arrows shown acting 
along the line of the md, one upward at the 
upper end symbolizing the force the rod exerts on 
A and one in the opposite direction showing 
the action at the other end on B. The two diagrams are shown separately here 
for greater clarity.) 

Sin(‘e slipping is impending, the friction force is taken as O.GAf. Resolving 
horizontally, 

98.8 cos 40° - 0.f)4f 

M = 126.1 lb 

Resolving vertically, 

98.8 cos 50° -f R = M = 126.1 

whence 

B - 62.6 lb 

To check the problem, put the values found for the two normal forces and their 
corresponding fri(;tion forces and the valiK' B back into P^ig. 93, completing the 
free-body diagram for the two connected bodies. The force P will not appear in 
the solution, as it is an intrrrujl force. Resolving v(Ttically, 

200 + 62.0 = 126.1 + 80.3 cos 30° -f 133.8 cos 60° 

262.6 = 262.5 

or, to the accuracy maintained, 

263 = 263 

Resolving horizontally, 

75.7 + 80.3 cos 60° = 133.8 cos 30° 

Problems 

6. The block on the plane in P^xample 2 ha.s the following dimensions: The base 
of the block in contact with the plane is 12 in. long. The perpendicular 
bisector of the base passes through the center of gravity and through the 
hinge. The hinge is 12 in. from the base and the center of gravity is 6 in. 
from the base. Will the block remain in contact with the plane without 
rotating, as assumedf That is, does the resultant of the normal pressure 
act on the base of the block, or does it fall outside the base? 

Ans. The center of pressure is less than 0.6 in. from the center of the base, 
so the condition is as assumed. 


9as/b B 

/ut' 0.6M 

Fig. 95. 
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7. A 600-lb body rests on a horizontal floor near a vertical wall and a wedge 
weighing 100 lb is inserted between the wall and the body, with one face of 
the wedge against the wall and the other face against the 600-lb body. If the 
angle between the faces of the wedge is 25° and the coefficient of friction 
between all contact surfaces is 0.231, what vertical force on top of the wedge is 
required to move the body? 

8 . Would it be possible to push the 600-lb body in Prob. 7 toward the wall and 
move the 100-lb wedge upward by applying a horizontal force to the 600-lb 
body? If not, to what value would the coefficient of friction have to be 
reduced to make this possible? 

9. In Example 2, what would be the minimum angle between the rod and the 

horizontal if the block B is of negligible weight? Ans, 59°2'. 

(The rod must lie within the cone of friction.) 

10. In Example 2, what would be the minimum angle between the rod and the 
horizontal if the block B weighs 100 lb? 

Example 3 

Find the force P, parallel to the plane, required to push the 20-lb rectangular 
block and the cylinder in front of it up the 20° inclined plane if the coefficient of 
friction at all contact surfaces is 0.3 (Fig. 96). 




Figure 97 shows the two bodies draw i separately to show the intermediate 
pressure Q between them and the intermediate friction force 0.3C? acting mutually 
on the two bodies. Other forces are added to complete the two free-body diagrams. 
The friction force F under the cylinder is not taken as 0.3A })ecause it is assumed 
that the cylinder will roll and not slip on the plane. It is assumed that the block 
will slide on the plane and not tip up at its front. The cylinder presents a problem 
of nonconcurrent, coplanar forces in equilibrium with three unknowns. I^et the 
radius be r and take moments about the point of contact with the plane. Then 
Q = 4.9 lb. Resolve perpendicular to the plane and find N = 10.37 lb. Moments 
about the center or another resolution will determine F. If F turns out to be less 
than 0.3iV, the assumption of rolling rather than sliding is justified. Using the 
value of Q already found, solve for P and M with the block as the free body. 
Check using the two bodies together as the free body.» 

Problem 

11. Solve Example 3 if the front face of the blo<;k is made vertical. 
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68, Number and Combinations of Unknowns. Figure 98 shows a 
40-pound mass suspended from a point A which is held by a horizontal 
force to the left and a force T at an unknown angle. Assuming the 
pulley to be free from friction, the horizontal force at A is obviously 
10 pounds, leaving two unknowns at A. These can be solved, and the 
values found for magnitude and direction can be used in the solution 
of the problem of finding P and Q acting at B, In this system of 
two point-bodies connected by a two-force member, there are four 
unknowns, but only two of them appear 
at A. In 'problems of this kind] begin 
at a point where there are only two 
unknowns, carrying forward as knowns 
at the next free body the answers found 
for the first. 

Problem 

1. For the situation shown in Fig. 98, show 
that r = 41.23 lb at an angle of ]4°02' 
with the vertical, P — 19.21 lb, and 

Q = 30.49 lb 

The figure might have been changed 
by attaching the horizontal cord from 
A to an eyelet, putting the little pulley 
at the upper end of cord Q, and 
suspending a mass so that Q would bo known. Then if Q were 
made 30.49 pounds the horizontal force at A would come out 10 
pounds and the problem would have the same answers as before. 
In this case, the problem would still present four unknow ns but neither 
of the concurrent, coplanar problems, alone, would be solvable. The 
total number of unknowms equals the total number of possible inde¬ 
pendent equations. 

In problems of this kind, isolate the separate free bodies and write for 
each its complement of equations, with due care as to the consistency of 
directions assumed for the internal forces. It w^ould be absurd to assume 
that the cord connecting A and B in this figure pulls upward on A and 
also pushes upw^ard on B without any external forces applied to it 
along the way. If it could do this, perpetual motion would be easy. 
It would not be entirely absurd to assume that the cord pushes down¬ 
ward on A and pushes upward on B, and if this had been done in the 
problem above, T would have come out with a negative sign and would 
still be the correct value. 
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Problem 

2. Suppose in Fig. 98 that the horizontal cord to the left from A is attached to the 
support and the 10-lb mass hung from A, that the cord Q is passed through the 
smooth eyelet, and that the 40 lb mass is hung from this cord. Find the 
unknowns/*, and the unknown horizontal force at A. 

Ans. P = —23.83 lb. (A cord could not be used; a rod or link would be neces¬ 
sary.) Q — 75°7'with vertical. 



69. A^Rigid Frame. The simplest form of a rigid frame is made of 
three bars, which are hinge connected at the ends to form a triangle, 
as in Fig. 99. To change an angle of a triangular 
frame, one or more of the bars must be shortened 
or lengthened. 

A hinged quadrilateral, as shown in Fig. 100, is 
not rigid. If the frame of Fig. 100,1 were supported 
at A and C and a load applied at B, the angles at 
A and D would become smaller and the angles at B 
and C would become larger. The quadrilateral A'B'D'C' of Fig. 100,11 
is one of the possible forms which the frame would take as it collapsed. 
If A and D were connected by a fifth bar, as in Fig. 100,HI, the frame 
would be rigid. It would then consist of two triangular frames with 
the bar AD common to both. A connection from B to C would also 
render the frame rigid. A chain or flexible rod from A to D would 
support the frame if the applied loads tended to increase the angles at 
B and C but would be useless if the forces were reversed. 


Fig. 99. 



If the quadrilateral is braced by two diagonals, both of which can 
resist compression as well as tension, one of these is said to be redundant 
and the frame is statically indeterminate. A statically determinate frame 
is one for which the stresses in each member caused by a given load 
can be computed by the methods of statics. The computation of the 
stresses in a statically indeterminate frame involves the cross section, 
length, and elasticity of each member and requires a mastery of 
strength of materials. Only statically determinate frames are con¬ 
sidered in this book. 
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Figure 101 shows a rigid frame of three light bars in a vertical plane. 
The bars are hinged together with frictionless pins and the frame is 
hinged to an outside support at one lower corner and held by a tension 
member attached to the upper corner. The other lower corner sup¬ 
ports a load of 120 pounds. All the outside forces are applied at the 
joints, and the bars are considered weightless The bars, therefore, 
are two-force members, and the force exerted on any pin by any bar is 
in the direction of that bar. The force exerted by the outside support 
at the lower left is in an unknown direction, but, for convenience, it is 



represented in the figure as an unknown horizontal H and an unknown 
vertical V, 

The problem of analysis here is similar to the one presented in 
Fig. 98. In that problem the two knots at A and B Avere taken in 
order as free bodies. In this one the pins should be taken as the free 
bodies in the order of lower right, upper, lower left. From the solu¬ 
tion of these three concurrent, coplanar problems woll come a value for 
each of the outside forces, and these can then be checked by taking the 
whole triangle as a free body under the action of a set of nonconcurrent, 
coplanar forces. 

Problems 

1. Find the unknown forces Q and R at the right end of Fig. 101 by one moment 
and one resolution equation or by tAvo resolution equations. Draw arrows 
inside the closed curve to show the direction of the forces acting from each 
member upon the joint. Ans. R = 160 lb compression; 0 = 200 lb tension. 
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Using the value of Q found in Prob. 1 (or its components), find the magnitude 
of the forces P and T at the top. Draw the arrows. 

Ans. T = 241.70 lb tension; P = 166.92 lb tension; horizontal component of 
P « 118.03 lb. 

8. At the left end, put an arrow in the horizontal member opposite the arrow R 
at the right end, and an arrow in the inclined member opposite the direction of P 
at the top. Assume that the horizontal hinge reaction is toward the right and 
the vertical hinge reaction is upward. (If the calculated value of H should 
come out negative, the meaning would be that the force is horizontal toward the 
left.) Find H and V and check. Find the resultant hinge reaction. 

Ana. H = 41.97 lb toward the right; V = 118.03 lb downward; resultant 
= 125.27 lb downward at 19°35' to the right of the vertical. 

4. Check H and V by moments about the top hinge, using the whole triangle as a 
free body. Check T by moments about the lower left corner. 



Figure 102 shows a simplified derrick with the boom placed opposite 
one of the guy ropes. In many practical problems the necessary data 
are in the form of dimensions rather than aiigles In this figure the 
dimensions have been chosen so that cosines of the angles with the 
horizontal and vertical are simple ratios from the diophantine^ tri¬ 
angles 3,4,5 and 5,12,13, and the solution can be carried out with little 
labor by resolving on horizontal and vertical axes at each of the joints. 

Problems 

5. Find by the method of joints the forces in the four members of the derrick 
shown in Fig. 102 with a 7-ton load. 

6 . Find the magnitude and direction of the reaction of the ground at the junction 
of the mast and boom by considering this junction as a point in equilibrium. 

^ In honor of Diophantus, a fourth-century Greek mathematician of Alexandria, 
who devised the rule for constructing right-angled triangles: Take any two numbers 
m and n and one side the the triangle will be -- n^, a second will be 2mn, and the 
hypotenuse will be m* + n^. 
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7. Using the triangular frame as a free body, find the tension in the guy rope and 
components of the ground reaction. 

8 . Lay out a force triangle for the joint from which the load hangs. (By a proper 
choice of the order of the forces, the force triangle for this joint can be made 
similar to the triangle of the frame, and the values for the two unknown forces 
at the joint can bo easily found by proportion rather than by scaling. This 
situation occurs so often in frameworks of two-force members that it is worth 
looking for, but in no case should the student superimpose the force diagram 
on the space diagram.) 

9 . Lay out the force diagram for the other two joints and scab' the results. Trans¬ 
fer the direction of the ground reaction ba^’ic to the 
scale drawing of the space diagram and si tow that it 
intersects the line of the 7-ton load at the same' place as 
does the guy rope extended. 

10. Superimpose the three-force diagrams (rearranging the 
order of the forces if necessary) so that each vector 
in every diagram lies along its corresponding vector 
in the others. The figure formed by these force 
diagrams is called a Maxwell diagram and is a very 
useful transformation of the problem. Bow’s method 
for constructing and interpreting the diagram will be 
presented in the next chapter. One skilled in this 
art can take the Maxwell diagram and reproduce 
the structure to which it pertains in its proper 
proportions. If given a value for any dimension and 
any force, he can find all the others. 

60. Jointed Frame with Three-force Members. In the problems 
just considered, all the loads on the frames were applied at the joints, 
the weights of the members were neglected, and no member was 
attached to three or more joints. The members were links, or two- 
force members. In practice it is often convenient and economical to 
build structures in which some or all of these conditions are not met, 
and such structures are usually built with joints which are reasonable 
approximations of smooth hinges. The members of such structures 
usually exert forces on the joints in unknown directions and the study of 
the equilibrium of such a joint is rarely useful. When such a structure 
is not statically indeterminate, a solution can be arrived at by con¬ 
sidering each separate member as a free body. It is sometimes neces¬ 
sary and always advisable to consider the w^hole structure as a free 
body under the action of the outside forces. In the first of the two 
examples following, it is not possible to determine the external reac¬ 
tions without at least one equation taken from one of the bars as a 
free body. In the second example, the outside reactions Ri and 
can be easily found first, and finding them is a good opening move. 
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Example 1 

Figure 104 shows two bars AB and BC, which arc hinge connected at B and 
attached to fixed hinges at A and C. To designate the forces, the bar AB is 
numbered 1 and the bar BC is numbered 2 . The components of the reactions at 
A are Hi and Vi The components at C are H 2 and V 2 . At B the components 
of the force which bar AB (No. 1) exerts on bar BC are Bn and Fn (Fig. 104,11) 
and the components of the force which bar BC exerts on bar AB are B 21 and F 21 . 
The component B 21 is equal and opposite to Bi 2 , and the component F 21 is equal 
and opposite to Fn. When both bars are considered as a single free body, there 
are four unknowns, Bi, Fi, B 2 , and F 2 . When BC is considered as a free body 



there are four unknowns, Bn, Fn, Bj, and Vi If both bars together are taken 
as a single body and moments arc written about A, there are two unknowns, 
F 2 and B 2 If BC is taken as the free body and moments are written about B, 
the unknowns are again F 2 and B 2 . 

When moments are taken about A with the two bars together as one free body, 
the equation is 


I 8 F 2 - 3 B 2 = 130 X 6 X + 110 X (12 + 0.6 X 4) ( 1 ) 

I 8 F 2 - 3 B 2 = 720 4 - 1584 = 2304 (2) 

6 F 2 - B 2 = 768 (3) 

When moments are taken about B with BC as the free body, 

6 F 2 ~ 8 B 2 «= 110 X 2 4 = 264 (4) 

B 2 = 72 lb toward the right 
F 2 = 140 lb upward 
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Hi = 72 lb toward the left 
V 1 ~ 100 lb upward 

If the bar BC (Fig. 104,11) is taken as the free body the resolutions give 

H 12 — 72 11) toward the left 
Vi 2 =5 30 11) downwanl 

The resultant force from AB to BC at B is 78 ib to th(‘ left and downward at an 
angle of 22°37'. The resultant n^action at A is 123.2 lb toward the left at 54°15' 
above the horizontal. The resultant reaction at B is 157.4 Ib toward the right at 
62°47' above the horizontal. 

Example 2 

Figure 105 shows an A frame, which rests on a smooth horizontal floor. The 
vertical reactions at the bottom are found as a problem of nonconcurrent forces 
with the entire frame as a rigid frei* body. With these reactions known, each 


A A 



member still has four unknown forces. In the horizontal tie DE the horizontal 
force His at the right end passes through the hinge at the left end, so that a moment 
equation about I) contains only one unknown. 

r>3 X 18 == 720 X 11 

Vzs = 440 Ib acting upward on DE 

Vu X 18 = 720 X 7 
Vn * 280 lb 


Moments about E give 
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To find the horiafontal force Huj with which the tie DE pulls on ADB at /), 
moments are taken about A with ADB as the free body. 

Hsi X 12 -f 280 X 9 « 300 X 12 

Hz\ = 90 lb, pulling ADB toward the right 

All the remaining forces may now be found by resolutions. 

Problems 

1 . In Fig. 105, find the vertical force F 21 at A by a vertical resolution. Then 

find //21 by moments about D. Ans. F 21 = 20 lb down. 

2. In Fig. 105, find ^32 by moments about A with AEC as the free body and F 32 

known Am. Hr> = 90 lb, pulling AEC toward the left. 




8 . In Fig. 106, find the components of the reactions at the supports. Find the 
horizontal and vertical components, and Fa, of the force which the right bar 
exerts on the left bar at the lower joint. 

Am. Vi == 42.4 lb; = 16.8 lb toward the left; F 2 == 37.6 lb; F 3 = 12.4 lb 
downward. 

4. In Fig. 107, find the direction and magnitude of the reaction at each of the 
supporting hinges, and /?», the direction and magnitude of the force which the 
inclined member exerts on the horizontal member at the right hinge. 
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Ans. Hi = —Hi = —Ha = 163.92 lb toward the left 

Vi * 25.36 lb Vi = 134.64 lb V, = 34.64 lb 
Ri « 165.9 lb left 8"48' up 
Ri = 212.1 lb right 39°24' up 
Rz = 167.5 lb right 11°56' up 

5. In Fig. 108, find the direction and magnitude of the reaction at each hinge. 
Check. 

6 . Find the horizontal and vertical 
components of the reactions at 
the supports of Fig. 109, assuming 
weightless bars. (Horizontals are 
each 500 lb and one vertical is 
zero. The problem can be simpli¬ 
fied by noting that the short 
member is a link.) 

7. Solve Prob. 6 if the bars are uni¬ 
form and weigh 20 lb per foot of 
length. 

8 . Solve Prob. 6 if the 866 -lb load is 
replaced by a 1000 -lb force down¬ 
ward to the right parallel to the 
shorter bar. 

9. The figure-four framework in Fig. 1 10 is made of light bars hinged at the joints. 
The horizontal bar is 3 ft long and hinged at the middle to a point 2 ft above 
the bottom of the vertical bar and 4 ft below its top. The inclined bar is 



Fig. 109. Fig. 110. 


connected by a horizontal bar 2 ft long to a hinge on a wall 4 ft above the floor. 
With the load as shown, find the horizontal and vertical components of the 
forces acting on the vertical bar. 

Ans. At the bottom: V — 400 lb upward 

H — 300 lb to the right 
2 ft from the bottom: V — 800 lb downward 
H — 450 lb to the left 
V » 400 lb upward 
H = 150 lb to the right 



At the top: 
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10. In Prob. 9 let the horizontal bar from the wall be extended 1.5 ft and hinged to 
the vertical bar. Find the reaction at the bottom of the vertical bar. 

Ans. The problem is indeterminate. By a suitable small movement of the 
pm at the bottom the forces can be made almost anything desired. 

11. In Prob, 10 the reaction at the floor can be in any desired direction except 

along a line toward the hinge on the wall. Find the minimum value which it 
can have. Ans. 482 lb. 

61. Trusses. A framework composed of relatively light members 
hinged together at the ends into connected triangular elements is called 
a truss. A truss with loads in its own plane applied at the joints ordy 
constitutes an extremely economical form of supporting structure for 
any system of loads or forces. Trusses have been devised in a wide 
variety of forms to meet special conditions, and the possible combi¬ 
nations are endless. A number of good types for meeting recurring 
conditions of loadings have been evolved during the last hundred years 
and the use of these types has tended to become standard practice. 
These trusses have been given names, usually after their original 
designer or place of origin, such as Whipple, Ilowe, Pratt, Warren, 
Fink, McCallum, King, Bollman, Pegram, Baltimore, Belgian, English, 
but sometimes the names are descriptive of some characteristic of 
appearance or function such as cantilever, belly-brace, fan, K, lenticu¬ 
lar, panel, hammer-beam, bowstring, bed-stead, lattice, scissors, and 
the like. Texts on structural design usually discuss the advantages 
of the various types and indicate the conditions under which they are 
suitable or economical, this text will be confined to the basic methods 
of analysis applicable to any type of true truss, as these methods are 
both necessary and sufficient for all types 

The basic element of a truss is the triaugle, and a single triangle has 
three sides and three angles; in truss terminology, three members and 
three joints. For every additional triangle added onto the first, there 
will be added two sides and one angle, so that the number of members 
of a statically determinate truss in a plane will be three less than twice 
the number of joints. This rule can be used to determine whether the 
truss is statically determinate or not. The ideal truss is composed of 
two-force members only, and the basic truss analysis assumes the fol¬ 
lowing three conditions: 

1. The members are weightless. 

2. The members are joined together only at their ends and these 
joints are all perfectly frictionless hinges. 

3. There are no loads on the structure except at the joints. 

It is obvious that no real truss meets these conditions exactly^ but for 
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the great majority of real trusses (1) the weights of the members are 
negligible compared with the loads which the structure carries; (2) the 
flexibility of the members is sufficient to compensate in a large part 
for the rigidity of the joints; and (3) the loads are very nearly centered 
on the intersections of the center lines of the members. In cases where 
the assumptions of the ideal truss are not justifiable or where a more 
refined analysis is desired, it is the usual practice to make a basic 
analysis as though the truss were ideal and to follow this with a study 
of the secondary stresses set up by the distributed weights of the 
members and the rigidity of the joints, a study involving the elasticity 
of the members. The basic analysis then includes the weights of the 
members but treats them as divided proportionately between the two 
ends of each member so that they fall on the joints of the structure. 



If this were not done the analysis would be complicated by the neces¬ 
sity of taking the members rather than the joints as free bodies. In 
the example below the weights of the members are neglected and the 
pins at the joints are considered weightless free bodies. Figure 111 
shows a riveted steel truss as it would actually be constructed. This 
truss would weigh about 1 ton and would support safely over 75 tons 
divided equally among the three joints. 

In Fig. 112 a beginning may be made at D, The known force is 
1200 pounds downward. The unknowns are Ted in the member CD 
and Qyd in the member GD. Resolving vertically, 

Qyd sin CDG = 1200 

Qgd — 1200 1% = 2550 lb compression 

Resolving horizontally, 

Ted ~ Qgd cos CDG = 2550 X = 2250 lb tension 
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At joint C the horizontal tension of 2250 pounds is now known, but 
there are still three unknowns. At joint G the only unknowns are the 
vertical force Vcg and the horizontal force Pfg. Resolving vertically, 

Vcg == 400 + 2550 cos DGC = 400 + 1200 = 1600 lb tension 

Since it is known that the vertical component of the compression in 
GD is 1200 pounds, it is not necessary to multiply 2550 by the cosine 
of the angle DGC. Resolvinp horizontally, 

P/f, = 2250 lb compression 

There are now only two unknowns at C. A vertical resolution gives 

Q/c X 0.8 = 1()00 Q/c = 2000 lb compression 
Ttc = 2250 + O.G X 2000 = 3450 lb tension 



external forces H, K, and T. 

2. Find the external forces of Fig. 112 as a problem of nonconcurrent forces. 


Figure 113 shows a Warren truss with all members of the same 
length. The symbol at the left end indicates rollers or a device to 
ensure that this reaction is vertical only. The symbol at the right 
indicates a hinge, at which there are both horizontal and vertical com¬ 
ponents if the loads have any horizontal components. Every truss 
should be hinged at one end and free to move at the other without 
great friction. If both ends are hinged or fixed, large thermal stresses 
can develop. If neither end is fixed or hinged and friction is depended 
on to resist lateral movement, it may happen that the truss moves at 
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one end only upon expansion and at the other on contraction. The 
collapse of a theater roof on a houseful of children in Washington, 
D.C., was attributed to this cause. 

In Fig. 113 it is not possible to start at ahy joint until one of the reac¬ 
tions has been found. Moments about the hinge give Ri = 7500 lb, 
and then a start can be made at the lower left joint, but before starting 
the solution by the method of joints, it is best to get R 2 and H, and 



check. Then if the final joint checks out, the whole problem is 
checked. 

Problem 

3. Find R 2 and H. Ans, R 2 = 9000 lb; i/ = 7794 lb. 

(Since, in this case, the 9000-lb load is pc'rpendicular to the end post, it is 
convenient to use the whole force in taking moments about Ri and to use its 
vertical and horizontal components in taking moments about R 2 .) 


I 

Figure 114,1 shows the lower left joint isolated as a free body. 
Resolving vertically, 

Di cos 30° = 7500 lb Di = 8000 lb tension 
Resolving horizontally, 

Li = Di cos 00° Li = 4330 lb compression 

Figure 114,11 shows the upper left joint isolated as a free body. 
The value 8600 for Di is brought forward from the joint previously 
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solved. Directions of 17i and D 2 are assumed, Ui in compression, 
D% in tension. (If a value comes out as a negative it will mean simp y 
that the opposite is true.) A vertical resolution is done first, as it 
will eliminate Ui and yield an equation in one unknown. Resolving 
vertically, 


9000 cos 60^ + D 2 cos 30° - 8060 cos 30° =0 />2 = 3403 lb tension 


Resolving on axis (2), 

9000 cos 60° + 8()60 cos 30° = Ui cos 30° 

9000 tan 30° + 8660 = Ui U\ = 13,856 lb compression 

The second equation might just as well have been a horizontal reso¬ 
lution. Axis 2 perpendicular to eliminated a value already found 
and simply reduced the labor by one term in the equation. It is 
obvious that, with a large clear sketch for Fig. 113, Figs. 114,1 and II 
are not really necessary, as the work can be done directly from the 
complete sketch. It is probably better for a beginner to make a sepa¬ 
rate sketch for each joint until he has accpiired considerable skill. 
If the work is done directly on the complete sketch it is not advisable 
to run all over the sketch putting on arrowheads in assumed direc¬ 
tions; it is better to complete each joint, then carry the arrowheads 
forward to the opposite ends of the members connected to it, to indi¬ 
cate the forces already found. In this way a mejn})er Avilhout an 
arrow indicates an unknoAvn, and it is obvious at a glance that a joint 
can or cannot be solved. 

It is necessary to have some systematic \ ay of designating the 
various members and their forces, and many good systems have been 
devised. The one used above assigns to each uf'mber of the lower 
chord the letter L with subscript 1, 2, 3 reading from left to right. 
The diagonals are Di, Z> 2 , /> 3 , etc. These diagonals an? usually called 
web members^ the outer ones being the end posts. The upper chord 
members are Ui and 1 / 2 . A very common notation is to designate the 
upper joints as U\, U 2 , etc., and the lower joints as Li, L 2 , etc. The 
members are then referred to as f/iLi, U 1 L 2 , etc., and are so labeded in 
the shop as a guide to erection in the field or assembly in the shop. 

Problems 

4. Find the forces in all members of Fig. 113 by the method of joints. Figure 113 
shows how the sketch should appear after the first two joints have been solved 
and it is obvious that joint (3) has but two unknowns while the center top joint 
has three. The next to last joint will have only one unknown but will check 
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out if the preceding work has been done correctly. The last joint will have no 
unknowns, but it should be checked by two resolutions as an over-all check on 
the whole problem. 

6. Figure 115 shows a truss 16 ft high with six panels of 12 ft each. With a 46-ton 
load distributed as shown, find the reactions and check. 



6. Solve for forces in all members by the m(‘thod of joints. (Start at either end. 
Resist th(' temj)tation to move forward before a joint has bc^en completely 
solved. Th(* problem is set up to give answers in round numbers.) 

7. Figure 115 is a Pratt truss. If the diagonal memb(*rs (except the end posts) 
are reversed, the truss becomes a Ilowe truss. Make this change and solve 
again. 

62. Method of Sections. In the preceding article, each joint was 
considered as a free body in equilibrium under concurrent forces. It is 
also possible to divide a jointed frame into two portions by an imagi- 



nary surface and to treat either portion as a free body in equilibrium 
under nonconcurrent forces. Suppose the truss of Fig. 116 is divided 
by a surface which passes tiirougli the members BC, FC, and FGy and 
the portion to the right of this surface is taken as the free body. This 
portion CDG, Fig. IIG, is subjected to the loads of 1200 pounds 
and 400 pounds, and the forces from the left portion which act through 
the members BC, FC, and FG. All these arc external forces with 
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reejject to the free body under consideration. Since t lere 
three unknowns, the problem can be solved. 

Moments about F eliminate the forces in F(^ and FG, 


1200 X 21 = 25,200 
400 X 0 = 2,400 
STbc = 27,000 
The = 3450 lb tension 

By moments al^out (\ 

SPf, = 1200 X 15 
Pjg = 2250 lb compression 


By vertical resolutions, 

0.80/c - 1600 

Qfc = 2000 lb compression 

The portion of the truss to the left of the surface XY of Fig. 116 
may be taken as the free body. The external forces are the load of 
600 pounds, the reactions R, H, and T, and the forces Qc/, and P^/, 
acting on the left portion from the right portion. (To indicate that 
the forces under consideration act from the right portion upon the left 
portion, the subscripts have been reversed. The force Tv is opposite 
to the force Tcby etc.) The external reactions R, H, and T are first 
calculated from the entire truss as a free body. The results are 
H = T =5100 pounds; R = 2200 pounds. J'y vertical resolution, 

0.8Q./ + 600 - 2200 

Qrf -= 2000 lb 

The vertical component is downward, hence the stress in the member 
FC is compression. 

By moments about F, 

STch = 8 X 5100 - 6 X 2200 
Trb = 3450 lb 

Since the moment is clockwise about F, the force Tcb acts toward the 
right and the stress in CB is tension. 

If a diagonal section is drawn on Fig. 116 cutting the members CD, 
CG, and FG, the bar GD is separated as a free body. A horizontal 
resolution shows that the tension in CD is equal to the compression in 
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FG. A vertical resolution shows that the tension in CG is 1600 
pounds. 

The method of sections is of extreme importance in the practical 
business of designing trusses. The problem usually presented is that 
of making every member (and joint) of sufficient strength to sustain 
the greatest force which can fall upon it under any possible combina¬ 
tion of loads, so that each member is designed for the particular combi¬ 
nation of loads which causes the greatest force in that member. With¬ 
out the method of sections or its equivalent, by which the force in any 
member may be calculated directly for any (‘ombination of loads, a 
great deal of time would be wasted in calculating useless forces in other 
members. A clear understanding of the method and skill in its appli¬ 
cation also enable the designer to determine the effect on any member 
of a load placed at any joint of the truss, and so to draw what is called 
the influence line for that member. 

From the example it should be clear that a section which cuts three 
two-force members of a truss (all the outside forces being known) makes 
either portion of the truss a soh'able problem, the three unknowns 
being the magnitudes of the forces in the cut members. If four members 
are cut, the problem is not solvable unless the force in one of the cut 
members is known and is used in the solution. If a three-force mem¬ 
ber is cut, in a framework containing that kind of member, the exact 
position of the section on the member is important, and at that section 
there are three unknown the force in the direction of the member, the 
force (shear at the section) perpendicular to the member, and a couple 
(the moment at the section). 


Problems 

1. Mako a froohand sketch of the truss of Fig. 110. Pass a section through AB^ 
EB, and KF. Find tlie stress in each of these members, using the portion to 
the right of the section as a tree body. 

2. Solve Prob. 1, using the post EA as the free body. 

3. On your sketch of the truss of Fig. 116 draw a diagonal section cutting the 
members BC, BF, and EF, Find the stress in BF. Show that the tension in 
BC is equal to the compression in EF. Find the compression in EF. 

4. On your sketch of the truss of Fig. 116 draw a section cutting the members 
BCy FC, CGy and GD. Can you find the stress in each of these members, usiiig 
the portion to the right of the section as the free body? Why? 

6 . In Fig. 116, the force T is horizontal, while it makes an angle of 30° with the 
horizontal in Fig. 112. What effect does this difference in angle make on the 
external forces? On the internal stresses? 

6 . Find the reactions at the supports of Fig. 117. Resolve the 4200-lb force into 
its horizontal and vertical components to take moments about D. Check by 
vertical resolutions. Check again by moments about A. 
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7 . Make a sketch of Fig. 117, showing the reactions and loads. Draw a section 
cutting AB, FB, and FE. Find the stress in each of these members, using the 
portion to the right of the section as the free body. Check, using the portion 
to the left of the section as the free body. 



8 . Begin at G of Fig. 117 and find all str(‘ss(*s, one joint at a time. Clu'ck stresses 
in BCf EC\ and ED by sections. 


63. Miscellaneous Problems 

1 . In a triangular frame ABC, the member AB is horizontal and is 14 ft long. 
The members AC and BC are each 9 ft long. The joint C is vertically above 
the member AB. The frame is supported by a vertical roMction at the left 
end A and is attached to a fixed hinge at B. Find the stress in each member 
when a load of 160 lb is applied at C. 

2. In the frame of Prob. 1, the load of 160 lb makes an angle of 30“ to the right 
of the vertical downward. Find the reaction and the stress in each member. 
Chock. Show that the stress in AB is dways seven-ninths of the stress in AC, 

A^is. Stress o. BC — 161 6 Ih compression. 

3 . In a quadrilateral frame the mernlar AB, 20 ft long, is horizontal, is supported 
at the left end A, and is attached to a hx(‘d hinge at B. The member CD, 
12 ft long, is 12 ft above AB with the left end C 4 ft to tin right of the vertical 
line through A. The joint A is connect(‘d by bars io C and to D, and the 
joint B is connected to D. A load of 400 lb is applii'd at C and a load of 
800 lb at D. Find the stress in AD before finding any other internal stress. 
Find the force in AB and the force in BC without using any other internal 
stress. Begin at B and solve for all stresses, one joint at a time. 

4^ In the frame of Prob. 3, the 800-lb load is vertical and the 400-lb load at C is 
perpendicular to AC. Find the stress in each member and check. 

5 . In the frame of Prob. 3, there is a vertical load of 800 lb at D itnd a vertical 
load W at C. What is the value of W if there is no stress in AD7 If there is 
120 lb of compression in AD? 

6 . A rectangular frame, hinged at the corners, is hung from one corner and carries 
a load W at the opposite corner. A bar connects the remaining ^wo corners. 
Find the compression in this bar in terms of W. 
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7 . A 20-lb rectangular block and an 18-lb rectangular block rest on a horizontal 

plane with a 22-lb cylinder between them. The coefficient of friction between 
the plane and any one of the three bodies is 0.5, and the coefficient of friction 
between the cylinder and the vertical faces of the blocks in contact with it is 0.2. 
If the axis of the cylinder is horizontal and perpendicular to the direction of 
the push, what horizontal push on the 20-lb block will move the three bodies 
uniformly along the plane? Ans. 21 lb. 

8 . For what range of weights of the cylinder in Prob. 7 (other values unchanged) 
would the answer come out half the sum of the weights of the three bodies? 

9. A rectangular block is placed on a 30° inclined plane and a cylinder weighing 

half as much as the block is laid behind the block. If the block rolls down 
the plane uniformly, pushing the cylinder befoie it, what is the coefficient of 
friction if it is assumed to be the same betw(‘(m the cylinder and the block 
as between the block and the plane? Ans. fx 0.67. 

10 . Generalize Prob. 9 by assigning the block a weight /i, the cylinder a weight C, 
and making the angle of inclination 6. 

11 . A derrick boom is 40 ft long and makes an angle of 30° with the horizontal 

(see Fig. 125, p. 120), The mast is 30 ft high. One guy rope in the vertical 
plane of the mast and boom makes an angle of 35° with the horizontal. Find 
the tension in the guy rope when the load is 1200 lb. Solve as a problem of 
nonconcurrent forces with the mast, boom, and the rope which connects them 
as the free body. Ans. T — 1691.6 lb. 

12 . In Prob. 11, find the horizontal reaction at the bottom of the mast by moments 
about the top of the mast. Find the vertical reliction at the bottom of the 
mast by moments about the lower end of the guy rop(‘. Check by a vertical 
resolution. 

13 . In the derrick of Prob. 11, find the compression in the boom and the tension in 
the rope which supports it as a problem of concurrent forces. 

Ans. 1600 lb; 1442.3 lb. 

14 . Using one answer of Prob. 13, find the tension in the guy rope and the com¬ 
pression in the mast at the top as a problem of concurrent forces. 

Compression in mast = 1370.3 lb. 

15 . Using one answer of Prob. 13 and one answer of Prob. 14, find the horizontal 
and vertical components of the reaction 
at the bottom of the mast as a problem 
of concurrent forces. Compare with tlie 
answers of Prob. 12. 

16 . In Fig. 118, the two diagonal members 
are connected by a horizontal rope at tin* 
top. The horizontal bar is pinned at one 
end and rests on a smooth pin at the 
other. Neglect the weight of the members 
and analyze the structure with the 800-lb 
load shown, (a) Show each part sepa¬ 
rately with the forces acting on it. (5) Find the shear and the moment at 
the middle of the horizontal bar. (c) Find the shear, moment, and axial force 
at the middle of one of the inclined members. 

17 . Remove the 800-Ib load from the bar of Prob. 16 and hang it from the pin 
connecting the two inclined members, then find the tension in the rope and 
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the forces acting on each of the two inclined members. Finally take the pin 
from which the load is hung and check it for equilibrium. 

18 . Solure Prob. 17 with the load at the middle of the rope instead of at the pin. 
(Note that one of the legs will slide on the floor and the angle 45° will change.) 

19 . In Fig. 118, remove the rope and the 800-ib load. Pin the horizontal bar at 
both ends and lay a smooth 707-lb cylinder between the bars at the top, letting 
the size of the cylinder be such that the points of contact arc 2 ft from the 
upper pin. Show each part separately as a free body and find the components 
of the forces acting at the pins. 

20 . A light horizontal bar AB 13 ft long is hinged at its right end A and has a small 
smooth pulley at its left end B. V light bar CE 14 ft long is hinged to an 
outside support at C 6 ft below A and hinged to A B at 71 8 ft from A. A cord 
attached at E runs over the smooth pulley at B and supports a load of 300 lb. 
P^ind the components of the reactions at A and C and of the intermediate force 
at I). 

21 . In Prob. 20, find the shear, moment, and axial force in each of the two'bars 
just to the leit (>f I) and also just to the right of D. 

22 . Figure 119 shows two weightless bars 
hing(Ml at A and B and pinned together 
at C, The pulleys are frictionless and 
of negligible weight. They are 1 ft in 
diameter and have their center midway 
between A and C and P and C. Find 
the external forces on each of the two 
bars. Show graphically or otherwise 
that the external forces at A and B 
intersect on the line of the vertical cord 
supporting the 240-lb body. Find the 
forces at all pins. 

23 . A bar AT? is hinged to an outside supp)ort at A, and B is 4 ft below and 3 ft 

to the right of A. Bar BC is hinged to AB at B, with O' 5 ft to the right of B. 
Bar BC weigh.'x 40 lb and is held at C by a cord making an angle of 30° with the 
horizontal. Find the weight of AB. A ns. 91.66 lb. 

24 . A light truck weighing 3000 lb with four-wheel drive < n a horizontal surface 

where the cpefficient of friction is 0.6, is attached by a horizontal cable to a 
3-ton body resting on the same surface. It fails to start the bod>' because the 
coefficient of starting friction between the body and the surTai(‘ is 0.4. At 
what angle with the horizontal must the cable be placed to enable the truck to 
drag the body? Am. Over 22°37'. 

26 . Two bodies of equal weight, placed on a 20° inclined plane where the coefficient 
of friction is 0.5, are connected by a cord. It is required that the two bodies 
move uniformly down the plane when rollers are placed under the front body. 
What should be the angle of the cord? 

26 . A 40-lb mass slides on a smooth straight rod which makes an angle of 25° with 
the horizontal. It is attached by means of a weightless cord to a mass of 20 lb 
which slides on a second smooth rod. This rod makes an angle' of 35° with the 
horizontal. The two rods are in the same vertical plane and on opposite sides 
of the vertical. Find the direction of the cord, the tension which it exerts, and 
the normal reaction of each rod. 




CHAPTER 7 


METHOD OF WORK 

70*. Energy Methods. In the science of dynamics, equations in 
which the tol^al energy in a system of bodies at one time or in one 
condition, plus the energy put into the system and minus the energy 
taken out of the system, is equated to the total energy remaining in 
jke system at a Liter time or in a changed condition or configuration 
institute one of the most powerful and general methods of mathe¬ 
matical analysis. There are in statics many practical problems in 
which the changes of the velocities of masses are zero or so small that 
the energy involved in such changes can be neglected and in which 
the magnitudes of the forces suffer little or no change during the 
motions. In such cases some unknowns (usiaally the ones of practical 
interest) can often be found by energy equations without the necessity 
of solving for many other unknowns involved in the problem. 

Example 

The 400-lb cylinder of Fig. 145 1 .=? hold on the 30° rough inclined piano by a rope 
att.ached to the cylinder and comin • ,off at the top tangent to the cylinder and 
parallel to the plane. The rope passes over a iiAcd pulley, thence vertically down¬ 
ward around a moving pulley and up to a point of attachment. Find the weight 
of W required to hold the cyliiuler in place on the 
plane. 

Suppose the center of the cylinder to move upward 
parallel to the plane a distanc(‘ z and the weight W 
to descend a distance ij. The work done by gravity 
on the weight W is Wy and the work done against 
gravity on the 400-lb cylinder is 4002; sin 30°. 

Equating, 

11^2/ = 4002 sin 30° (1) 

Fig. 145. 

When the cylinder rolls a distance z up the plane, it 

turns on its axis and a length of rope z is unwound from the cylinder. A length 2z 
passes over the top pulley and a length z moves from one side to the other of the 
lower pulley, so this pulley moves down a distance z and 

y = 2 (2) 

Substituting in Eq. (1), 

W = 400 sin 30° = 200 lb 
137 
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This illustration neglects work dissipated by the friction of the 
pulleys. W = 200 pounds is sufficient to hold the cylinder if there is 
no friction. To start the body up the i)lane, W will have to be 
than 200 pounds, or to permit it to start tlown the plane, W wiJLrfave 
to be nearly the same amount less than 200 pounds. At the Jjjpint of 
contact the plane exerts a force of frictioo on the cylinder, butfthere is 
no slipping and no work is done by this foice. It was properly •mitted 
from the equation. If the pulley frictioti must be put into tjPe prob¬ 
lem, it is necessary to determine the friction forces betweenJtpfe pulleys 
and their axles, to multiply each fricbon force by thj^ distance of 
slipping at its point of application, and to add this surf to the right- 
hand member of Eq. (1). An alternate method is it estimate the 
efficiency of the machine and to multiply the left-lyand member of 
Elq. (1) by the efficiency, the efficiency being dcfiriQ^ as the ratio of 
the energy output of the machine to the energy injpXit. 

71. Virtual Work. In the illustration above, y/ and z can be made 
any desired distances within the limits of moti(sn of the apparatus 
since (if the weight of the rope is negleehnl) th^ force system is the 
same for any position of the bodies. But if five weight of the rope is 
to be included as an element of the probkun (^r the ropes have direc¬ 
tions other than vertical and parallel to ilie plane, the forces change 
with the position and the distances usp(^ should be infinitesimal. 
Equation (1) then becomes W dy dz Bin 30°, where y is the distance 
of W above some arbitrary level line is the distance of the center 
of the cylinder from some arbitrary PP-At on its path. When the sum 
of the work done (positive and negative) by all the forces acting on a 
body (or system of bodies) during an infinitesimal motion of the body 
(or a conformal pattern of infinitesimal motions of the system of bodies) 
is equated to zero, the equation is called an eqnatiou of virtual workj 
and the method of solving statics problems by such equations is called 
the method of virtual work} 

The definitions of work and of equilib)rium combine to give a proof 
of the validity of the principle of virtual work. Work is the (scalar) 
product of force and displacement. A body in equilibrium is acted 
upon by a system of forces whose vector sum is zero. Therefore, when 
such a body is given a displacement (assuming equilibrium throughout 
the displacement) the net work done by the displacing force is the 
product of the displacement and the resultant of the other forces. 

^ The term virtual work survives in the literature of mechanics with the meaning 
of virtual velocity, as used by the early writers on mechanics. The nearest modern 
dictionary definition of the adjective virtual as used in this term is being in 
essence or effect but not in fact.” 
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lis resultant being zero, the product is also zero. Similarly, the 
liar product of the couples and the angular displacement must be 
ro when the system of couples acting on the body is in equilibrium, 
many problems of statics, especially those in which friction can be 
glected, the method of virtual work gives the most elegant solutions 
d the method can easily be e?^tended in many cases to make it yield a 
)ar, definite determination of the class of equilibrium. 


Example 1 

I'^igure 146 shows a bar of length I and mass IF, with its center of mass at a 
^ance a from the lower end. The bar rests on a smooth horizontal floor and 
fes against a smooth vertical wall. The bar 
eld from slipping by a horizontal force at 
bottom. This horizontal force will be com- 
pu d by the method of work. 

When the lower end of the bar is moved a 
distance dx toward the right, the center of mass 
is moved upward a distance dy. As the 
reactions at the wall and the floor are normal to 
the displacement, their work is zero. This 
work equation is 

Pdx-^Wdy (1) 

The relation between dx and dy is found by 
differentiating an equation between x and y. 

This relation is conveniently found by means of 
a third variable. If 6 is the angle between the 
bar and the horizontal, and y is the distance of the center of mass above the floor, 

y — a sin B (2) 

dy — a cos 0 dd (3) 



If X is the distance of the lower end of the bar from the vertical wall and is positive 
toward the right, 

X — —I cos 0 (4) 

dx = I sin 6 dO (5) 

Substitution in Eq. (3) gives 


PI sin B do — Wa cos 6 dB 
W __ I t an B 
~P 


( 6 ) 

(7) 


Problems 

1. A ladder 20 ft long, weighing 36 lb, with its center of gravity 8 ft from the lower 

end, rests on a smooth horizontal floor and leans against a smooth vertical wall. 
It is held from slipping by a horizontal force of 16 lb applied 2 ft from the 
bottom. Find the position of equilibrium by the method of virtual work. 
Check by moments and resolutions, Ans. 45® with the horizontal. 

2 . The ladder of Prob. 1 rests on a smooth horizontal floor and leans against a 
smooth wall which makes an angle of 15® with the vertical, away from the 
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ladder. It vs held from slippirfg by a horizontal push of 8 lb at the bottom. 
Find the position of equilibrium. 

Ans. tan 6 = 1.5321; 0 = 56°52' with the horizontal. 
8. Find the tension in the rope of Prob. 16, Art. 63, by the method of virtual worfe 
(Let the length of the cord be x and the height of the point of attachment of the 
800-lb load above the floor be y. Change the 45‘' to d and express x and y in 
terms of 6. The virtual work equation is 

— P dx SOOd?/) 

Am. P = 600 lb 

4, Does the force in the rope vary with the position of tli(‘ 
load on the horizontal bar? What would be tjie fo (( 
in the rope if the rope were shortened until the bii^^ 
made angles of 50° with the floor? 

Example 2 

Find the ratio of W to P m the toggle joint shownyfii 
Fig. 147. 

- Pdx = W dy 

y — \/a^ — + x/52 -■ 37^ 

dy — —d x —X dx^ 

\/\/h^ — x^ 

P xy 

Example 3 

Figure 148 shows the crank, connecting rod, and 
crosshead of an engine. Find the relation of the total 
piston pressure P to the compoiKUit of the force perpendic¬ 
ular to the crank. Give the results in terms of the lengths of the crank and the 
connecting rod and the position of the ciank 


X — a cos 0+5 cos = a cos 0 + \ - a® r,)n 2 q * 

—P dx = Ha do 



Fig. 148. 


Problems 

6. In Fig. 148, find the normal reaction N at the crosshead by resolutions. 
Then find the moment about the axis of the shaft at 0 by a moment equation 
regarding the connecting rod and crank as a single body. 

Compare the result with the answer of the example. 
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6. In Fig. 147, let a: = 1 ft and a = 6 = 8 ft. Find P when W = 1200 lb. 

7 . A bar AB (Fig. 149) of length c is hinged at A and supported by a rope at B. 
The rope runs over a smooth pulley 
C at the same level as A, at a dis¬ 
tance b therefrom, and carries a load 
of P lb on the free end. The bar 
weighs W lb and its center of mass 
is at a distanc^ a from the hinge. 

Find the ratio of IF to P at any 
position. 

Let j(^C = s, and let the vertical distance 
of the center of mass below the hinge 
be represented by y, which is tak(*n as positive downward. 

W dy = P ds 

W _ __ hr sin 6 

a cos 0 \/b^ + — 2bc cos 0 

8. In Prob. 7, let W = 12 Ib, P = 10 lb, a = 4 ft, 6 = 8 ft, and r = 6 ft. Find 

the equation for the angle* 0. Aris. 0.96 cos^ 6 — 2 cos^ 0 + 1 = 0. 

9. Solve Prob. 8 for cos 6 by the method of trial and error. 



cos 0 

0.90 cos’ e 

1 

-2 cos2 0 

m 

1 

0.96 

-2 

-0.04 

0 

0 

+1 

+ 1 


The function of 6 clianges sign between cos 0 = 0 and cos 0 = 1. There must 
be one* real root or three real roots between these valu(*s. One root is evidently 
much closer to unity than to zero. Beginning with cos 0 = 0.9, 


0 9 

0.69984 

-1.62 

+0.07984 

0.95 

0 82308 

-1.805 

+0 01808 

0.96 

0 81934 

-1.84320 

+0 00614 

0.97 

0 87616 

-1.88180 

-0 00564 

0.965 

0.862687 

-1.862450 

+0.000237 

0.966 

0.865372 

-1.866312 

-0.000940 


An interpolation of the last two results gives cos 0 = 0.9652, 0 = 16° 10'. 

The remaining roots may be found by a similar procc'ss. It is better, however, 
to divide the cubic equation by cos 0 — 0.9652. The quotient is an equation 
of the second degree, which may be solved by the ordinary methods for quadrat¬ 
ics. One of the roots of this quadratic is a solution of the problem of mechanics. 
The other root is a solution of the mathematical equation but is mechanically 
impossible. 

Draw the space diagram for the possible angle. 
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72. Classes of Equilibrium. In mechanics as applied to practical 
problems it is often necessary, in addition to determining that the con- 
‘ditions of equilibrium are satisfied, to determine whether the equi¬ 
librium secured is stable^ unstable^ or neutraL 

Figure 150 shows three examples of stable equilibrium. When a 
body in stable equilibrium is displaced slightly from its position of 
equilibrium by an additional force, it will return to that position of 
equilibrium when the additional force ceases to act. In Fig. 150,1 the 
body, which is hung on a flexible cord, is in stable equilibrium in posi¬ 
tion A. The cord is vertical, and 
the center of mass is at its lowest 
point, directly under the support. 
If an additional force is applied, 
which deflects the body to posi¬ 
tion it will return to position 
A when the additional force is 
removed. 

When a body in stable equilib¬ 
rium is displaced^ the additional 
forces do positive work, and the 
work of the original forces is nega¬ 
tive, When the additional forces 
cease to act, the original forces do 
positive work to bring the body 
to its original position. 

In Fig. 150,1 when the body is moved from positi<.m A to position B, 
no work is done by the tension in the cord, since the displacement at 
any instant is perpendicular to the directi(»a of thf> force. Negative 
work is done by the weight, since the upward component of the dis¬ 
placement is opposite to the direction of the force of gra^ ity. The 
total work of the original forces is negative when the body is displaced, 
and the total work of these forces is positive when the body returns to 
its original position. 

Figure 150,11 shows a body on a smooth curved surface, which is 
concave upward. The force situation is the same as that in Fig. 150,1. 
Figure 150,111 shows a body suspended from a smooth hinge and 
attached to a cord which runs over a smooth pulley and supports a 
mass Q, The reaction at the hinge does no work when the right end 
of the bar is moved toward the pulley, but the force Q docs positive 
work and the force W does negative work. It may be shown that in 
this position the negative work is greater than the positive work, and 
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work must be supplied by the additional force to effect the motion. 
The equilibrium is stable. The same may be said of a motion of the 
bar in the opposite direction except that the negative work of Q is 
greater than the positive work of W. 

Figure 151,1, II, and III shows three cases of unstable equilibrium, 
which are the exact opposites of those shown in Figure 150. In many 
cases, such as III of these figures, an analysis of the position of equi¬ 
librium yields two answers, one for the stable and one for the unstable 
position, without any indication as to which is which. 


W W 



Figure 152 shows two cases of neutral or indifferent equilibrium. In 
either of these cases if motion through a short distance is caused by an 
additional force, the algebraic sum of the work done by the original 
forces is zero. All this, it should be noted, is for ideal conditions with 
no friction, and in the case of Fig. 152,11 the weight of the rope is 
neglected. If this weight is considered this device is unstable. 

In this discussion of static stability from the standpoint of work and 
energy, the displacements assumed were small but finite. For an 
infinitesimal displacement, the algebraic sum of the work done by all 
the forces of any system in equilibrium is zero, and the conditions for 
stable, unstable, and neutral equilibrium can be stated in precise 
mathematical form, as will be done later. There are also similar con¬ 
ditions of stability in dynamical and elastic systems described by such 
terms as dynamic stability and elastic stability. All three categories of 
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stability have one thing in common: if the body or part in question is 
forced slightly away from its normal position or path by an additional 
force, it will return. Upon return, it may overrun but in this case it 
will return again and again. 

When the stability of the system is wholly or partly due to forces 
like friction which can dissipate energy into heat, the statement above 
is not wholly exact, but it is certain that a static system which would 
be stable without friction would still be stable with friction. As a 
matter of fact, mechanical devices like those shown in Fig. 151 can all 
be made to stand in the positions shown by virtue of the friction 


W 



inherent in them. Whether they could be made to stand if really 
perfect in form, without friction, and in a motionless world is a (jues- 
tion which mathematics refuses to answei- and which is beyond the 
possibility of an experimental determination. 

Designers of structures, machines, and mechanical devices usually 
find their common sense a sufficient guide in determining static sta¬ 
bility. and need mathematical methods only in the more complicated 
cases. 

73. Stability of Systems Having One Degree of Freedom. When a 
body or a system of bodies is so constrained that only one quantity 
need be given in order to determine its position completely, the body 
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or system is said to have one degree of freedom. Nearly all the prob¬ 
lems treated so far were of this kind. The arch of links of Fig. 138 
was an exception. The toggle of Fig. 147 is a good example. When 
the physical dimensions of this device are known, its position can be 
established by the value of x, or it can just as well be established by 
the angle which either of the links makes with the horizontal, or even 
by y, but in this case it would need to be understood that the toggle 
pin is on a definite side of the center line, and y w ould not be a con¬ 
venient variable to choose in determining lhr‘ stability of the body. 
The bar of Fig. 140 is a simpler example, since any one of the three 
values X, y, or 8 Avould serve equally well to determine its position, 
and it will be used as a first example. 

If the bar of Fig. 140 is placed in some standard position, flat on 
the floor, for example, and then moved to some other position, the 
work required to make the move is (‘ailed the potential energy of the 
bar in the second position. Suppose the bar weighs 00 pounds and is 
lying on the floor with the left end 10 feet from the wall and the right 
end against the wall. Suppose the force P is 20 pounds and is to 
remain constant in magnitude and direction throughout the motion, 
and suppose a force upv/ard along the smooth wall is used to lift the 
right end until x = 6 and y = 3. The force at the right end would 
have to do work equal to 00 X 3 — 20(10 — 0) = 100 foot-pounds = f/, 
the potential energy of the bar in the new position. This 100 foot¬ 
pounds is the work done on the bar by an extra foree (perhaps hypo¬ 
thetical) in addition to the forces of the system und('r consideration. 
The work done on the bar by thojorces of the system under consideration 
is clearly — 100 foot-pounds, and an (expression for this work is calk'd 
the energy function. If the same standard position is agreed upon, the 
energy function Q is the* equal and opposite of the potential function t/, 
but since different standard positions may be used it is customary to 
write U ~ C — Q. 

The studc'nt who has had a first introduction to potential energy is 
likely to protc'st here that the potential energy of the bar of the example 
is 180 foot-pounds, but this is just the poU'ntial energy of the weight of 
the bar, whereas the 100 foot-pounds is the potential energy of the sys¬ 
tem of forces P (acting as described), the two normal reactions (neither 
of which made any contribution), and the weight of the bar. The 
force P, acting as described, is called a conservative force. The student 
will get a better picture if he will imagine it to be applied by a string 
attached to the left end of the bar, passing along the floor, through a 
hole in the wall at the corner, over a smooth pulley, and down to a 
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suspended mass of weight P. If the force P is exerted by a block 
nailed to the floor (a restraint) to hold the body in place or by a fric¬ 
tion force at the lower end of the bar, the system is not a conservative 
system, and though the energy method serves to determine equilibrium 
it is useless in determining stability or instability. 

Let U be the potential energy expressed in terms of a chosen vari¬ 
able 6. Then U = /(^). Equilibrium 
exists if dU/dS = 0. The equilibrium 
is stable if, for that value of dP-U/dd"^ 

is positive, or unstable if it is negative. 

Example 1 

In Fig. 153, find the force F to hold the bar 
in equilibrium at the angle B and determine 
whether the equilibrium is stable. 

Suppose the bar started lying on the floor and 
was moved to the inclined position by some 
external agency which did a quantity of work 
equal to IL The potential energy of the system in the inclined position is 



V -Fx 


( 1 ) 


From the figure, y = a sin 0, and x — I {1 — cos B). Substituting in Eq. (1), 


dU 

dB 

d*U 

dB^ 


V — Wa sin B — FI {1 — cos B) 

Wa cos B — FI sin ^ = 0 if equilibrium exists) 


— Wa sin 0 — F cos B 


Let dU/dB — 0, to find the position of equilibnum. 


Wa cos « - PZ sin » = 0 W = ® 

a 


(2) 

(3) 

(4) 


(5) 


Equation (6) is exactly the same as the condition of equilibrium in Eq. (7) of Exam¬ 
ple 1 of Art. 71. When tan B is Wa/pl^ as it must be for equilibrium from Eq. (5), 
the right-hand member of Eq. (4) is a negative quantity, indicating that the equi¬ 
librium is unstable. 


If the work function instead of the potential function had been used 
in Eq. (1) (taking the same position as standard), the equation would 
have been written Q = Px — Wy. Every equation in the solution 
(Q replacing U) would be the same except that all signs would be 
changed. The same criterion for stability would have been used 
idQ/dd would have been equated to zero), but d‘^Q/dd^ would have 
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turned out positive, indicating instability. The student must always 
be very clear as to which function he is dealing with, or his classifi¬ 
cation of the stability may be wrong. Otherwise, it usually makes 
little difference which of the functions is used. 

If the body whose equilibrium is being considered is a bead on a 
smooth wire bent into a curve lying in a vertical plane, the physical sig¬ 
nificance of the propositions becomes cl^ar and their validity obvious. 
The smooth wire can exert on the bead only a force normal to the wire, 
and the bead cannot be in equilibrium at any point where this normal 
force is not vertically upward, balancing the d(rvnward force W. Such 
points are shown at -A, C, D, and E of Tig. 154. Let the equation of 
the curve of the wire be y = f{x). 

The potential energy of the bead 
(measured above that which it has 
on the X axis) is 

V = Wy, dU/dx = {W dy)/dx 

At the points where the w ire is 
horizontal, dlJ/dx is zero, and these arc the positions of equilibrium. 

If the bead were displaced slightly from the position A or C it would 
slide downhill, as these are positions of unstable equilibrium. If it 
were displaced from B or D it Avould have to be pushed uphill, and if 
released it would return to these stable positions. The student will 
readily see that A and C represent positions of maximum potential 
energy, and he may remember that for these positions d'^y/dx’^ is 
negative, while B and D are minima with the rate of change of sloi>e 
positive. 

Position E represents a position of equilibrium at which the rate of 
change of slope is zero. This position is a position of unstable equi¬ 
librium because the bead, if displaced toward the left, will return, 
overrun, and proceed toward the right, just as though it had been dis¬ 
placed toward the right in the first place. If the bar of Example 1 
were on a rough floor and just on the point of slipping, a small displace¬ 
ment of the bottom tovard the left would cause it to fall, but a small 
displacement toward the right would not, so it is not analogous to the 
bead at point E on its wire. The friction is not a conservative force 
and it has already been ruled out of this argument. 

Example 2 

A small mass weighing W lb hangs by a light rod from a smooth hinge and is 
subjected to a steady horizontal wind force of P lb. Find the angle d (Fig. 155) for 
stability and determine whether the equilibrium is stable or unstable. 




148 MECHANICS [Art. 73 

The work required to bring the rod from the vertical downward position to the 
position shown in the figure (the wind blowing all the while) is 

U = WHl - cos 9) - PI sin e (1) 

-/ = Wl sin e - PI cos e (2) 

(10 

For equilibrium, 

Wl sin 0 — PI cos 0=0 0 = tan~^ (3) 

dW/dO^ = Wl cos 0 PI sin 0 is pos.tive when 0 is in the first quadrant, as shown 

in Fig. 155, and so this position is stable. The other position 
is 180° away and is unstable. 

When the position of equilibrium has been deter¬ 
mined by the method of virtual work (and the system 
is conservative), it is obviously easy to make the final 
step and determine the stability by a second differenti¬ 
ation. But when the position of equilibrium has been 
determined in some other way, it is usually convenient 
to assume a virtual displacement and find the work 
done (by some additional force) to cause this 
displacement. The expression for this work can be written in the form 
of a series in powers of the variable chosen to designate the position of 
the body as, A + + Cd^ + 1)6^^ + ‘ * • . If is not. zero a mis¬ 

take has been made in writing the equation or the position of the 
body was not one of equilibrium. If the squared term is positive 
the equilibrium is stable, and if it is negat'/e the equilibrium is 
unstable. 

T-his procedure differs only in form irom tiu' previous one. The 
total work to displace the body the iriinitesimal distance is an infini¬ 
tesimal, and the terms of the series abov(‘ are called small quantities 
of the first order^ small quantities of the second order^ etc., depending on 
the exponent of the term. The force system in question must still be 
conservative. The student must be on guard, for some authors prefer 
to express the work done hy the forces of the system during the small dis¬ 
placement, and in this case a negative sign on the small quantity of 
the second order is the mark of stability. An important problem in 
dynamics is that of determining the time for a body slightly displaced 
from a position of equilibrium to return to that position. In this 
problem the small quantity of work of the second order is related to 
the velocity of the body on its return and to the time of return in a 
simple way leading to an easy solution of the problem. 



Fig. 155. 
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Example 8 


With the pendulum of Example 2 standing in the lower position of equilibrium, 
find the expression for the work required to displace it slightly from this position. 

The energy required could be found by substituting 6 dB for B in Eq. (1) of 
?]xample 2 and subtracting therefrom the expression for U of that equation. It is 
better to observe that the resultant of P and W, -y/pa -|- at the position of 
equilibrium is downward and to the right in the direction of the rod. Then if 
the rod is turned through a small angle the point of application of the resultant is 
moved a distance Z(1 — cos c90) in the direction opposite to the direction in which the 
resultant acts. (The motion of this point in the direction perpendicular to the direc¬ 
tion of action of the resultant involves no work and so need not be considered here.) 
Therefore, the work required to tiffect the motion is y/p 2 _j. _ cos d0). 

2! 4! 


cos dB, expanded into a power series, becomes 1 — 


and the 


expression for the work is \/P^~+W^l -* 1 * small 

quantity of the first order and the* smalf quantity of the second order is positive, 
so there exists in this position stable equilibrium. 


Problems 

1. The pendulum of h^xarnple 2 has a constant wind force P acting vertically 
upward. Find the positions of (‘quilibrium and the condition under which 
each is stable. 

Ans. Vertically downward and vertically upward. The s(‘cond position is 
stable if P > W. 

2 . In Example 2 of Art. 71, assume' the force P as constant and always hori¬ 
zontal. Set up the pote'iitial energy expr(*ssion, assuming tlie lower link hori¬ 
zontal in the initial position. Solve for the condition of equilibrium and show 
that the equilibrium is unstable. 

3. A straight ])ar of length / and weight TF, with its centeT of mass at a distance a 
from the lower end, rests on a smooth horizontal floor and leans over the edge 
of a smooth wall. The vertical height from the floor to the point of contact 
with the wall is h. A rope attached to the bottom of the bar runs horizontally 
over a smooth pulley and supports a mass of P lb. Find the equation of 
equilibrium by the method of virtual work. Ares. lFtt(cos B — cos* 6) = Ph. 

4 . Solve Prob. 3 by trial and error for the following cases: 


/, ft 

a, ft 

h, ft 

IF, 11) 

P, lb 

20 

10 

12 

15 

4 

10 

10 

12 

30 

8 

20 

10 

12 

20 

5 


6. Solve Prob. 15 of Art. 50 by the method of virtual work and determine the 
condition of stability of the system. 
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6 . Figure 156 shows a uniform bar with a smooth roller at the lower end running 
on a circular curve of radius R. The bar is provided with a slot which slides 
on a smooth fixed pin at a distance d above the center of the curve. Under 

what condition will the bar be stable in the 

... . I ^(R+dy 

vertical position? 2 

7. A uniform bar of length L and vertical thickness 
d is balanced on a horizontal cylinder of radius R. 
Find the relation of d and R for stability. 

8 . A rod of length / (Fig. 157) with its center of 




mass at a distance a from one end slides inside a smooth hemispherical bowl 
of radius r. Find the position of equilibrium if I is less than 2r. 

It is evident that the path of the center of mass is a circle witli its center at the 
center of the sphere. Equilil>rium exists when the center of mass is at its 
lowest point directly under the center of th(‘ sphere. In this position, find the 
angle which the bar makes with the horizontal. 

9. Solve Prob. 8 when I = 6 in., a = 2 in., and r — 4 in. 

Ans. The bar makes an angle of 20°42' with the horizontal. 

10. A bar AB (Fig. 158) is 8 ft long and has its center of mass 5 ft from A. The 

end B rests against a smooth vertical wall. The 
end A is supported by a cord, 10 ft in length, 
which is fastened t( ih(‘ vortical wall directly over 
the end B. Find the position of equilibrium. 
Solve by ^ itual work and check by the direction 
condition of ^ quihbnum. 

Ans. The bar makes an angle of 53®06' with the 
vertical. Unstable. 

Figure 159 shows a simple pendulum 
displaced a small angle d (exaggerated in 
the figure) from the position of equilibrium. 
Fio. 158. "Th® potential energy is Wl{l — cos 6) which 

becomes, on expanding and dropping terms 
higher than the square, Wl 6^/2. This expression occurs so 
often in energy equations that it is advisable to reduce it to a 
geometrical concept. In Fig. 159 the chord AB is equal to lO, 
6 being in radians and a small angle. The angle between the chord 
and the horizontal is d/2, and the height of the point B above A is 
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W/2, This relation, together with the relation that 0 = sin 0 = tan 
B for small angles, if powers above the second are neglected, 
greatly simplifies the work of solving many problems in stability 
and vibrations. 




Problems 

11. Figure 160 is the Schlick peiiclulurn, a very useful device in vibration studies, 

which can be arranged to give a very slow vibration without excessive length. 
Find the relation of the factors /?, h, and a for stability when the rods are 
vertical. (Rod CBW slides on the smooth fixed pin C directly above 0.) 
When R is turned through the angle B moves downward Rd^/2, BC turns 
through the angle <^, and W moves upward relative to B, a<i>^/2. Also, 
AB = R$ = {h — R)<i>. Ans. a = (h ~ R)^/R. 

12. Solve Prob. 6, making use of the approximate relations. 

13. Another pendulum arrangement for producing slow vibra¬ 
tions in the metronome shown in Fig. 161. The pendulum 
is inverted and a spring arranged to restore it to place after 
a small displacement. If the spring is stretched or com¬ 
pressed a distance x, the restoring force is Kx, the K being 
called the constant of the spring. The work done to stretch 

the spring a distance ^ J dx. When the rod of the 

metronome is turned through a small angle the spring is 
stretched or compressed a distance hO, the small vertical 
movement of the end of the spring being neglected. Find K in terms of 
6, /i, and W for stability of the metronome, if h is the height to the center 
of gravity. 

14. A picture hangs by a cord of length 2a passing over a smooth nail and attached 

to the upper corners A and B of the frame. If the nail is at a distance h above 
the center of the line AB and the center of gravity is at a distance c below the 
same point, what is the required relation of a, 6, and c for stability with AB 
horizontal? Am. (o* — 6*) < he. 



Fig. 161 . 
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16. If the cord of Prob. 14 is too short, at what angle will AB stand with the 
horizontal? 

Arts. tan““^ —_• 

\/{a^ - 

16. The slender bar magnet has one end resting on a smooth floor and the other end 
attracted by the pole of another bar magnet (Fig. 162). The attraction 
between the two polos is C/?y. \(‘gleet the n'pulsion of other pohvs. Find 
y at the equilibrium point and determine stability. 

A ns. y = V2C/W. Unstable. 



17. In Prob. 16 if h is gn'uter than I the slendc'r magnet will be in equilibriui 
standing vertically under the attracting pole. Determine the limits of y for 
stability in this position. 

Ans. ■\y^/w > y > \/C/W 




CHAPTER 8 


CONCURRENT, NONCOPLANAR FORCES 

74. Resultant and Components. It is an experimental fact that 
the resultant of two concurrent, coplanar forces is represented by 
their vector sum. Starting from this fact, it has been shown that the 
resultant of any number of concurrent, coplanar forces may be repre¬ 
sented by their vec.tor sum. Finally, it has been proved that the 
direction and magnitude of the resultant of any number of noncon¬ 
current, coplanar forces may be determined from the vector sum of 
these forces. 

The next problem for consideration is that of concurrent, non- 
coplanar forces. Figure 163 shows 
two forces P and Q in a vertical 
plane, and a single force H in the 
horizontal plane. The resultant of 
P and Q, or of any number of forces 
in the same plane, is the single force 
R in that plane. This resultant R 
and the force H intersect at the 
point of application. They lie 
in the inclined plane GAB of Fig. 

163,11. Since R and H are in a plane, their resultant is their vector 
sum in that plane. The force H as well as the force R may be the 
resultant of several forces in its plane. In Fig. 163, the original planes 
are normal to each other. There is nothing in the proof which is 
limited to this position of the planes. They may have any angle with 
each other. 

The resultant of concurrent forces in space may he represented hy their 
vector sum. The forces which make up the resultant are its components. 

76. Resolution of Noncoplanar Forces. A vector in a given plane 
may be specified numerically by two quantities. These may be its 
length and its angle with some axis, which correspond with polar 
coordinates, or its components along two axes, which correspond with 
Cartesian coordinates. 

To specify fully a vector in space, three quantities are required. 
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Th^ n»y h, it, length and t»o angle,, or its components along 

three axes which are not all in the same plane. o 

In Fig. 164, a vector OP of length I is drawn as the diagonal ot a 
rectangular parallelepiped. Three edges of this parallc epipe are 
taken as the axes of coordinates. The vector makes angles of a, 



and 7 with the X, F, and Z axes, respectively. These are the direction 
angles and their cosines are called the direction cosines. 

11X — I cos a ( 1 ) 

V = I cos ^ (2) 

Ih = I cos 7 (3) 

Since 

P = Hi + + Hi = a cos^ ^ + cos^ 7 ) 

cos‘^ a + cos^ i 6 -r cos" 7 == 1 (4) 

Equation (4) is a fundamental formula of solid analytic geometry. 

Figure 165 shows another way of expressing angles in space. The 
vector of length I makes an angle with the Y axis, while the plane 
which passes through the vector and the Y axis makes an angle <#> 
with the XY plane. This is ecjuivalent to colatitude and longitude 
on a sphere. The F axis may be regarded as the polar axis of the 
sphere. The angle is equivalent to the colatitude and the angle <!> 
is equivalent to the longitude. These coordinates are called spherical 
coordinates. 

If H is the component in the XZ plane and V is the component 
parallel to the F axis (Fig. 106), 


H = Imi 

V — I cos 


(5) 

(6) 
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If Hz is the component along the X axis and Hz is the component along 
the Z axis, 

Hz — H cos (j> = Z sin cos 4> (7) 

Hz = H sin <f> — I sin ^ sin 0 (8) 

Figure 167 illustrates the graphical method of finding the components 
of a vector when the directions are given in spherical coordinates. 




Problems 

1. A force of 50 lb makes an angle of 60° with the v(‘rtical and an angle of 45° with 

a horizontal axis east. If the force is south of the vertical plane through the 
east axis, hnd the angle which it makes with the south horizontal axis. Find 
the components. Arts. 60°, 25 lb up; 35.35 lb east; 25 lb south. 

2. A force of 50 lb rnak(*s an angle ol 60° with the vertical, and an angle of 50° with 
the east horizontal axis. Find tlu* aiigh* with the south horizontal axis. 


Suggestion: 


cos^ 6 


1 + cos 26 
2 


3. A force of 40 lb makes an angle of 50° with the vertical in a vertical plane which 

is north 25° east. Find its components. 25.71 lb; 27.77 lb; 12.95 lb. 

4. In Prob. 3, find the direction cosines. Arcs. 0.6428; 0.6943; 0.3237. 

In actual machines and structures, linear dimensions are more likely 
to be used to designate space relations than are angles or coordinates 
based on any type of angular measurement. The direction cosines 
can usually be found from the dimensions without translating into 
angles in degrees and minutes. It is well known that the diagonal of a 
rectangular parallelepiped is the square root of the sum of the squares 
of the three sides. The length of any side divided by the length of 
the diagonal is the direction cosine of the diagonal with respect to that 
side. 
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Example 

Figure 168 shows a 260-lb force acting at corner O toward a point 12 ft above the 
floor, 3 ft south of the north wall of a room, and 4 ft east of th(' west wall. The 
three dimension lines in the figure, the three solid lines representing the corners of 
the room, and the additional dotted lin(*s form the parallelepiped Oabcdefg. The 
length of the diagonal is 13 ft. 

The vertical component of the force is X 260 == 240 lb. 

The east horizontal component is X 260 = 80 lb. 

The south horizontal component is •'^13 X 260 = 60 lb. 

The resultant of tiiese two horizontal components is 
in the direction Oh. The length Ob is 5 ft, the cosine 
of fob = ^{ 3 . The horizontal component is then 
^is X 260 = 100 lb. Tf conv('ni('nt in any solution, the 
260-lb force can be removed and these three mutually 
jiorpondicular components (called a triad) placed any¬ 
where on its line of action. The figure shows them 
f)iac(‘d at/. They can just as correctly be placed at 
0 or at a point 12 ft above, 4 ft east, and 3 ft south of " 
The student must ex(‘rcise care not to use the force ai d 
the triad in any one equation and not to write an 
equation assuming part of the triad at one point and the remainder at another. 

Problems 

6 . A mass of 51 lb is hung on a rope which runs over a smooth pulley and is attached 
to a fixed point which is 8 ft low(‘r than the pulley, 9 ft west, and 12 ft south. 
Draw a rectangular parallelepiped, similar to Fig. 164, and calculate' the com¬ 
ponent acting on th(‘ fixed point. 

A ns. 24 lb up; 36 lb north horizontal; 27 lb east horizontal. 

6 . What angle does the vertical plane through the rope of Prob. 5 make with the 
north ? 

7. A horizontal trapdoor, 12 ft long by 8 ft wide, is lifted by a rope attached to one 
corner. The rope passes over a puller which is 10 ft above the center of the 
door. When the vertical component of the pull is 40 lb, what is the compoiK'iit 
parallel to the end, the cornpoiK'iit parallel to the side, and the tension in the 
rope? Make a space paralleleyiiped and a force parallelepiped and calculate 
the horizontal components by proportion. 

8 . A light rod 8 ft long is placed with one end on a horizontal floor 4 ft from one 
smooth vertical wall and 2 ft from another smooth v('rtical wall at right angles 
to the other. It leans into the corner between the walls and a vertical load 
downward of 100 lb is applied to the upper end of the rod. Replace the force' in 
the rod which holds the 100 -lb load by a triad at the floor. Does this triad 
show what the floor is doing to the rod or what the rod is doing to th(' floor? 

If friction is depended on to keep the rod in place, what is the necessary 
coefficient at the floor? A ns. 0.674. 

76. Calculation of Resultant. To find the resultant of a number of 
noncoplanar forces, it is best to resolve each force along each of three 
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axes at right angles to each other, to add the components along each 
axis to get the component of the resultant along that axis, and finally 
to combine these components to form a single force. Tiie components 
of the resultant are the edges of a rectangular parallelepiped of which 
the resultant is the diagonal. 


Example 

Find the resultant of tlie following three forces. 10 lb at 38° with the vertical m a 
vertical plane which is north 25° east, 12 lb east of north at an angle of 45° with the 
vertical and an angh* of 60° with the north horizontal, and 13 lb applied by means 
of a rope which passc's over a pulley 4 ft east, 3 ft south, and 12 ft above the point 
of application of the forces 


F or(*e 

1 

Components 

Up 

I North 

1 East 

10 

7 880 

5 580 

2 602 

12 

8 485 

6 000 

6 000 

13 

12 000 

-3 000 

4 000 


28 365 

8 580 

12 602 


If 0 IS the angle which the vertical })lan(‘ of the r(*sultant makes with the north 
vertical plane, 


tan <t> — 
<t> = 


12 602 
8 850 
55°45' 


If H is the resultant of the two liorizontal cornpoiK'iits, 


12 602 
sin (f> 


15 245 lb 


If $ IS th(‘ angle which the resultant mak(*s with the vertical, 


tan d — 
R = 


15 245 
28 365 
28 365 
cos B 


e = 28°16' 
32 20 lb 


The resultant is a force of 32 20 lb at an angle* of 28°16' with the vertical in a 
ve'rtical plane which is north 55°45' east 


Problems 

1. Find the resultant of 25 lb at an angle of 30° with the horizontal in a vertical 
plane which is north 20° east and a force of 29 lb applied by a rope which passes 
over a pulley 16 ft west, 12 ft north, and 21 ft above the point of application of 
the two forces 

Arts. 47 35 lb at 45°02' with the horizontal in a vertical plane north 14°53' west. 
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2 . What angle does the resultant of Prob. 1 
and with the north horizontal axis ? 


make with the west horizontal axis 
Ans. 79°33'i 46 55 . 


77. Equilibrium of Concurrent, Noncoplanar Forces. The condi- 

tion of equilibrium for concurrent, noncoplanar forces is the same as for 
concurrent, coplanar forces. The force polygon must close; the result¬ 
ant of all the forces must be zero. Since the force polygon is not all in 
one plane, three components are reciuired to specify fully some of the 
forces. There are three unknowns and three independent equations. 
The sum of the components along any axis is zero. In order that the 
equations may be independent, one of these axes must have a com¬ 
ponent perpendicular to the plane of the other two. 

In order that four forces may be in equilibrium, the resultant of 
two of th jm must lie in the plane of the other two. It is often desirable 
to replace two forces by their resultant at the intersection of their plane 
with the plane of the other two forces. The problem then becom 
one of concurrent, coplanar forces. After this unknown resultant has 

been found, its components may be computed 
as a second problem of coplanar forces. 

Example 1 

A mass of 40 lb is supported by three ropes. The 
ropes are fastened to a horizontal ceiling 8 ft above 
the body at points A, B, and C. If B is a point in 
the ceiling directly over the body, the point A is 3 ft 
north and 4 ft east of E; the point .B is 3 ft north and 
4 ft w(‘st of E ; the point C is 6 ft directly south of E, 
Find the temsion in each rope. 

A horizon^ III resolution perpendicular to the verti¬ 
cal plane LCO of Fig 109 eliminates the force in 
OC, The ropes OA and OB make equal angles with 
the axis of resolution. If the forces in the ropes are represented by A, B, and C, 
respectively, 

A = B 

By a vertical resolution, 

2A X -%= + 0.80 = 40 
V89 



By a horizontal resolution parallel to ECj 
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Example 2 

In Fig. 169, let 5 be 3 feet west of the plane ECO, while the remaining data are 
not changed. Find the tension in each rope. 

This example may be solved by three resolutions which give three equations and 
three unknowns, or by replacing the forces A and B by their resultant and solving 
two problems of concurrent, coplanar forces. The resultant of A and R on the 
intersection of the planes OB A and OEC may be represented by T. Vertical and 
horizontal resolutions in the plane OEC give 


0.8C 4- 
0.6C - 


ST 

V73 

ST 


40 


= 0 


Vts 

c = 50^ = 16.671b 
_ 10 V73 


28.48 lb 


Kesolutions parallel and perpendicular to T in the plane OBA give 


VnA 

V89 \/82 

AA _ 

V89 


= T 
= 0 


_ 40 \/82 
21 

10 VsT) 


17.25 lb 
13.48 lb 


Problems 


1 . A weightless bar 11 ft long stands on a horizontal floor and leans against the 
intersection of two smooth vertical walls. The lower (‘nd of the bar is 2 ft 
from one wall and 0 ft from the other. A load 

of 180 lb is hung by a vertical string attached to 
the upper end of the bar. Find the force in the 
bar and the forces which the walls exert against 
the upper end of the bar. Find the friction force 
necessary to hold the lower end of the bar from 
slipping on the floor. 

Ans. Force in the bar = 220 lb compression. 

2 . The 200-lb load in Fig. 170 is supported by the 

two ropes BA and CA and by the horizontal force 
P perpendicular to the line BC. Find P and 
the forces AB and AC, Ans, P = 150 lb. 

3 . The bars DA and CA in Fig. 171 are horizontal, 
bars due to the 2000-lb load hung from A. 

4 . A weightless bar, 10 ft long, rests on a horizontal floor and leans against a 
smooth vertical wall. The lower end of the bar is 4 ft from the wall and is 



Find the forces in the three 
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held from slipping by a peg in the floor. The upper end of the bar is 3 ft to the 
right of a vertical plane perpendicular to the wall and passing through the 
lower end of the bar. A horizontal rope, parallel to the wall, is attached to the 

upper end of the bar. Find the compression 
in the bar, the tension in the rope, and the 
pressure against the wall when a load of 80 lb 
is placed on the top of the bar. 

Ans. 160 Vs/3 = 92.371b; 27.71 lb;36.951b. 

6 . Solve Problem 4 if the left end of the rope is 
lowered to 20° below the horizontal. 

Ans, 105.70 lb; 33.74 lb; 42.28 lb. 
6 . Solve Problem 4 if the rope is horizontal and 
is attached to a point 2 ft in front of the wall 
and 5 ft to the left of the top of the bar. 

Ans. 02.37 lb; 20.84 lb; 25.87 lb. 

7 . In Fig. 109, let A be 6 ft east and 5 ft north of E, and let be 4 ft west and 3 ft 
north of E. The remaining data are not changed. Find the tension in each 
rope by the metliod of Example 2. 

Ans. C - 190/0.8 - 10.30 lb; A = 13.60 lb; P -= 17.33 lb. 

8 . A weightless bar OC, 13 ft long, has one end C pivoted against a vertical wall 
and the other end 0 elevated 5 ft above the level of C in a vertical plane through 
C perpendicular to the wall. A rope OB is attached to the wall at B, which is 
5 ft above the level of C and 4 ft to the right of the vertic^al line through it. A 
second rope OA is attached to the wall 5 ft above the level of C and 9 ft to the 
left of the vertical line through it. Find the tension in each rope and the com¬ 
pression in the bar when a load of 130 lb is hung at O. 

Ans. C = 338 lb; B = 227.7 lb; A - 120 lb. 

78. Moment about an Axis. The moment of a force about an axis 
is the product of the component of the force in a plane perpendicular 
to the axis multiplied by the shortest distance from the line of the force 
to the axis. In Fig. 172, the force is P and the axis is OZ. The XY 
plane is perpendicular to the axis. The force P may be resolved into 
two components at right angles to each other. One component, which 
is not shown in Fig. 172, is parallel to the axis OZ. The other com¬ 
ponent is P' in the plane perpendicular to the axis. The distance d 
from the axis to the line of the component P' is the effective moment 
arm. 

M = P'd 


In Art. 25, the moment of a force was said to be about a point in its 
plane. It is better to consider the moment to be about an axis which 
passes through the point and which is perpendicular to the plane. 

In the case of the moment of a force about a point in its plane, the 
apparent arm was drawn from the origin of moments to the line of the 
force; then this arm was multiplied by the component of the force 



Chap. 8] 


CONCURRENT, NONCOPLANAR FORCES 


161 


perpendicular to it. Likewise, in the case of the moment of a force 
with respect to any axis, a plane may be passed through the axis of 
moments intersecting the line of force at any convenient point. The 
component of the force normal to this plane multiplied by the perpen¬ 
dicular distance from the point of intersection to the axis gives the 
required moment. 

In Fig. 172, the plane OXZ passes through the axis OZ. The line of 
force may be extended until it intersects this plane at C. The moment 
of the force about OZ is the product of the vertical component 
multiplied by the distance from C to the axis. The other components 
of the force P at this point lie in the plane OXZ and either intersect the 
axis or are parallel to it. Consequently, only the vertical component 
Pv has moment about the axis. y 


The line of the force P' might 
be extended in the opposite direc¬ 


ll, . 

tion until it intersects the vertical 

!' / \ p 

1 -''V 

plane OYZ. The horizontal com¬ 

itr / 1 

Cy X 

'/■lli-P" \ p 

ponent of the force at this point 

1’}- ' ' 

'i, 1 H 

of intersection multiplied by the 

i'i/ oL 


vertical distance from the point to 


- -X-. X 

the axis gives the moment. Any 
plane through the axis may b(^ used 
in this way. The choice of a plane 

z 

X 

Fig. 172. 


depends upon the difficulty of finding the component of the force per¬ 
pendicular to it, and of finding the distance from the point of intersec¬ 
tion to the axis. 


Example 

In Fig. 169, find ihv moment of the force in OC with respect to the line AB as 
an axis. When the horizontal plane ABC is considered as turned about the axis 
by the forc(^ in OC, the apparent moment arm in the plane is 9 ft in length. If C is 
the magnitude of the force in OC, its vertical component is 0.8C. 

M = 0.8C X 9 = 7.2C 


The vertical plane through the axis may be considered as turned by the horizontal 
component of C. To find the apparent moment arm, the line CO is extended 
beyond O until it intersects this vertical plane. By similar triangles, this inter¬ 
section is found to be 12 ft from AB. The horizontal component of the force is 
0.6C. 

= 0.6C X 12 = 7.2C 

Since the plane ECO of Fig. 109 is perpendicular to the axis AB, the force in OC 
has no component parallel to this axis, and the moment may be calculated by 
multiplying the entire force by the perpendicular distance from the middle of the 
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axis AB to the line OC. This distance is 0.8 X 9 - 7.2 ft, and the moment 

- 7.2C. 

Problems 


1 . A rectangular door, 5 ft wide and 8 ft high, stands in a north and south vertical 
plane with the hinges at the north edge. It is turned by a cord fastened at the 

ft . _ f o which JS 6 It 


edge 6 ft above the bottom. This cord runs over a pulley which is 6ft 
west of the hinges and 6 ft above the level of the bottom of the door, hmd th 
moment about the hinges when a load of 20 lb is hung on the rope. 

Ans. M = 5 X 6 /V^ X 20 == 76.82 Ib-ft. 

2. Solve Prob. 1 if the pulley is 3 ft above the level of the bottom of the door and 

the remaining data are not changed. Ans. M = 71.71 Ib-ft. 

3. In Fig. 168, find the moment of the 260-lb force with respect to the line ed. 

Ans. With the triad at /, 240 X 4 = 960 Ib-ft; with the triad at O, 80 X 12 
« 900 Ib-ft. 


4. Solve Prob. 3 with the triad at the mid-point of the line Of. 

4. Find the moment of the 260-lb force in Fig. 168 with respect to the diagonal eh. 

Ans. A X 60/A/r60 Ib-ft. 

Suggestion: To find the moment of a force in space with respei^t to a line in 
space, it is often convenient to resolve the force into an orthogonal triad at 
some point conveniently located on the line of action of the force, making one 
component parallel to the axis and a second component intersect the axis. 
The moment is the third component multiplied by the distance from the loca¬ 
tion of the triad to the axis about which moment is taken. 

6. A force of 58 lb acts along the line which passes through the point a: — 15, 
V = 16, z = 0; and the point x ^ 3, y = 0, z =21. Find the moment of this 
force about the X-axis. Use the X Y plane and check by the XZ plane. 

7. Solve Prob. 3 for the moriK'nt about the line i/ = 2, z =0. 

8 . Solve Prob. 3 for the moment about the line 4x = 3y,z = 0. Ans. 100.8 Ib-ft. 


79. Equilibrium by Moments. If a body is in equilibrium under 
the action of a number of concurrent, noncoplanar forces, the sum of the 
moments of these forces about any axis is zero. If a plane is passed 
through the axis of moments and the point of application of the forces, 
the moment of each force will be the product of its component perpen¬ 
dicular to the plane multiplied by the distance of the point of applica¬ 
tion from the axis. Since the moment arm is the same for all the con¬ 
current forces, the sum of the moments is equivalent to a resolution 
perpendicular to the plane. It is not necessary to use this plane in 
calculating the moments. Any convenient plane may be used, and 
different planes may be employed for the different concurrent forces. 


Example 1 

Solve Example 2 of Art. 77 by moments. Figure 173 shows the 40-lb load and 
tbe three unknown forces A, B, and C acting at 0. At the points A, B, and C in 
the ceiling, these forces are shown again in the form of components. Only the 
magnitudes of A, B, and C are unknown so each triad involves only one unknown. 
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At C are the componentg^i^C sauth. an£iQ.&C vertically upward. At A is the triad 

4 3 8 

-A to the east, — 7 = A north, and A vei ticady upward, the fractions 

^/§9 V89 V89 

being the direction cosines of the force A with respect to the three axes chosen. 
A similar triad is set up at point B. 



^/b 


Fig. 173. 

Moments about the line AB in the (‘(‘iling, 

O.SC X 9 - 40 X 3 (1) 

Whence 

o.sr - 493 r = i().67 lb 

Moments about a line throi /,Ii B paialh'l to EC\ 

4X7 + 0.8C X 3 = 40 X 3 (2) 

VS9 

Whence 

A = 13.48 lb 


Moments about a line through A parallel to EC, 

X 7 + 0.8(7 X 4 = 40 X 4 (3) 

V82 

Whence 

B = 17.25 lb 


This solution as compared with P]xample 2 of Art. 77 saves little or no 
labor. That example reduced the simultaneous equations required 
from three to two by the artifice of introducing the resultant of A and 
B into the problem. At the cost of considerable geometric difficulty, 
any of the three unknowns can be found from a single equation of 
resolution by resolving in a direction perpendicular to the plane of the 
other two unknowns. In the above example, moments about the line 
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AB eliminated the unknowns A and B and gave an equation in C. In 
a similar manner, the example below solves for B by taking moments 
about the line AC. Figure 174 is a plan view of the points in the ceiling 
to show how the moment arms BG and EF are found. This example 
will be solved again by an elegant method in Art. 89. 

Example 2 

To find the vertical component of the force in OB (Fig. 173), A(7 is taken as the 
axis of moments. If Vt, is the vertical component of B, Vi, multiplied by the length 
BG is equal to 40 lb multiplied by the length EF (Fig. 174). 

BG 

EF 

7V, 

n 

B 

- . 

I 


y 


B 

Fig. 174. 

For a problem of concurrent noncoplanar forces, the basic equations 
are the three equations of resolution but, as is always true, any resolu¬ 
tion equation can be replaced by a moment equation, so the problem 
can be solved by one moment and two resolutions, by two moments and 
one resolution, or by three moments. In case moment ecpiations are 
substituted for resolution equations, there is always the danger of 
writing equations which are not independent, but this danger is 
negligible when the axis has been chosen not at random hut with a view 
to getting a simple equation involving the unknown sought. 

Problems 

1. Find the force A of Example 1 by moments about the line BC of Fig. 174. 

2 . Solve Prob. 7 of Art. 77 by moments. Figure 175 is a plan view of the points 




Fig. 175. 


= 7 cos 0 

— FH cos 0=^3 cos 0 
^ 8 X 40 
3 

32 0 .,^ 

17.25 lb 
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of attachment of the cords at the ceiling, showing EF and BC, the moment arms 
required for finding force B in a manner similar to that used in Example 2. 

3 . Solve Prob. 3 of Art. 77 by moments. 

4 . DEC is a vertical line on a wall with 4 ft above E and C 5 ft below E. A is 
G ft to the right of D and B is 13 ft to the left of D. 0 is 12 ft from E on a line 
perpendicular to the w^all at E. AO, BO, and CO are bars hinged together at O 
and hinged at A, B, and C. Find the forces in the three bars due to a horizontal 
force of 240 lb at O acting parallel to AB. 

6 . Solve Prob. 4 with the 240-lb force acting toward E, 

80. Space Frameworks. A framework in space should, if the mem¬ 
bers arc to be two-force members, have joints of the ball-and-socket 
type without friction. Of course no such ideal joint can be made and 
there would rarely be any reason to construct one evim approximately 
except in functional machinery where considerable fieedom of move¬ 
ment is required. In structural designs the members are often flexible 
enough so that the rigidity of the joints causes only minor secondary 
stresses. In this case such structures can b(‘ analyz(‘d by the method 
of joints used in plane trusses. The problems of the preceding articles 
are typical of the analysis of a single joint of such structures. 

The tetrahedron is the basic rigid elemcmt in a space framework, 
just as a triangle is the basic element in a plane. A single tetrahedron 
has four joints and six members, and for each tetrahedron added to the 
first there is one additional joint and three additional members, so that 
the number of members in a rigid space framework must be six less than 
three times the ?iU7nher of joints. Such structures ((‘xcept in air and 
water craft) rest on some support such as the ground, and the ground, 
from anchorage to anchorage, may serve as one or more of the mem¬ 
bers and must be so counted in applying the rule. 

Space frameworks which arc statically determinate can be readily 
solved by the method of joints similar to that used in plane trusses, 
each joint being solved in turn with the values found from the solution 
of one joint becoming the knoAvn values in the next problem. In 
reality, plane trusses are men^ly elements in space frameworks, since 
they must always be braced in some way to secure stability in the plane. 
An ordinary through truss bridge has a plane truss on either side of the 
roadw^ay with beams extending from the lower joints of one truss to the 
corresponding joints of the other. Over these beams run the vStringers 
wdiich support the floor but are not a part of the space truss. The 
diagonal bracing betw^een the floor beams forms a part of the space 
truss as do the struts and diagonal bracing (sway bracing) between the 
top joints of the two plane trusses. Also, there is the ^‘portal bracing 
to complete the rigidity of the framework. 
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The method of sections in space frameworks ® 

means of solving space-framework problems. p 

elaborated in this text but is indicated m Probs. 16, 17, and 18 oi Ub p. 
9. These problems refer back to Fig. 176. 

Figure 176 shows a space framework from which the members form¬ 
ing the triangle ABC might well have been left out. With these 
members in place and with a vertical load at Hy the ground reactions at 
Ay By and C arc all vertical, and the external reactions on the framework 
constitute a system of parallel forces in space with three unknowns, 
a type which will be discussed in a later chapter. (If the external 

system of forces acting on 
a space framework is not 
statically determinate, the 
\2400/d forces in at least some of the 
members of the framework 
will not be determinate.) 

Figure 176 is symmetri¬ 
cal about a vertical plane 
through DO. The dimen¬ 
sions have been chosen to 
avoid the tedium inherent 
in the solution of a space 
framework so that the 
student can concentrate on 
the method rather than 
on the computation. Any joint can be solved, providing not more 
than three unknowns remain at the joint. When a joint has been 
solved, arrows should be placed at both eridu of all the members con¬ 
nected to that joint, so that the number of unknowns at the remaining 
joints will be readily apparent. 



Fig. 176. 


Problems 

1 . Determine by the rule whether the framework of Fig. 176 is rigid and not 
redundant. 

2 . Begin at H and solve for the forces by the method of joints, using equations of 
moments or resolutions according to convenience. 

8 . Find the forces in the framework of Fig. 176 with a horizontal force of 900 lb 
at H acting in the direction FE (no vertical load). 

4 . Solve Prob. 3 if the horizontal force at H is 800 lb acting in the direction GH, 
(Answers to Probs. 2, 3, and 4 for the member FC are contained in the answer to 
Prob. 16, Art. 90, Page 193.) 




CHAPTER 9 


NONCONCURRENT, NONCOPLANAR FORCES 

81. Definition. The designation nonconc'^trreniy noncoplanar indi¬ 
cates that the forces of the system do not lie in a single plane and are 
not concurrent at a single point. Such a system may be only appar¬ 
ently nonconcurrent and noncoplanar, since one or more forces of a 
coplanar system may be replaced by components lying in a plane 
intersecting the original plane of the system and thus give the revised 
system the appearance of being noncoplanar. For a general system of 
nonconcurrent, noncoplanar forces not in equilibrium, there is no direc¬ 
tion in which the components of the system sum up to zero and no axis 
about which the sum of the moments of the system is zero. Such a 
system cannot consist of less than three forces. Since a line in space 
can be drawn to intersect any other two lines, an axis could always be 
drawn intersecting the lines of action of any two forces and a two- 
force system would have no moment about such an axis. Two of the 
three forces may constitute a couple, and when the third force is so 
placed that it is perpendicular to the plane of this couple, the combina¬ 
tion of force and couple is said (rather academically) to be the resultant 
of the system. 

82. Resultant of Couples in Space. 

It has been shown that a couple in 
a plane can be replaced by another 
couple of the same magnitude and 
sign. The forces of the couple may 
have any magnitude and position 
and may be located anywhere in the plane of the original couple. 
It can readily be shown that a couple acting on a body in any plane 
can be replaced by an equal couple in any parallel plane without 
affecting the resultant of the force system. (This is not to say that 
the stresses within the body are unaffected.) Figure 177 represents 
a rectangle ABCD with two equal forces Pi and P 2 acting in opposite 
directions at A and forming the couple of magnitude Pa, in a plane 
perpendicular to the line CA. At C add two equal and opposite forces 
Pi, and at D add two more equal and opposite forces, P 2 . All six 
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forces are equal in magnitude. The two pairs added have zero 
resultants, so the system has not been changed. The resultant of Pi 
and P'a is an upward force 2P at 0, the center of the rectangle, and the 
resultant of P 2 and P'/ is an equal downward force at the same point. 
These two resultants cancel. All forces can then be removed except 
P'l and Pg, a couple equal to the original couple but moved to a parallel 
plane. The particular plane in which the couple acts is not an essential 
part of its effect. A line normal to the plane can be used to indicate 
the group of parallel planes, to any one of which the couple could 
be moved without changing its effect. 

All the essential elements of the couple can be represented by a vector 
if the vector is drawn normal to the plane of the couple and given a 
magnitude equal (to some scale) to the moment of the couple repre¬ 
sented. In the case of couples in space it is advantageous to do this. 
The direction assigned to the vector can be made to represent the sense 
of the couple (whether clockwise or counterclockwise) and in this text, 
as in most treatments of the subject, the right-hand screw convention 
is used. If an ordinary screw is imagined embedded in the plane of the 
couple and turned in the sense indicated by the couple, the arrow is 
pointed in the direction the screw would progress. That is, a clock¬ 
wise couple is represented as going away from the observer and a coun¬ 
terclockwise couple is represented as coming toward him. 

If two couples which are not in parallel planes are represented by 
vectors, the resultant of the tw^o vectors represents the sum of the two 
couples. This proposition follows from the general rule of the addi¬ 
tion of vector quantities, but for the benefit of the student to whom the 
proposition in this case is not obvious, the following proof is offered: 

Figure 178,1 represents two planes which intersect on the line AB, 
A counterclockwise couple of moment Pa is supposed to be acting in the 
plane CAB and a second counterclockwise couple Qh in the plane DAB. 
The couple Pa may be anywhere in its plane. One force P 2 may be 
regarded as acting along the line AB and the second force Pi at a 
distance a from that line. The couple Qb may be replaced by a couple 
Pc in its plane, provided Pc = Qh. One force of this new couple may 
be regarded as acting in the line AP in a direction opposite to the 
force P 2 . The remaining force will then be in the plane DAB at a 
distance c from the line AB. The forces P 2 and P 3 acting along the 
line AB in opposite directions balance each other. The remaining 
forces Pi and P 4 form a new counterclockwise couple. If d is the dis¬ 
tance from Pi to P 4 , the moment of this couple is Pd. Figure 178,11 
is a space triangle in a plane perpendicular to the planes CAB and 
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DAB, The line HL of length d in this triangle is the distance between 
the forces of the resultant couple. Figure 178,111 is a vector diagram. 
The vector EF of length Pa represents the original couple in the plane 
CA B. The vector EF is normal to this plane and, therefore, parallel to 
the plane of the triangle HLK and perpendicular to the line HK, 



The vector FG is normal to the plane DAB and is normal to the line 
KJj of the space triangle. Since 

Pa _ a 
Pc c 

and since the angle at F is ecpial to the angle at K, the space diagram 
and the vector diagram arc similar triangles. As the angle at E is 
equal to the angle at H, EG is normal to IIL. Since the sides are 
proportional 

m ^ d 

Pa a 
EG = Pd 


If two couples are represented by vectors normal to their respective 
planes, the resultant of these couples is represented by the vector sum 
of the two vectors. 

Example 

A force of 12 lb is directed east in a horizontal plane. In the same horizontal 
plane 2 ft north a force of 12 lb is directed A\est. A horizontal force of 8 lb is 
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directedOOr^. Vertically 4 ft over this force a horizontal force of 8 lb is dire t 

soutA Find the resultant couple. ■ ih fr This couple is 

The moment of the forces in the horizontal plane is 24 Ib-ft. 

The vector which represents cither of these .-oiipies inay be placed ® ^ j 

lii Fig. 179 the vectors are shown in a vertical east and west piano. I he re 



vector is 40 units at an angle of 53°08' with the horizontal. A couple of 40 Ib-ft 
in any plane perpendicular to this vector, turning counterclockwise to an observer 
east of and above the plane, is equivalent to the combination of the two original 
couples. 

When the planes of the couples to be combined are not at right 
angles to each other, it is advisable to resolve each vector along the 
three coordinate axes and then combine the components m the same 
way as was done in the calculation of the resultant of noncoplanar forces. 

Problems 

1. A force of 20 lb act-? from the point (0,0,4) toward (0,0,4y, and a force of 20 lb 

acts from (5,3,0) 'owaid (0,3,0). A force of 
13 lb acts from (0,0,0) to^^aid (5,6,12), and a 
force of 13 lb acts from (5,0,12) toward (0,0,0). 
Find the magnitude of the resultant couple and 
the direction of any line normal to its plane. 
Ans. 111.7 Ib-ft. The normal makes an angle 
of 44°16' with the axis in a plane through the 
Y axis at 22°37' with the XY plane. 

2. In Fig. 180, find the sum of the components of 
the moment vectors along each of the three 
axes. 

Ana. 170 Ib-ft about a vertical axis; 120 Ib-ft about a horizontal axis toward the 

left; 100 Ib-ft about a horizontal axis toward the front. 

83. Resultant of Forces in Space. It was shown in Art. 53 that a 
force in a plane is equivalent to a force in the same plane at some other 
point plus a couple in the plane, provided the replacing force has the 
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same magnitude and direction as that of the original force and the 
couple has a magnitude equal to the moment of the original force 
with respect to a point on the line of action of ihe replacing force. In a 
like manner, a force in space may be moved from one line of action to 
another, provided there is added to the system one or more couples so 
that the moment of the new system of force and couples is, with respect 
to any axis, the same as was the moment of the original force. Figure 
181 shows three rectangular axes OX, OF, and OZ and a force passing 
through some point p whose coordinates are x, y, and z. The force has 
already been resolved into components X, Y, and Z. The component 

Y has been encircled to indicate its removal to 0, where it is shown as a 
single-barbed arrow The original component Y had a moment about 
the X axis equal to Y 2 , and this is shown by the 
double-barbed arrow on the X axis. This 
double-barbed arrow Yz represents a couple in 
the YZ plane (or in any plane parallel to plane 
YZ). The moment of the original component 

Y about the Z axis is Yx and the double-barbed 
arrow representing this couple is shown on the 
Z axis. Moment vectors pointing toward the 
positive ends of the axes are positive, accord¬ 
ing to the usual conventions. The student should now move the com¬ 
ponents X and Z to the origin and place on the figure the double- 
barbed arrows to represent the couples which must be supplied to com¬ 
pensate the moves. The figure will then show the triad of forces at 
the origin, and on each axis two couple vectors, in opposite directions 
and neither containing the letter designating that axis. For example, 
the y axis will show couple X 2 pointing upward and Zx downward. 
The force in Fig. 181 was in a direction such that all three components 
X, Y, and Z were in positive directions and it was formed into a triad 
at a point whose coordinates were all positive. The figure should help 
the student understand what is meant by the formulas for the moments 
about rectangular axes of a force in space: 

= Zy - Yz ] 

My = Xz — Zx I Formula VI 

M, =^Yz -Xyj 

It is clear that each force of any system may be replaced by a triad 
at any chosen origin plus a triad of moment vectors along the same axes. 
Finally these two sets of triads can be composed each into a single 
vector, one representing the vector sum of all the forces and the other 
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representing the cognate couple of the system of forces replaced by \ 
single force at that chosen point. If some other point is chosen as tin 
location of the resultant force, the force is unchanged, but the magni¬ 
tude and direction of the resultant couple will be different. 

In the following example, the components and the moments of the 
various forces have been tabulated instead of being represented as 
vectors. This procedure is usually more convenient for actual 
computation. 

Example 

A rectangular parallelepiped, 15 by 8 by fi in., has the 15-hy 8-in. tares horizontal. 

It weighs f! lb and has its center of gravity at the center. A horizontal force of 
J4 lb IS applied at the top along the diagonal AC of Fig. 182. A force of 25 lb is 



Fio. 182. 


applied at the right along the diagonal GB. A horv^ontal for,-, of in + , ,, 

The edges OG, 01), and OE may represent the X, K, and if axes, rcspctively. 
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The resultant force is 42.01 lb at an angle of 12°22' with the XZ plane in a plane 
through the K axis at 43°01' with the A"Vplane. When the resultant force passes 
through O, the couple is 00 lb-in. clockwise as viewed from above. 

A couple of 60 lb-in. is equivalent to two forces of 28 lb each at 2J^ in. apart. 
On Fig. 182,11, ON and HK make the couple. The force ON balances the force 
OM and loaves the force HK. The forces which act on the parallelepiped are 
equivalent to a force of 28 lb parallel to the Z axis at a distance of in. from 0 
toward the right, and a force through 0, which is the resultant of 30 lb along the 
A" axis and 9 lb along the Y axis. 


Problems 

1. Replace the couple of the above example by two horizontal forces of 30 lb and 
show th(* })ositi()n, magnitude, and direction of two force's which are equivalent 
to all the forces w hich act on the parallelepiped. 

2. Can the couple in the above example be replaee'd by tw'o vertical forces of 9 lb? 
Why? 

84. Equilibrium of Nonconcurrent, Noncoplanar Forces. A force in 
space requires six factors for its complete specification. These factors 
may be the three force components along chosen axes and the three 
moment components with respect to these axes. The force com¬ 
ponents, of course, may be specified by a magnitude and two directions, 
and the equivakmt of the moment components may be expressed by 
specifying three coordinates of a point lying on the line of action of the 
force. Following the rule stated in Art. 28, there are, for a complete 
system of forces in space, six independent equations, three of resolutions 
and three of moments. A problem of e(iuilil)rium of such a system is 
statically determinate if it involves just six unknowns. The condi¬ 
tion of ecpiilibrium of such a system is given by 

ZX = 0 = 0 

ZY = 0 = 0 Formula VII 

3Z - 0 - 0 

As has been pointed out, a moment equation can always be used in 
lieu of a resolution equation (but not vice versa), so that a problem of 
equilibrium of forces in space can be solved, if statically determinate, by 
writing three or more moment equations and a sufficient number of 
resolution equations to make a total of six (or less if there are deficien¬ 
cies in the system). 

Whenever moment equations are substituted for resolution equations, 
there is always the theoretical danger of arriving at a set of equations 
some of which are not independent. The rules on this point are 
1. It is not necessary that the axes of moments oV of resolution be 
mutually perpendicular, as might be inferred from Formula VII. 
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2. Only two resolution axes may lie in the same plane or in parallel 
planes. 

3. Not more than three axes of moment may be concurrent and these 
three must not all lie in the same plane. 

4. Not more than two parallel axes may be coplanar, and if such a 
pair of coplanar, parallel axes is used, no resolution may be made in a 
direction perpendicular to the plane containing the two axes. 

The danger of writing nonindependent ecpiations has been referred 
tb as ‘Hheoretical,^^ for the reason that one skilled in the art of solving 
problems of statics usually sets up each equation with a view to getting 
a simple relation involving only a few of the unknowns of the problem, 
and this procedure greatly minimizes the danger. 

86. Force Systems Which Are Not General. Many useful and 
practical problems of mechanics deal with sets of forces which are not 
coplanar and yet lack one or more of the elements of a complete, general 
system of forces in space. For example, there may be some direction in 
which there are no force components when all forces have been resolved 
along a particular set of rectangular axes in space. A resolution in this 
direction for that set of forces is meaningless, and for such a system 
there are only two independent equations of resolution. If there exists 
an axis about which no force in the system has any moment, there will 
be for the system only two independent moment equations. The sys¬ 
tem of concurrent, noncoplanar forces discussed in the last chapter was 
a system for which three mutually rectangular axes could be drawn 
(by placing the origin at the point of concurrency) so that no force 
produced any moment about any of the three axes. For this syste^m, 
only the three resolution ecpiations were basically independent. A 
number of combinations of such deficiencies can exist in space problems, 
so that such problems may properly have three, four, five, or six 
unknowns. Fortunately it is not always necessary to recognize the 
deficiencies before attacking the problem. For example, if it is over¬ 
looked that the problem has no components in a given direction and a 
reaction in that direction is assumed as an unknown, the value found 
for that unknown will be zero, if the solution is carried out correctly. 
Some labor can usually be saved if the deficiencies are recognized at the 
beginning, and a problem which cannot be checked may be found to 
have an improper number of unknowns. 

86. Parallel Forces in Space. Many important practical problems 
of statics deal with systems of forces all of which are in some one direc¬ 
tion, such as the action of gravity on a composite body and the vertical 
forces used to support the body. Figure 183 indicates such a set of 
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forces and shows a set of rectangular axes with one of the axes, F, in the 
direction of the forces. No force in the system has a moment about the 
Y axis and no force has a component in either the X or Z direction. 
For this system there are only three independent equations, one of 
resolution and two of moments. The resolution, in effect, must be in 
the Y direction since any other direction gives an equation wherein all 
terms are multiplied by the same cosine. The moment equations may 
be written with respect to any two axes except an axis in the y direction. 
If moments are taken with respect to a pair of parallel axes and a 
resolution equation is also written, the three equations will not be 
in-dependent. The resultant must equal the vector sum of all the forces 
of the system, in Fig. 183, 120 pounds downward. The moment of the 
resultant with respect to any axis must equal the sum of the moments of the 
forces of the system with respect to that 
axis. If the distances in Fig. 183 are in 
feet, the sum of the moments with 
respect to the x axis is 300 pound-feet 
and the sum of the moments with 
respect to the z axis is (3()0 pound-feet, z 
The location of the resultant is 2.5 feet 
from the x axis and 5.5 feet from the z 
axis. Where there are a number of forces in the system, the calcula¬ 
tion should b(i tabulated as in the following example. 

Example 

Find the inagnitndo and position of the resultant of the following vertical forces: 
24 lb down at x = 3 and z = 5, 30 lb down at ((>,8), 10 lb down at (9,3), 32 lb up at 
(—3,3), and 12 lb down at ( —11,—0). 

Since most of the forces an' downward, that direction is taken as positive. The 
inonn'iits are calculated with respect to the .Y and the Z axes, in which x and z are 
the coordinate's of the resultant force. 


Force 

X 

Px 

z 

Pz 

24 

3 

72 

5 

120 

30 

0 

180 

8 

240 

10 

9 

144 

3 

48 

-32 

- 3 

96 

3 

- 96 

12 

-11 

-132 


1 

o 

II 


1 M = 360 

1 X = 7.2 ft 

1 • 

Rz = 240 

2 * 4.8 a 


y 



Fig. 183. 
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Problems 

1. Pind the magnitude and position of the resultant of the following horizontal 
forces; 20 lb east, 6 ft above the floor and 9 ft south of a vertical wall, 24 lb 
west, 7 ft above the floor and 4 ft south of the vertical wall; 16 lb east, 9 ft above 
the floor and 3 ft south of the vertical wall; and 18 lb cast, 6 ft above the floor 
and 6 ft south of the vertical wall. 

Ans. 30 lb east, 6.8 ft above the floor and 7.4 ft south of the vertical wall. 

2. Solve Prob. 1, taking moments about a horizontal axis 4 ft above the floor 
and a vertical axis 5 ft south of the vertical wall. 

3. A rectangular door in a horizontal position is 7 ft long from left to right and 4 ft 
wide. It weighs 40 lb and its center of mass is at the center. The door carries 
50 lb at the right corner near the observer, 35 lb at th(‘ left corner diagonally 
across from the 50 lb, 24 lb at the other right corner, and 16 lb at the middle 
of the left edge. Find the location of a single support which will hold the door in 
the horizontal position. 

4. Find the reactions at the ground in Fig. 176, p. 166. 

87. Equilibrium of Parallel Forces. When a system of forces 
(including the unknowns) is parallel and noncoplanar, it is statically 
determinate if there are not more than three unknowns, since for such a 
system there are only three independent equations. If there seem to be 
less than three unknowns there are one or two unrecognized unknowns 
or the problem has too many data. When there are too many data 
the problem is unsolvable or has been partly solved already. The 
unknowns can be any combinations of magnitudes and positions. All 
directions are assumed known, a priori, as the direction of parallelism. 

Example 

The three forces of Fig. 183 are to be put in equilibiN im by a vertical force A at 
the origin, B at a point on the X axis 4 ft from the ongiii, and V at a point on the 
Z axis 3 ft from the origin. 

Assume A, B, and C all vertically upward. 

Moments about the X axis: 40X24- 50 X2+ 30 X4 = 3(7; C = 100 lb. 

Moments about the Z axis: 40 X 2 + 30 X 6 + 50 X 8 — 4:B; B = 165 lb. 

Moments about an axis parallel to the Z axis and through the line of action of the 
50-lb force: SA = 30 X 2 + 40 X 6 — 8C — 4J3; A = —145 lb. 

Vertical resolution: 40 + 30 + 50 = 100 + 165 - 145. Check. 

Problems 

1. A horizontal trapdoor, 8 ft long and 5 ft wide, has two hinges on one 8-ft edge 
1 ft from each end. The door weighs 60 lb and has its center of mass at the 
center. It carries a load of 40 lb 3 ft from one end and 4 ft from the line of the 
hinges. The door is lifted by a vertical force applied at the corner which is 
farthest from the load. 
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Find this vertical force and the reaction of each hinge. Solve by three moments 
and cheek by a vertical resolution. 

2. Where should the vertical force be applied in Prob. 1 in order that one hinge 
reaction may be zero? Solve by moments. 

3. A horizontal table, 6 ft long from left to right and 4 ft wide, is supported on three 
legs. One leg is at each of the left corners and one is at the middle of the right 
edge. A load of GO lb is placed 1 ft from the front and 2 ft from the left edge. 
How much is the load on each leg increased? 

4. In Prob. 3, the load is 1 ft from the front edge. How far must it be from the 
left edge to cause no additional load on one leg? Solve by moments and 
graphically. 

6 . A wheelbarrow is 5 ft long from the axis of the axle to points at which the handles 
are gripped, and is 2 ft wide between the centers of the handles. It carries a 
load of 160 lb, which is placed 1 ft from the axis of the axle and 4 in. to the right 
of the middle. Find the reaction of the ^\heel and of each handle. 

6 . A horizontal plank, 24 in. long and IS in. wide, weighs 18 lb and has its center 

of mass at the center. It is supported at the middle of one 24-in. edge, and 2 in. 
from one corner and 4 in. from the other corner on the opposite 24-in. edge. 
Find the reaction of each support. Ans. 9 lb; 4 lb; 5 lb. 

7. In Prob. G, consider the downward force of 18 lb as made up of 9 lb, 4 Ib, and 
5 lb, and consider that these forces form couples with the three reactions. 
Draw th(‘ vt'ctor diagram of these couph\s in the plane of the paper, as in Fig. 
184. Show graphically or trigonometrically that this vector triangle closes. 



Space Diagram Vector D/agram of Coup/es 

1 !<., iSt. 


88. Equilibrium of Forces in Space. Figure 185 represents a system 
of forces and components all of which intersect a line, and this line, 
OX, has been taken as the X axis. OY and OZ are the two other 
rectangular axes. The forces have no moment about the X axis and 
no component in the X direction. There are, for this system, two 
moment equations and two resolution equations which are independent. 
Any number of equations can be written, but only four independent 
ones, so a problem in equilibrium involving a system like Fig. 185 
would have four unknowns or it would not be solvable. Problem 11 
in the list below is such a problem. 




178 


MECHANICS 


[Art. 88 


If, to the set of forces in Fig. 185, a force is added at some point such 
as xy and this force is in the Z direction, there would be moments 

about all axes but no components in the X 
direction. There would then be available 
five independent equations, three resolutions 
and two moments. Example 1 below is a 
problem of this type. If the force added at 
xy had a component in the X direction, the 
system vould be a complete space system 
with six independent equations available. 
Example 2 below is such a system. 

Example 1 

The mast of a stifilog derrick (Fig. 18G) is 30 ft high. The stiff legs are in vertical 
planes at right angles to each other. One of these* planes extends south and the 
other extends west of the mast. The stiff legs make angles of 45° with tlie vertical. 
The boom is 40 ft long and carries a load of 2000 lb on the end. Find the tension 
in the stiff legs and the reactions at the bottom of the mast resulting from this load 
when the boom is elevated 20° above the horizontal in a vertical plane which is 
north 50° east. 





Ik,. 185. 



Regard the mast, the boom, and the cables which connect them as the free body, 
acted upon by the load, the tensions in the legs (acting at the top of the rnast)| 
the horizontal forces Hi and H 2 at the bottom of the mast, and the* vertical force 
of the ground V 2 (not shown in the figure) acting at the bottom of the mast. Hi, 
H 2 , and V 2 constitute the three components of a force of unknown magnitude and 
direction acting at the bottom of the mast. There are five unknowns. The sys¬ 
tem is deficient by one moment equation since no force has any moment about a 
particular line in space (the axis of the mast). Begin by taking moments about a 
horizontal north and south line through the bottom of the mast. This eliminates 
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the reactions at the bottom of the mast and the tension in the stiff leg in the north 
and south vertical plane. Lot Vi be the vertical component of the tension in the 
west stiff leg. Consider this component applied at the base of the leg, where the 
moment arm of the horizontal component is zero. 

Fi X 30 = 2000 X 40 cos 20° cos 40° = 57,585 Ib-ft 
Vi == 1919 lb 

The tension in the west stiff l(‘g = Vi sec 45° = 2714 lb. Take moments about a 
north and south line through the top of the mast. 

Jfi X 30 = 2000 X 40 cos 20° cos 40° * 57,585 Ib-ft 
Hi = 1919 lb 

Or Hi can be found by a resolution east-west. 

Hi = 2714 cos 45° = 1919 lb 

Find H 2 and the tension in the south leg in a similar way. 

For V 2 , resolve vertically. 

F 2 “ 2000 “h F 1 d" V 3 

Problems 

1. Solve Example 1 whcui tlu* boom is south 20° east and (devatedPht 30° with the 
horizontal. 

2. A derrick mast is 40 ft high and weighs 1000 lb. The boom is 50 ft long, 

weighs 1200 lb, and has its cent(‘r of mass at the middle. One guy rope runs 
west and another runs north 15° east. Each rope mak(‘s an angle of 30° with 
the horizontal. The boom is horizontal, south 70° east, and carries a load of 
2400 lb. Find the tension in the west guy rope by moments about a line 
through the lower end of the other guy rope. Ans. 4466 Ib. 

3. In Prob. 2, find the tim.sion in the other guy rope, the vertical reaction at the 

bottom of the mast, and th(‘ dirt'ction and magnitude of the horizontal reaction 
at the bottom of the mast. Find the horizontal rt'action by one moment equa¬ 
tion and check by resolutions. Ch(‘ck the vertical reaction at the bottom of 
the mast by moments about the horizontal line through the lower ends of the 
guy ropes. Ans. Vertical reaction at bottom of mast = 7600 lb. 

4. At what position of the boom in Prob. 2 will the tension in the west guy rope be 

the grestest? What is that tension? Ans. 4483 lb. 

6 . A windlass (Fig. 187) is 1 ft in diameter and 4 ft long between bearings. The 
crank is 2 ft long from the center of the crankpin to the axis of the axle. The 
force is applied to the crankpin at a distance of 1 ft from the plane through the 
right bearing perpendicular to the axis. A rope wound round the windlass 
20 in. from the left bearing carries a load of 480 lb. The crank makes an angle 
of 30° to the right of the vertical viewed from the right. The force on the 
crank is normal to the plane through the axis of the windlass and the crankpin. 
Find this force and the horizontal and vertical reactions at the bearings. The 
forces are all in planes perpendicular to the axis so that there are only five 
unknowns. 

Ans. P « 120 lb; Vi = 265 lb; V 2 == 275 lb; Hi - 25.98 lb; H. - 129.90 lb. 
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6 . Solve Prob. 5 when the crank is 45° to the right of the vertical. 

7. Solve Prob. 5 when the crank is horizontal toward the right. 

In Prob. 7 all the forces are vertical and there are only three unknowns. Prob¬ 
lems 5, 0, and 7 serve as a good illustration of the principle that a space prob¬ 
lem projected orthographically on three planes can be reduc(‘d to three' coplanar 
problems. All geometric distances are foreshortened and appear as the true 
distances multiplied by the cosine of the angle between the actual line and the 
projection plane. Forces are indicated by showing the component parallel to 
to the plane of projection. With P cos 60° placed at the proper position on the 
crank in the front view of Fig. 187, Y\ and Yi can be solved as a problem of 
coplanar parallel forces. In the end vi(‘w, Zi should read //j + H\, and this 
view should show Fi + F 2 vertically upward at the center of th(' cylinder. 
The top view would show only Hi, and P sin 30°. The projected problems 
are all coplanar and can be readily solv(‘d by graphical methods. The pro¬ 
jection method offers no real advantage in any analytical solution. 

8 . Solve Prob. 5 graphically. 

9. In Fig. 185 let Aj, = 30 lb and Az = 40 lb, 2 ft from b Let By = 10 lb and 
Bz = 25 lb, 4 ft from 0. Let C = 30 lb at 6 ft jrom 0 and /) = 20 lb at 7 ft 
from 0. Find the magnitude aiul din'ction of rhe force^ requin'd for equilib¬ 
rium at 0 and at X, 8 ft from 0. 

10. A horizontal bar A B is 12 ft long, weighs 252 lb, and has its center of mass 5 ft 

from the left end A. It is supported by a rope at A and by two rones at B in a 
vertical plane perpendic\ilar to the length of the bar. One of thes(‘ ropes is 
fastened to a point 4 ft above B and 3 ft in front of the vertical line through it. 
The other rope through B is fastened to a point 5 ft above B and 12 ft bc'hind 
the vertical line through it. Find the direction of the rope at A and tlie tension 
in each rope. Am. Left, 147 lb; front, 100 lb; rear, 65 lb. 

11. The bar of Prob. 10 is siapported by a rope at A, a rope at B, and a rope at (7, 
which is 2 ft from B. The rope at B is in a vertical plane perpendicular to the 
bar and is fastened to a point 4 ft above B and 3 ft in front of the vert ical line 
through it. The rope at C is in a plane perpendicular to the bar and is fastened 
to a point which is 5 ft above C and 12 ft behind the vertical line through it. 
Find the four unknowns. 

Arts. 100 lb at B; 78 lb at (7; 142 lb, vertical component; and 12 lb toward the 
front horizontal component at A. 
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Suggestion: Begin Prob. 11 by a moment about a vertical axis through A, and a 
moment about a horizontal axis through A perpendicular to the length of the 
bar. 

12. The bar of Prob. 10 has the end B directly east of A and is supported by a rope 
at A rope at C is fastened as in Prob. 11. A rope at B is fastened at a point 
4 ft above B and 3 ft south 60° east of the vertical line through B. Find the five 
unknowns. 

Ans. Tension at B = 113.51 Ib; tension atC = 44.27 lb; v<*rticaJ component at 
A = 144.16 lb; component west at A == 58.96 lb; component south at A =6.81 lb. 

Example 2 

A horizontal trapdoor (Fig. 188) is 8 ft long and 6 ft wide. It is supported by two 
hinges/ each 1 ft from a corner, on an 8-ft edg(*. It is lifted by a rope attached to 
the other 8-ft edg(‘ at a distance of 2 ft from one corner. This rope passes over a 
smooth pull(‘y which is 4 ft above the ctmter of the door. The door weighs 60 lb 
and its center of mass is at the (‘(uiter. Find th(‘ tension in the rope and the hori¬ 
zontal and vertical components of the hinge reaction, assuming that the hinges are 
so constructed that the horizontal force parallel to their line is all taken by the left 
hinge. 

The unknown quantities are the tension in the rope, the horizontal and vertical 
components of the reaction at the right hinge, two horizontal components and one 
vertical component at the l(‘ft hinge. The tension of the rope is made up of three 
components. Since the direction of the rope is known, the tension can be found 
when one of these components is detc'rmined. 

A moment equation about the line of the hinges eliminates five of the unknowns, 
together with the horizontal components of the tension of the rope. The forces 
which have moment about this line are Ihe weight of the door and the vertical 
component of the tension in the rope, with the tension triad placed as shown. 

60 X 3 = Fi X 6 
Vi = 30 lb 

The tension in the rope and its horizontal components may now be computed by 
resolutions. (These resolutions form no part of the six equations, since the door is 
not under consideration as the free body.) The .space diagram (Fig. 188,11) is 
similar to the force diagram (Fig. 188,111). All the dimensions of the space dia¬ 
gram are known. The vertical force Vi of the force diagram is also known. The 
oth(*r forces may be found from the geometry of the similar solids. If P is the 
tension in the rope, 

P ^ \/29 
30 4 

P = 40.30 lb 

^ A smooth hinge offers no resistance to rotation about the axis of its pin. Its 
resistance to small angular movements about axes at right angles to the pin is so 
small that a hirigt* is normally assumed to be the equivalent of a ball-and-socket 
joint. Hinges then exert transverse reactions normal to the pins and longitudinal 
reactions in the directions of the pins. When two hinge pins are in the same line, 
the total magnitude of the force along this line may be found, but it is not possible 
to tell how it is divided between the two hinges except, possibly, by inspection or 
measurement. 
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Similarly, Hi = 15 Ih, Hu = 22.5 lb. These components are convenient m finding 




Fig. 188. 

Taking moments about an axis which passes through the k'ft hinge and is parallel 
to the 6 -ft edges, 

Fa X 6 = 60 X 3 - 30 X 5 
Fa = 5 lb 

Taking momcmts about an axis through the right hinge parallel to the 6 -ft edges, 

F 2 X 6 = 60 X 3 - 30 X 1 
Fo = 25 lb 

Check by a vertical resolution. 

Fi -h F> + Fa = 30 -f- 25 -f 5 = 60 

To find H 4 take moments about a vertical axis through the right hinge. Tliis 
eliminates Ha and Ha. 

//4 X 6 = Hi X 6 + H 2 X 1 
15 X 6 - 90 
22.5 X 1 = 22.5 
6H4 == 112.5 
H 4 = 18.75 lb 

To find Ha, take moments about a vertical axis through the left hinge, 

15 X 6 = 90 counterclockwise 
22.5 X 5 = 112.5 clockwise 
6 //a = 22.5 clockwise 
Ha - 3.75 lb 
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The moment of Hg about the vertical axis through the left hinge must balance a 
clockwise moment. The direction of Hg must be opposite to the direction of the 
arrow in Fig. 188. Hg might have been computed by a horizontal resolution. 
Resolving as a check, 

3.75 -f 18.75 = 22.5 

By resolutions parallel to the line of the hinges, 

7/5 = III = 15 Ib 

The problem has been solved by five moment equations and one resolution equa¬ 
tion, and partly checked by two resolution e(|uations. Three of the moments were 
taken about horizontal axes and two were taken about vertical axes. 

Problems 

13. A horizontal trapdoor, 10 ft long from west to east and 6 ft wide, weighs 60 lb 
and has its center of gravity at the center. It is hinged on the south edge 1 ft 
from each end and is supported by a rope attaeh(‘d to the north edge 2 ft from 
the east end. The rope runs over a pulley 7 ft above a point on the south edge 
which is 2 ft from the west end. The east hinge takes all the horizontal force in 
the direction of the hinges. Find the tension in the rope and the components 
of the hinge reaction. 

14. A horizontal trapdoor, 8 ft long from cast to west and 5 ft wide, weighs 60 lb 
and has its center of gravity at the center. It is hinged on the south edge 
1 ft from each end. The door is opened until the edge is 4 ft south of the 
vertical plane through th(‘ hinges. It is supported by a bar, one end of which 
pushes against a stop at the level of the hinges and 10 ft south of a point 
midway between them. The other end of the bar pushes against the edge of 
the door 2 ft from the east end. 

Kind the eomprc'ssion in the bar and the components of the hinge reactions. 
Solve by means of the moment about the hinges of the vertical component of the 
force on the bar at the stop. 

Ans. Pressure in the bar =28 lb; vertical reaction of east hinge =24 lb; 
vertical reaction of west hinge = 24 lb; horizontal reaction of east hinge 
toward the south = 25^3 lb. 

15. In Prob. 14, fintl the coinpn'ssion in the bar by moments about the hinges of the 
vertical component and the horizontal component north, applied at the edge of 
th(‘ door. 

16. In Prob. 14, imagine the line of the bar to be extended until it intersects the 
vertical plane through the hinges. Then find the moment of the horizontal 
component north with respect to the hinge line. 

17. A wheelbarrow is 5 ft long from the axis of the axle to the handles and 2 ft wide 
between the handles. A load of 180 lb is placed 2 in. to the right of the center 
line and 10 in. from the axis of the axle. The wheelbarrow is held with the 
axle and the handles in a horizontal plane and is pushed up a 4° incline. Find 
the reaction at the wheel and the direction and magnitude of the force at each 
handle, assuming the plane to be smooth. 
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18 . Solve Prob. 17 if a horizontal foroe of 20 lb, perpendicular to the length, 
toward the left, is applied 6 in. above the plane of the axle and handles, 2 ft 
from the vertical plane through the handles. Assume that the left handle 
takes none of the transverse reaction and assume that the plane is perf(*ctly 
smooth. 

19 . The wheelbarrow of Prob. 18 could be pushed up the plane with one hand (pro¬ 
viding the operator had sufficient muscular strength). Suppose the operator 
pushes the wheelbarrow up the plane with his right hand. Find the three 
components of moment and the three components of force which he must exert. 
(The moment which twists the handle is customarily called torque. The otluT 
two are called bending moments.) 

89. Moments of Space Forces about Axes in Space. Article 78 
defined the moment of a force in space about an axis in space and gave 
an example and some exercises on computing such moments. Article 
79 illustrated the use of moments in problems of equilibrium. In all 
these problems the space situations were such that th(^ geometry of the 
problems was not particularly formidable. In the more complicated 
problems of space statics, the procedures of setting up a triad in eacdi 
case so that one component is parallel to the axis of moments and 
another (preferably) intersects the axis becomes very laborious. This 
method was presented and used in the hope that the student might be 
aided in acquiring a more basic understanding of the meaning of 
moments. Fortunately, there is a computation procedure which makes 
the calculation of the moment of any force in space about any line in 
space just as easy as was the calculation in thc^ simple situations 
treated so far. The following derivation should be carefully gone 
through, at least once, so that the studemt may understand what lies 
behind the very elegant method of computation Avhich emerges from it. 
Moment ecpiations play such an important role in space problems that 
an easy method of computing moments in space becomes a practical 
necessity. 

Figure 189 shows three mutually rectangular axes A, F, and Z. 
At point p, whose coordinates are .r, y. and ^, are shown X, Y, and Z, the 
three components of a force passing through p. The axis of moments 
passes through point g, whose coordinates are a', b', and c', and (to 
indicate its direction) through another point r, whose coordinates are 
d, e, and/. 

At point q are shown three supplementary axes, A', F', and Z', par¬ 
allel to the corresponding axes A, F, and Z, and on each of these supple¬ 
mentary axes there are shown by double-barbed arrows the moments of 
the two components of the force triad which have moment about that 
axis. These are all obtained simply by multiplying each force com- 
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ponent by the perpendicular distance from its line of action to the 
supplementary axis on which the corresponding double-barbed arrow 
appears. For example, on the Z' axis is the positive moment vector, 
X(f>' — y), and the negative moment vector, Y(a' — x). The direc¬ 
tion angles of the axis of moments with respect to the coordinate axes 
are a, /3, and 7 . To find the moment of the force at p with respect to 
the axis of moments, the moments shown by double-barbed arrows are 
resolved in the direction of the axis of moments by multiplying each 



moment vector by the cosine of the angle which its axis makes with the 
axis of moments. The following equation results: 

M = [Y(c' - z) - Z{h' - y)] cos o- + [Z(a' - x) - X(c' ~ z)] cos 0 

-f- [X{b' - y) - Y(a' - j)] cos 7 (1) 

In this equation, (a' — x), (6' — y), and (c' — z) are the components 
of the distance from point p to point q, and in the further discussion 
these three distances will be called a, b, and c. The distance from p to 
q will be called the apparent moment arm and will usually be designated 
as ahe, its components. If the distance along the axis of moments from 
q to r is represented by /;, the direction cosines of Eq. (1) become 
{d — a')/k, (c — b')/k, and (/ — c')/k. Hereafter, k will be referred to 
SiS the direction distance and the numbers {d — a'), (c — b'),and (/ — c') 
will be represented by Z, m, and n, and referred to as the direction 
immbers. 

When these values are substituted in Eq. ( 1 ) and the equation is 
multiplied through by k, the terms can be collected and written 


Mk — {Xbn + Ycl + Zam) — {Xcm + Yari -{- Zbl) 


( 2 ) 
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Equation (2) is an algebraic form appearing so often in applied mathe 
matical work that it is convenient to write it in the following form, 


called a determinant: 


Ly y z 

Aik = a h c 
\l m n 


Formula VIII 


Equation (2) is exactly the same as Formula VIII. The formula is 
simply a more economical way of writing the equation and presents the 
equation in a form more easily remembered. But it must be clearly 
understood how the formula is to be read and the reading must come 
back exactly to what is said in Eq. (2). Start at the upper left corner 
of the determinant and read diagonally downward to the right to get 
the product Xfm. Begin again at the middle of the top row, read 
diagonally downward to the right and swing under to the lower left 
corner to get the product Ycl. Then start at the middle of the left 
column, read diagonally downward to the right and swing up to pick up 
the upper right corner symbol, making the term Zam. These arc the 
positive terms. The negative terms are obtained by a similar proce¬ 
dure starting at the lower left corner and reading diagonally upward 
to the right, giving the three products —{IhZ + aYn + mcX).* 


Example 1 


A force in space passes through a point whose rectangular coordinates are 
(1,3,2). Its components are 160 Ib, 220 lb, and 320 lb. Find its moment about an 
axis passing through the point (4,5,6) and thnnigh the point (10,7,9), with distances 
in feet. 

The apparent moment arm components arc (4,5,6) — (1,3,2) = (3,2,4). 

The direction numbers are (10,7,9) — (4,5,6) =» (6,2,3). 

The direction distance is -f 2^ -f- 3^ = 7. 

Then 


7M 


160 220 320| 

7M - 3 2 4 

6 2 3 1 

960 -f 5280 + 1920 - 3840 - 1980 - 1280 


* The moment of a force in space about a line in space is the vector product of the 
force and the distance vector from a point on the line of action of the force to a 
point on the axis of moments and multiplied, in turn, scalarly, by a unit vector 
lying in the positive direction of the axis of moments. In vector analysis, this is 
called a mixed triple product and is written X • (a X P), in which P is the force, 
a is the apparent moment arm, and X is the unit vector in the direction of the axis 
of moments. The unit vector in the direction of the force appears as the set of 
cosines in Eq. (1). The determinant, Formula VIII, operates to effect this mixed 
multiplication of (force X arm) • direction. 
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In tabuJar form-; 

+ 

960 3840 
5280 1980 

1920 1280 

8160 7100 
- 7100 
7)1060 

M- 4-151 43 Ib-ft 

Figure 190 shows this axis in space with its direction distance, 7 ft, forming the 
diagonal of a rectangular parallch'pipcd whose sides are the three direction num¬ 
bers 6, 2, 3. The dirrrtion of the axis is the direction in which the direction num¬ 
bers are read, in this case toward the right, upward, toward the front. The posi- 


(d-a)=6' 



tivc moment would be represent(*(1 by a double-barbed arrow in the direction from 
q to r. The moiiKuit is counterclockwise as viewed from the positive end of the 
axis. In short, this force passes Ix'low this axis. 

This method of computing a moment in space is typical of mathe¬ 
matical operational proct'sses. The data are put into form, then the 
operation is carried through without any attempt to think out the 
physical meaning of the steps, and, finally, the result is arrived at 
without any aid or abetment from common sense. The work should 
be checked, obviously. 

Since two points on the axis of moments arc known, a check can 
always be obtained by repeating the calculation using the second point. 
The direction numbers for the axis are read in the same order and 
direction as before unless it is desired to reverse the direction of the 
axis, in which case the same order and the opposite directions are used. 
The determinant below is set up for the same force, the new apparent 
arm, and the same direction numbers as before. Clearly the greatest 
common factor may be removed from the force components and finally 
multiplied into the result. This has been done. (The symbol indi- 
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eating this common factor as a multiplier of the top row is not in com¬ 
mon use.) The new apparent arm is (10,7,9) — (1,3,2) = (9,4,7). 

(8 11 16) (20) 

7M = 9 4 7 

M - . ,51.43 IWt 

Keeping the order XYZ, ahe, Imn in the rows of this determinant, 
there are six ways in which the rows can be arranged. Three of them 
will give the correct result and the other three will give the wrong sign 
but the proper numerical value. The rows as arranged are force, arm, 
direction. Of the six ways of arranging the initials of these three 
words, only one makes an English word, fad, and this one happens to be 
one of the right ways of arranging the determinant. There are several 
ways of arranging the order in each row to get the right answer and 
many ways to get a wrong one. The one chosen here should be easily 
remembered and it must be strictly followed. 

Inherent in the operation of moments by determinants is the 
necessity for a consistent set of axes and signs. As set up here, X is 
positive to the right, Y positive upward, and Z positive to the front. 
The origin may be taken anywhere and one or more negative coordi¬ 
nates may appear in the expression for any one of the three points. 
Also, any component of the force may be negative. The signs of the 
values are placed in the determinant with the numbers to which they 
pertain. 

Example 2 

Find the moment of the force ( — 0,4,—2) ib, locat(‘d at point (3,—5,8), with 
respect to an axis passing through the origin and through the point (5,7, —1). 
Distances are in feet. 

The apparent arm (to the origin) is (0,0,0) — (3,—5,8) = ( — 3,5,—8). 

The direction numbers are (5,7,— 1). 

The direction distance is V75. 

_ -6 4-2 

M V75 = -3 5 -8 

5 7-1 

+30 - 160 + 42 + 50 - 336 - 12 -386 „ 

\/75 V75 

Problems 

1 . Check Example 2 by taking the apparent moment arm to the other axis point. 

2 . A room with a floor 21 ft by 16 ft and a ceiling 12 ft high has a rope attached 

to one of the lower corners exerting a force of 580 lb toward the opposite upper 
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corner. Find the moment of this force about an axis extending from the lower 
corner 16 ft from the point of attachment to the mid-point of the ceiling. 
(View the room from a 21-ft side, put the point of attachment at the lower 
left rear corner, and start the axis from the lower left front corner.) Check. 

Arts. 2212 Ib-ft, clockwise as viewed from the lower end of the a\is. 

In solving problems of equilibrium by moment equations, when 
moments are eompiited by this method the factor k (the direction 
distance) does not need to be computed since it is the same in all the 
terms of the equations. In effect, the moment equation is written 

+ kM2 + kMs • * • = 0 

Since the k is never zero, the equation is always valid. For problems 
in which the geometry is simple, this method of computing moments 
has no advantages over the simple direct method, but a few such 
problems need to be solved to give the student skill and confidence in 
the method. 

Example 3 

Solve for the force in cord H of Example 2, Art. 77, by taking moments about a 
line in the ceiling through points A and C. W ith the axes chosen as parallel to 
EC for the A’ axis, vertical for }\ and parallel to AB for Z, the 40-lb force 
is (0, —40,0) lb, the apparent arm to A is (—3,8, —4), and the direction numbers of 
the axis from A to C are (9,0,4). Force B is described as (— 3B, 8B, 3B)/ \/ 82, and 
with the triad thought of as at point B, the apparent arm is (0,0,—7). (There 
is only one unknown involved, the magnitude of the force B. If all three com¬ 
ponents of the trijid an* put in as unknovMis, such as B^, By, B*, the resulting equa¬ 
tion will be correct but will hav(* the appearance of an ecpiation in three unknowuis 
which may bi* confusing.) 

Solution: 


0 -40 

0 


(-3B 

SB 

SB) ^ V 82 

-3 8 

- 4 

4- 

0 

0 

-7 = 0 

9 0 

4 


9 

0 

4 

1410 - 

480 

4- 

-50AB 

V82 


= 0 


960 v'82 _ 40 V82 
504 21'""" 


In the examples and problems involving the statement of the posi¬ 
tions of points in a formal set of rectangular coordinates, the distances 
{a,b,c) and {l,m,n) were found by subtracting the coordinates of one 
point from those of another. As seen from Example 3, it is not neces¬ 
sary to have any formal origin of coordinates. Three mutually 
perpendicular directions are chosen, as seem most convenient for the 
problem; every force in the system is thought of as a triad at some con- 
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venient point on its line of action (this point may be changed ad lib 
from equation to equation, but of course in any one equation the triad 
must be kept all at the same point); and the distances (a,b,c) and 
are read from the sketch in the order to the right, upward, to the front. 

Problems 

3. Solve for the force in cord A of Example 3 by moments about the axis in the 
ceiling through B and C, and for the force in cord C, using a suitable axis. 

4. A rectangular block of stone 8 ft long, 4 ft wide, and 3 ft high is lifted by a force 
which acts along a line starting on the top of the block 1 ft from an 8-ft side 
and 2 ft from a 4-ft side toward a point 2 ft above the center of the top of the 
block. If the block does not slip on the ground, will it turn about a 4-ft edge or 
about an 8-ft edge? Find the force required to start tipping if the block weighs 
18,000 lb. 

5. A body of weight W is supported at three points. The coordinates of these 
three points with respect to the center of mass are A = (1,3, — 4), B = (9, — 1,2), 
and C = ( — 7,—3,10). The support at point A is a cord which extends from 
A to /) at (0,11,0). Find the tension in the cord by moments about the axis CB. 
Ans. With apparent arms to B, the determinant equation is 


(-1 

8 

4)(7Vl») 


0 

-w 

0 | 

8 

-4 

6 


9 

-1 

2-0 

16 

2 

-8 1 


10 

2 

-8 


^ 03 ^ 

^ 1580 

6. The force at C in Prob. 5 has no component in the Z direction. Using T as 
found in Prob. 5, find the horizontal component of the force at C by moments 
about a vertical axis through B, and find the vertical component at C by 
moments about a horizontal axis through B. (Thes(‘ two values can easily be 
checked by moments without the use of determinants.) 

7. Find the three components at B by resolutions. 

8. A horizontal trapdoor is 10 ft long and 0 ft v ide and weighs 400 lb. It is hinged 

at the front edge at 1 ft from each end and lifted by a cord attached to the 
rear edge 2 ft from the right end and to a point 7.5 ft above the left front corner. 
Take moments about the hinge line (without determinants) and find the vertical 
component of the tension in the cord. Find the total tension and the other 
two components. By moments (determinants) about an axis through tht‘ left 
hinge and the point wdiere the cord is attached to the door, find the vertical 
component at the right hinge. Ans. 30 lb. 

Find the horizontal component at the right hinge by moments about an axis 
through the left hinge and the upper point of attachment of the cord. 



0 

30 

H 


0 

-480 

0 

Ans. —> 

8 

0 

0 

+ 

4 

0 

-3 


-1 

7.5 

0 

1 

-1 

7.5 

3 


90. Miscellaneous Problems 

1. A vertical gate 4 ft wide and 6 ft high is hinged on the west side with two 
hinges, each 1 ft from a corner. The gate stands in an east-west plane and is 
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held in position by a prop with one end 2 ft above the lower east corner and the 
other end 4 ft north and 4 ft east of this corner. The gate weighs 120 lb and a 
wind from the south exerts a uniform pressure of 6 lb per sq ft on the gate. 
Find the force in the prop and the components of the hinge reaction, assuming 
the bottom hinge to carry all the vertical load. 

2. A solid rectangular block G by 4 by 2 ft, weighing 5600 lb, is placed with the 

4- by 6-ft faces horizontal and hinged to a support on the lower front 6-ftedgcat 
points 1 ft from th(‘ corners. It is held by a cable attached to the upper right 
rear corner and passing through a point 6 It above the ccmter of the top face 
of the block. Solve for the six unknowns. Ans. T — 600 lb. 

3. A bar AB is 15 ft long, weighs 60 lb, and has its center of gravity 8 ft from A. 
The end A rests on a smooth horizontal floor at tlie intersection of two vertical 
walls, one of which runs east and the other south from the corner. The end B 


fOOfb 



is elevated SO'^ above the horizontal and is held by a horizontal rope from B to a 
point directly over A. The vertical plane through the bar and the rope 
makes an angle of 40° with the plane wdiich runs east. Find the four unknown 
forces. Atis. 60 lb, 55.42 lb; 35.63 lb; 42.46 lb. 

4. A bar 29 ft long, weighing 84 lb, with its center of gravity at the middle, stands 
with the lower end on a smooth floor at the corner and has the 30° inclination 
as in the preceding problem. The upper end supports a load of 252 lb and is 
held by a rope 16 ft long running perpendicular to the east wall and a rope 12 ft 
long running perjiendicular to the south wall. Find the five unknowns. 

Ans. Tension in IG-ft rope = 224 lb; tension in 12-ft rope = 168 lb; vertical 
reaction at floor = 336 lb. 

6. In Prob. 4, hnd the three couples. Pesolve vectors which represent these 
couples along the three coordinate axes, and show that their vector sum is zero. 

6 . A slender rod 10 ft long has its mass center 7 ft from the left end B and is held 
in a horizontal jiosition by three cords. One cord at B is attached to a point C 
4 ft above, 4 ft to the left, and 2 ft back of B; another cord at B is attached to a 
point D 9 ft toward the front from C. The third cord is attached at A. P^ind 
the forces in the three cords and locate the point in the ceiling 4 ft above the 
bar at which the cord from A is attached. 

7, Figure 191 shows the crosshead, connecting rod, crank, and flywheel of a 
simple side-crank engine. The mam bearings are 2 \ in. apart and the flywheel 
is midway between them. The center of the crankpin is 8 in. outside the right 
main bearing. At the position shown the tension in the top belt is 100 lb and 
the piston-rod force is 2000 lb. Assuming no acceleration, find the components 
of the bearing reactions. 
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8 . A uniform rod 12 ft long hangs horizontally 12 ft below a horizontal ceiling. 
A cord at the left end of the rod is attached to a point in the ceiling 5 ft forward 
from the point directly over the left end of the rod. A second cord is attached 
to the rod 2 ft from the left end and extends to a point in the ceiling 9 ft back of 
and 6 ft to the left of the point directly over the left end. A third cord is 
attached at the right end. Locate the point in the ceiling to which the third 
cord extends and find the forces in all cords in terms of the weight of the rod. 

9. Find the torque and bending moment at a point midway between the flywheel 
and the right bearing in the crankshaft of Prob. 7. 

10. A uniform rectangular block 3 ft north-south, 4 ft east-west, and 6 ft high is 
supported at the lower southeast and southwest corners and held by a cable 
attached 2 ft west of the upper southeast corner and running to a point 3 ft 
south of the lower southeast corner. 

a. Assume that the block weighs 1200 lb and that all the east-west component is 
carried by one of the support points, and find th(‘ six unknowns. 
h. Apportion the east-west comi)onent between the two support points so that 
the total horizontal force at each support bears the same ratio to the vertical 
compon(int at that support as does the horizontal to the vertical at the other 
support. Find the minimum coefficient of friction required at the supports 
(same at both) if friction is depended on to hold the block in place. 

Ans. n = 0.20G. 

11. Solve Prob. 2 if the cable is attached 3 ft west of the upper so\itheast corner and 

2 ft south of the lower southeast corner. Ajis. T = 1050 lb. 

12. A horizontal rectangular plate is 4 ft long from east to west and 3 ft wide from 
north to south. It is supported by three cords atta(ihed to a horizontal ceiling 
8 ft above. One cjord is fastened to A, which is 1 ft from the northwest corner 
on the west edge. The second cord is fastened at B, which is on the north edge 
1 ft west of the northeast corner. This cord is 17 ft long from B to the ceiling. 
The third cord is fastened at the southeast corner C. This cord is fastened to 
the ceiling 1 ft east and 4 ft south of the vertical line through C. Find the six 
unknowns when the load is 480 lb at the center of the plate. 


Ans. C H A 

Vertical. 168 96 216 

East. 21 116.81 -137.81 

South. 84 -136.94 52.94 


Of the nine results given in the answer, six depend upon the equilibrium equa¬ 
tions. Three of these are at A, two at B, and one at C. The remaining terms, 
together with the angles which are not given, may be found from these six, 
and the geometrical data of the problem. 

13. The plate of Prob. 12 is supported at C as in that problem. The cord at B is 
attached to the ceiling 9 ft east and 12 ft north of the vertical line through B. 
The direction of the cord at A is not specified. Where must the center of 
gravity be located? 

Ans. On a line through A intersecting the east edge at ft north of C. 

14. In Prob. 13, the load is 480 lb midway between the east and west edges. Find 
the components of the tension in the rope at A. 

Ans. Vertical, 217.6 lb; west, 122.4 lb; south, 48 lb. 
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15. A uniform cylinder 10 ft long and 2 ft in diameter fitted at the ends with 
flanges 4 ft in diameter is rolled along uniformly by a cable unwinding from the 
top of the cylinder (P^ig. 192). If it is being rolled up a plane inclined 3 ft 
vertically on 4 ft horizontally, with the cord parallel lo the plane and the axis 
of the cylinder horizontal, how far can the cable tangent point be from the 
middle of the cylinder before slipping impends? Derive a general expression in 
/u and get a numerical value when ju = 0.4. Ans. 3 ft, when /x = 0.4. 



16. At point // on the space framework of Fig. 176 put the three following com¬ 
ponents; V vertically downward, H in the direction FE, and P in the direction 
Gff. Pass a sectioning plane between planes OFF and ABC. This plane cuts 
six two-force members, and the forc(‘s in these members are the unknowns in 
the problem of equilibrium of the portion of the framework above the sec¬ 
tioning plane. Using DB as an axis of moments, set up a determinate and find 
the force in CF. 



T 

-F 

H 


0 

CF 

0 

Ans. 

-16 

-24 

4 5 


0 

0 

10 


-9 cos 30° 

12 

-4 5 


-9 cos 30° 

12 

-4 5 


17. Take moments about the line J)E to find the force in BF^ and about the line 
DF to find the force in EB of the frame of Prob. 16. 

18. Complete the solution of the problem for the forces in DC, DB, and DA. 





CHAPTER 10 


MACHINES AND FRICTION 

91, Simple Machines. In the science of mechanics, a machine is 
defined as a contrivance for overcoming a force at one point by a force 
applied at another point. The six simple machines, formerly called 
the mechanical powers and now sometimes called the classical machines^ 
are the lever, the pullei/j the wheel and axle, the inclined plane, the 
wedge, and the screw. The first three named operate on the principle of 
the lever and the latter three on the principle of the inclined plane, and 
these two principles can be easily shown to be special cases of the princi¬ 
ple of virtual work. The force applied to the machine with a com¬ 
ponent in the direction of the displacement is called the effort and the 
force which the machine overcomes is called the resistance. The effort 
does positive work on the machine, and the machine does positive work 
on the resistance. In the writing of equations, it is properly considered 
that the resistance does negative work on the machine. The points at 
which the effort and resistance act are cafied the driving point and the 
working point, respectively. The ratio of the displacement of the driv¬ 
ing point in a given time to the displacement the working point in 
the same time is called the velocity ratio. Whe n the velocity ratio is a 
variable the displacements on Avhich it- definition is based must be 
infinitesimal. The ratio of the effort to the nvsistance is called the 
mechanical advantage of the machine. A serious and common error is 
to assume that the velocity ratio is the same as the mechanical advan¬ 
tage. This would be true only in an ideal machine with no lost work. 
It is very far from true in many actual machines. 

In all machines a certain amount of the work done by the effort is 
dissipated to heat by friction of various kinds and is called lost work. 
The work done by the effort is called the total work and that part done 
on the resistance is called the useful work. The ratio of the total work 
to the useful work is called the efficiency. When the machine is run 
backward so that the effort becomes the resistance and vice versa, the 
ratio of the work input to the work output is called the reversed 
effficiency. 


194 
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92. The Inclined Plane, the Wedge, and the Screw. Figure 193 
shows a body being moved up an inclined plane by a force parallel to 
the plane. If the plane is perfectly smooth, the work done by the force 
P in moving the body a distance I is the work required to lift the body 
a vertical distance A. The negative work of gravity on the body of W 
pounds mass is Wh, and PI — Wh = 0, or P -= W(li//). The velocity 


ratio is l/hj and this is also the mechanical advan¬ 
tage (the plane being smooth). 

There is always some friction between the 
body and the inclined plane. In Fig. 193 the 
normal pressure between the body and the plane 
is W cos B, and if the coefficient of friction i® /i, 
the lost work is Wfil cos 0, and PI = Wh + W ijlI 



IF = 

11 jj- cot d 


( 1 ) 


In Eq. (1), the factor 1/(1 + g cot 6) is the efficiency, and this factor 
multiplied by the velocity ratio is the mechanical advantage. 

If the machine is run in reverse, IV^ is the eff ort and P is the resistance. 
The friction force is reversed with Wh — PI + IV^l cos 6, whence 

p = W jO - M cot e) (2) 


In E(p (2), the factor (1 — g cot 8) is the reversed efficiency. The stu¬ 
dent can easily show" that the reversed effici(‘ncy is less than the 
efficiency in this case. This is ahvays true in a machine Avhich has a 
velocity ratio greater than unity. If the reversed efficiency is zero, the 
machine will not ^^ovcrhauE^ or run backw"ard. If (1 — g cot 8) = 0, 
IJL = tan 8 and the plane is inclined at the angle of friction. In this case, 
the efficiency factor in Eep (1) is the reciprocal of (1 + tan 8 cot 0), 
which is 0.5. This is the basis of the rule that the efficiency of a machine 
must he 50 per cent or less if it is to he self-locking. 

This self-locking or self-supporting property of a machine is very 
convenient in many cases such as lifting tackle, screw" jacks, differential 
hoists, clamps, etc. Efficiencies less than 50 per cent do not guarantee 
self-locking. 

Figure 194 show^s a body being moved up an inclined plane by a 
horizontal force. The velocity ratio in this case is b/h, and for the ideal 
frictionless case, W = Pb/h. But with a coefficient of friction of ^i, the 
friction force is p{W cos 8 + P sin 8), and the efficiency becomes 
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— - ^ faP-v which, for any values of n and 6^ is less than for the case 

1 -h fji cot 0 . . 

where the effort was parallel to the plane. The reversed efficiency is 
again zero when /x = tan 6j but the efficiency at that value ot /x is less 
than 50 per cent. With values of fj. greater than tan the reversed 
efficiency becomes negative. A machine is self-locking if the reversed 
efficiency is zero or negative. 

The wedge is two inclined planes placed together and pushed between 
two bodies to force them apart. If one of the two bodies is stationary, 
the other becomes the resistance. The velocity 



ratio is the ratio of the length of the wedge 
to the increase of thickness in that length. 
Its efficiency is less than that of an inclined 
plane with the same coefficient of friction 
because there are frictional resistances at both 


faces. 


The screw with square threads has the same action as the plane of 
Fig. 194. The plane is wound into a helix and constitutes the thread of 
the screw. The nut can be considered as producing the resistance W. 
The force P represents the force at the end of the wrench multiplied by 
the ratio of the length of the wrench to the radius of the thread. 
Screw jacks usually have square threads and should have the same effi¬ 
ciency as the inclined plane of Fig. 194, but the bearing cap at the top of 
the screw must turn relative to the screw, making the condition really 
more like that of the wedge. The friction at the cap is usually about 
the same as that at the thread so the efficiency is about half that of the 
inclined plane. Threads cut with a slope, such as V threads, have a 
sidewise wedging action, which makes 
their efficiency less than that of square- 
cut threads. 

93. The Lever, the Pulley, and the 
Wheel and Axle. The lever is, 
mechanically, simply a beam with loads at three points. One point 
remains stationary and is called the fulcrum. The effort is applied at 
another point, and the resistance at the third. Figure 195 shows a 
‘Tever of the first class,’^ with the effort at P, the fulcrum at F, and the 
resistance at W. With this arrangement the velocity ratio is b/a. 
Figure 196 shows a bent lever, sometimes called a bell crank. The 
classes of levers, depending on the arrangement of the fulcrum, effort, 
and resistance, are now considered somewhat quaint and are seldom 
used in speech or in writing. The ‘Taw of the lever is the same thing 


W' p 



IiG. 195. 
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as the principle of moments. In the early literature of mechanics there 
were a myrmd of 'Maws/" one, in fact, for nearly every conceivable 
device. These laws, fortunately and properly, are tending to he for¬ 
gotten. Such of them as were not replaceable by the principles of 
moments and resolutions or by the principle of conservation of energy 
were either useless or erroneous or both. Falling into disuse, also, is 
much of the terminology of simple machines, except ''mechanical 
advantage,” which seems doomed for¬ 
ever to be misused in place of ^Velocity ^^ . 

ratio.” I /i k 

Figure 197 shows a simple pulley. It j 

is equivalent to a lever with the fulcrum /» 

at the middle. A cord passing over the I 

pulley is subjected to the effort on one g/ | 

side and the resistance on the other. The i _ J 

velocity ratio is obviously unity. For the ^ P W” 

ideal pulley, free of all friction, the 
mechanical advantage is also unity. 

In Fig. 197 let the radius of the pulley to the center of the cord be li 
and the radius of th(5 hole through which the supporting pin passes be a. 
Then if the pulley turns through an angle 6 (radians), the mass F 
descends a distance R6, the mass IF rises Rd, and the bearing slides on 
the pin aO. Neglecting the weight of the pulley, the normal force of the 
pin in the bearing is approximately W + P and the friction force there 
is fjL{W + P). Equating the work done by the weight of P to the sum 
of the useful work and the lost work, and canceling 6, 


Fig. 19G. 


Fig. 197. 


Solving for IF, 


PR = WR + pOV + P)a 

1 - p. a/R ^ 

1 + na/It 


Since the velocity ratio is unity, the coefficient of P in Eq. (2) is the 
efficiency of the pulley. 

In this discussion of the efficiency of the pulley, the energy lost in 
bending and unbending the rope was neglected. If the rope is replaced 
by a thin metal band which suffers no permanent deformation as it is 
bent and unbent to the radius of the pulley, this loss is very small, but 
with a large stiff rope on a small pulley it may amount to more than 
the friction loss at the bearing. Wire ropes are lubricated to reduce 
wear between the strands and to increase the efficiency by lessening 
the rope loss. It was emphasized above that the normal force used in 
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the equations is approximate. The approximation was not entirely in 
neglecting the weight of the pulley and rope, and this will be explained 
later in an article on bearing friction. When the coefficient of friction is 
large and the ratio of the two radii is small, the 

^ . 'r-' approximation may be considerably in error. 

Pulleys are grouped together into sets, with some 
of the pulleys fixed and the others moving with the 
load or resistance. Figure 198 shows such a set with 
one fixed and one moving pulley. The velocity 
ratio for this arrangement is 2, and the effort is mov¬ 
ing in the opposite direction from the resistance. 
When the effort and resistances have opposite 
directions of movement, the velocity ratio obtainable 
is equal to the number of pulleys used, provided the 
ropes are parallel. One pulley can always be saved 
by letting the effort move in the same direction as the 
resistance. In multiple pulley sets the force in each of 
the intermediate ropes is the effort on the pulley it leaves and the resist¬ 
ance on the next one, but the efficiency of the whole device is not the 
product of the efficiencies of the pulleys. The mechanical advantage 
is, as before, the product of the velocity ratio and the over-all efficiency. 
The reversed efficiency is not the 
product of the reversed efficiencies 
of the several pulleys. 

Figure 199 shows an arrange¬ 
ment by which the velocity ratio 
of a group of pulleys can be made 
where n is the number of pulleys 
available. If e is the efficiency of a 
single fixed pulley as shown in Fig. 

197, the efficiency of the same 
pulley moving as in Fig. 199 is 
{e + l)/2 and the efficiency of the 
whole rig of Fig. 199 with n pulleys 
is [{e -f l)/2]^. The reversed effi¬ 
ciency, of course, is smaller but the 
device is obviously not self-locking. 

The mechanical advantage is the efficiency multiplied by the velocity 
ratio, as is always the case. 

Figure 200 shows a device known as the wheel and axle or Chinese 
windlass. The effort P unwinds rope from the large wheel while the 




Fig. 198. 
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load is lifted by the rope winding onto the smaller wheel, called the 
axle in the old name for the device. The actual axle may be smaller 
still, as shown in the figure. The velocity ratio is r/a. 


Problems 


1 . Using R for the larger radius, r for the smaller, and a for the radius of the actual 
axle, find the ofTiciency and the reversc'd efficiency of the wheel and axle. 


Ans. Efficiency = lleversed efficiency is th^' same with R and r 

interchanged. 

2. In terms of e, the efficiency of one fixed pulley of Fig. 197, and n, the total num¬ 
ber of pulleys used, find the efficiency of the arrangement of Fig. 198, and find 
the increase in the mechanical advantage when anotluT pair of pulleys is added. 


Ans. p:ff. 


{e + 4- + 

n 


+ c'O. 
} 


addl'd advantage 


gn + l _|_ gn+2^ 


Figure 201 shows a diffi'n'iitial hoist. As P di'scends, rope winds off the small 
drum and onto the intermediate one. If the three 
radii are 20 in., G in., and 5 in., what is the velocity 
ratio? 

4. If the bearings in P’ig. 201 are 1 in. in diameter, for 
what coefficient of friction is the device self-locking, and 
uhat are the efficiency and the meclianical advantage 
jth this coefficient of friction? (Take other data as in 
Prob, 3). 

6. Tin* pitch at A of the differential screw of Fig. 202 is 
three threads to the inch and that at B is four threads 
to the inch. TIk' screw is turned by means of a rod 
^^hich is 20 in. long from the axis of the screw to the 
point of application of the force. Find the velocity 
ratio between the motion of the point of application of 
the force and of nut B. Ans. 1508. 




Fio. 201. 



6. If the threads of the screw of Prob. 5 are square cut and lubricated so that the 
coefficient of friction is 0.05, what is the efficiency and the mechanical advan¬ 
tage? Assume the pitch diameter at A as 1.5 in. and at B as 1 in. 

7. In tests reported in American Machinist a differential screw had 3 threads per 
inch on the larger screw and 3.5 threads per inch on the smaller. With good 
lubrication a force of 27,000 lb was produced by a force of 95 lb at the end of a 
lever arm of 47.75 in. F'ind the efficiency and the mechanical advantage. 

Ans. Efficiency = 4.5 per cent; velocity ratio = 6300; mechanical advantage 
« 284. 
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8 . With the same lever arm as in Prob. 7 but with the larger screw only in action, 
a force of 82 lb at the end of the lever arm produced a force of 27,000 lb. Find 
the efficiency, the velocity ratio, and the mechanical advantage. (1 he efficiency 
was so greatly improved that the mechanical advantage was actually higher in 
spite of the great decrease in velocity ratio.) 

9. If the efficiency of the larger screw in Prob. 7 was the same as that found for 
the same screw in Prob. 8, what was the reversed efficiency of the smaller screw 
in Prob. 7? 

94. Friction. Without friction, the world as we know it would be 
impossible. No vehicle could roll on a road or on rails and no one 
could walk on solid ground. Perhaps there would be no solid ground, 
as the soil would flow down to the sea like water and the beaches would 
flow back into the waters that cast them up. Without fluid friction, 
which seems at first sight such a great nuisance in hindering the 
motion of a ship or an airplane, neither the ships nor the planes could 
develop the vortexes around their propeller blades which enable them 
to start in the first place. In engineering there are just two basic 
problems connected with friction, how to eliminate or reduce it in cases 
where it is not needed and how to increase it or make it more effective 
in those cases where it is advantageous. The friction laws are stated 
in Art. 35 and have been used in a large number of problems and 
examples. The following articles apply the same simple laws and the 
law of rolling friction to some problems in which the friction element is 
of greatest importance. 

96. Bearing Friction. In the discussion of the efficiency of pulleys 
in Art. 93, the normal force on the bearing was taken as equal to the 
vector sum of the forces on the pulley, as a good approximation. If the 
forces on the pulley are in equilibrium, the resultant of the friction 
force and the normal force at the bearing is the equal and opposite of 
the resultant of all other forces acting on the pulley. 

Figure 203 shows a shaft of radius a turning in a very loose bearing in 
a clockwise direction. No such bearing would be used in practice. It 
is drawn in this way in Fig. 203 in order to show details more clearly. 
When the shaft is turned it climbs up on the bearing until it reaches a 
point at which it slides down as fast as it rolls up. At this point, the 
resultant pressure makes an angle with the normal which is equal to 
the angle of friction for the surfaces of the shaft and the bearing. The 
normal force makes the same angle with the radius to the point of 
contact. If a circle is drawn tangent to the line of action of N and 
concentric with the shaft, its radius is a sin 0. This circle is called the 
friction circle^ and it is the key to graphical solutions of problems involv- 
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ing bearing friction. It can also be used to advantage in many analyti¬ 
cal solutions. 

If the wheel and shaft are running as an idler with uniform velocity 
and P and Q are belt forces, the resultant of the moments of P and Q 


c 



with respect to the center of the shaft must be equal to the moment of 
the friction force about that center. 


Example 

A 200-lb wheel with a 2-ft diameter has an axle (> in. in diameter resting in bear¬ 
ings on either side of the wheel. A rope passing over tlie whc'el hangs vertically 
downward on both sides. A force of 210 lb on oik' side is required to lift a 200-lb 
load on the other. Find the (‘oefFicient of friction (Fig. 204). 

Taking moments about the axis of the shaft, 

SF = 240 X 12 - 200 X 12 = (240 - 200) X 12 = 480 Ib-ft 
F = 1()0 lb 


Since all the applied forces are parallel, their resultant is equal to their sum. The 
resultant is 640 lb vertically downward. 


sin 0 


= 0.25 


F ^ 160 
R 640 
(t> = 14^29' 
ft — tan <f) — 0.258 


The student will understand that this bearing is not lubricated. The coefficient 
of friction for a well-lubricated bearing should be many times smaller than 0.258. 

Since all the applied forces are vertical, this problem may be conveniently solved 
by moments about the point of contact of the shaft and bearing. The equation of 
moments about this point B of Fig. 204 is 


200(12 + 3 sin </)) + 200 X 3 sin <i> = 240(12 - 3 sin <^) 
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Problems 

1. In the example above, l(*t the force Q be vertical and the force P be horizontal 
toward the right. Find the coefhcient of friction and the position of the point 
of contact of the shaft and bearing. 

Arts. R = 467 lb; pi = 0.365. The normal at the point of (iontact makes an 
angle of 20°04' + 30°58' = 5r02' with the vertical. 

2. An axle is 4 in. in diameter and the wheel is 2 ft in diameter. The wheel and 

axle together weigh 200 lb. The coefficient of friction is 0.16. A flexible rope 
passes over the wheel and carries a load of 300 lb on one end. What load on the 
other end will just lift the 300 lb? Ans. 321.6 lb. 

3. Solve Prob. 2 if the axle is 2 in. in diameter instead of 4 in. 

Approximate solutions of problems of bearing friction are often 
sufficiently accurate. One approximation is the assumption that the 
resultant is equal to the normal pressure. This is equivalent to 
R — N, and sin <t> = tan <^. When the coefficient of friction is small 
this method involves little relative error. Another approximation is 
the calculation of the resultant (but not the moment) on the assump¬ 
tion that P = Q. In Prob. 2, if it is assumed that F = Q in the cal¬ 
culation of the resultant, 

R = 300 + 300 + 200 = 800 lb, approximately 

If it is assumed that R = A, 


F = 0.16 X 800 = 128 lb 
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Taking moments about the axis of the shaft, 


{Q - 300) X 12 = 128 X 2 
Q - 300 = 21.3 lb 
Q == 321.3 lb 

which differs from the answer of Prob. 2 by only 0.3 pound, or 1 part in 
1000 . It is not prol)able that the coefficient of friction is known with 
anything like this degree of accuracy. 


Problems 


4. A wheel 6 ft in diameter has an axle 4 in. in diameter. The wheel and axle 

together weigh 500 lb. The coefficient of friction is 0.12. One end of a rope 
which passes over the wheel lifts a load of 400 lb. P"ind the tension on the 
other end of the rope required to lift this load when applied vertically 
downward. Arts. Q = 408.67 lb. 

5. Solve Prob. 4 if the tension is applied horizontally. Ans, Q = 406.57 lb. 

6 . Derive an expression for the efficiency of the pulley of Fig. 197, neglecting the 
weight of the pulley and the energy required to bend the rope, as before, but 
using the correct value for N inst(*ad of the approximate value. 

^ 1 - (^a/R vr+7^ 

A ns. — -. — - —• 

1 + i^a/R Vl H- 

7. Derive an (‘xact ex[)ressioii for the (dficiency of oih' of the pulleys of Fig. 199. 


Ans. 1 


afjL 

R V rT7»' 


8 . Figure 205 shows an eccentric with strap and connecting rod actuating a 
crosshead for a valve mechanism. A.ssume that the eccentricity is 1 in. and 
that the connecting rod is horizontal at its higlu^st position. Neglect the 



weight of the eccentric, strap, and connecting rod. Tf the radius of the eccen¬ 
tric is 3 in. and the length I is 24 in, what is the direction of the force which 
the rod exc'rts on the crosshcad pin (a) wdth good lubrication giving a coeffi¬ 
cient of friction of 0.04, and (b) with no lubrication and a coefficient of friction 
of 0.4? Assume rotation clockwise. 

9. Solve Prob. 8 for the lowest position of the eccentric. 

10. If the horizontal component of the force on the crosshead pin in Prob. 8 is 
60 lb, what is the torque on the eccentric shaft resulting from the eccentric 
strap forces? 
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96. Rolling Friction. When a cylinder rolls on a surface^ the surface 
is depressed somewhat by the pressure which the cylinder exerts on it. 
This is shown on an exaggerated scale in Fig. 200. If the material of 
the surface is resilient, it will spring back so as to push against the cylin¬ 
der on both sides of the lowest point. If its resilience is small, it will 
come back slowly so that practically all the pressure will be in front of 
the lowest point of the cylinder. In any case, the reaction of that part 
of the surface in front of the cylinder will he greater than the reaction 
on the other side, and the resultant of all the reactions will be somewhat 
as shown in the figures. The cylinder may be regarded as continuously 
climbing a small hill. Experiments are said to show that the distance 
of the resultant reaction from the line of the load W is practically con¬ 
stant for a given material and is independent of the diameter of the 



cylinder. This distance, fr of Fig. 206, is the coefficient of rolling 
friction. For steel on steel the coefficient of rolling friction is from 
0.02 to 0.03 inch. 

In Fig. 206,1, the cylinder is rolled along a horizontal surface by a 
horizontal force applied at the center. If moments are taken about 
the point at which R intersects the periphery, the moment arm of the 
force P is practically equal to the radius of the cylinder. The moment 
arm of the weight W is the coefficient of rolling friction fr. The 
moment equation is then 

Wfr = Pa (1) 

In Fig. 206,11, the cylinder is rolled along by means of a force parallel 
to the surface applied at the top. The moment arm of this force is the 
diameter of the cylinder. 


Wfr = 2Pa 


( 2 ) 



Chap. 10] 


MACHINES AND FRICTION 


205 


Problems 

1 . Figure 207 represents a cable reel with spool diameter 1 *5 ft and flange diameter 
3 ft. The flang('s are rolling along horizontal ground where the coefficient of 
rolling friction is 3 in. Idnd the horizontal 
force on the cable required to move the reel. 

Alls. lF/9. 

2. Solve Prob. 1 if the cable is pulled off horizon¬ 
tally from the bottom of the drum. 

3. Solve Prob. 1 if the re(*l, with the cable coming 

off the top horizontally, is rolled up a 30° inclined Fig. 207. 

plane with the same (‘oefficientof rolling friction. 

4. Find the force in Prob. 1 if the reel is to be started over an actual obstruction, 
like a scpiare block, 4 in. high. (In problems of rolling friction it is customary to 
neglect the vertical small distance from the bottom of the wheel to the point 
through which the resultant passes. In the case of an actual obstruction of 
considerable height, this is not usually done. Take moments about the corner 
of the block.) 

6. Figure 208 rc'presents a mass of W lb on cylindrical rollers. The coefficient of 

rolling friction is 0.04 in. at the top and 0.03 in. 
at the bottom. If the cylinders are 10 in. in 
diameti'r and weigh 100 lb each, and the load W 
is 2400 lb, find the for(*e P to keep the load mov¬ 
ing on a horizontal track. Ans. 17.4 lb. 

6. The wheels and axles of a mine car with live 
axles weigh 300 lb and the car with load weighs 3900 lb (including wheels and 
axles). If th(‘ axles are 3 in. in diameter and run in bearings where the 
coefficient of friction is 0.07 and the wheels are 18 in. in diameter and run on 
rails wh('re the coefficient of rolling friction is 0.05 in., w hat horizontal force is 
required to keep the car going after it is started? Ans. 04 lb. 

7. An automobile weighing 3304 lb and having wheels 30 in. in diameter runs 

uniformly up a slope of 41 ft on 840 ft horizontally. The load normal to the 
road is distributi'd equally on all four wheels, the wind resistance is 180 lb, and 
the coefflcH'iit of rolling fiiction on all wheels is 0.5 in. Find the friction force 
paralh'l to the road acting on the rear w^heels. (Ni‘glect bearing friction of 
front wheels.) Ans. 300 lb. 

97. Torque, Angular Displacement, and Work. If the pulley of 
Fig. 197 is turning with uniform speed and P is descending, the cord 
supporting the mass P has a tension equal to the weight of P since P is 
in eciuilibrium moving in a straight line with uniform velocity. Grav¬ 
ity does positive work on P and the coi*d does an equal amount of 
negative work on P in any given time. Similarly the cord on the other 
side does positive work on W while gravity does an equal amount of 
negative work. If the pulley is considered as the free body, the cord 
on the left side does positive work and the cord on the right side does 
negative work. These two quantities of work are not equal, the 



Fig. 20S. 




206 


MECHANICS 


[Art. 98 


difference being made up by the negative work which the friction force 
at the pin does on the pulley. If the pulley turns through an angle 
6 the work done by the force in the left cord is PRO, and 

PRO = WRO + fi(W + P)ad, 


which is the same as Eq. (1) of Art. 93 before the 6 was canceled. But 
PR is the moment about the center of the shaft of the force P in the left 
cord, WR is the moment of the force in the other cord, and fjL(W + P)a 
is the moment of the friction force about the same center. In each 
term, the moment times the angle (in radians) of turning is seen to be 
the work. Moment turning or tending to turn a rotative device like a 
shaft, wheel, pulley, crank, rotor, or the like is called torque. Torque 
multiplied by the angular displacement about an axis normal to the 
plane of the torque equals work. If the torque 
is in pounds-feet and the angle is in radians, the 
work is in foot-pounds. This relation is easily 
understood from the action of turning a 
crank with the force constant and always at 
right angles to the crank arm. Figure 209 
shows a force P turning a crank of length r. 
If the crank is turned through an angle 6, the 
force acts through a distance rd and does work 
equal to Prd, or the torque Pr multiplied by 6. Letting U symbolize 
work, T torque, and 6 the angle, the relation above is usually written 



U == TO (1) 

The work per revolution is 

U - 2tT (2) 

If the torque is variable, 

u = frde (3) 

98. Belt Friction. Figure 210,1 represents a pulley and a belt. The 
belt is in contact with the pulley through an angle of a radians. The 
tension of the belt at the left point of tangency with the pulley is Pi. 
The tension at the right point of tangency is P 2 . The tension P 2 is 
greater'than Pi so that the belt tends to turn the pulley in a clockwise 
direction. 

P 2 — P\ — friction between belt and pulley 

Figure 210,11 shows a small element of the length of the belt. This 
element is enclosed between radii which make an angle dd with each 
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other. The tension on the left end of the element is P; on the right 
end is P + dP. The difference between these two tensions is dP. 
This difference is equal to the friction between the belt and the pulley. 
Since the two tensions, P and P + dP, are each tangent to the pulley, 
they make an angle dO with each other, and each tension makes an 
angle d6/2 with the tangent at the middle of the element. The normal 
reaction of the pulley on the element of the belt ie obtained by a resolu¬ 
tion along the radius BO. The component of P is P sin dd/2, which, 



Fui 210 . 


for a small angle, is equal to P d6/2. When the differentials of the 
second order are omitted, the component of P + dP is also P dd/2. 
The total normal force on the element is 

N = P de ( 1 ) 

If motion is impending between the belt and the pulley the friction 
F of the small clement of the belt is 

F ^ de = dP (2) 

Separation of the variables of E(p ( 2 ) gives 

dP 

-Jj- == IX de (3) 

log, p = ^^e + c (4) 

When 0 = 0 at the left point of contact, P = Pj which, substituted in 
Eq. (4), gives C = log»Pi. When this value of C is substituted in Eq. 
(4) the result is 


log, P = lid + log. Pi 


(5) 
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At the right point of contact, where P = Pt and 6 = a, 

log. P 2 = + log. Pi 

1 

fia = log. p- 



( 6 ) 

(7) 

( 8 ) 


Example 

A bolt is in contact with a pulley through an angle of 180°. The tension at one 
point of tangency is 100 lb and the coefficient of friction is 0.4. What is the 
maximum tension at the other point of tangency? 

log, ^ = 3.1410 X 0.4 = 1.2566 
J 1 

If a suitable table of Napierian logarithms were available, the ratio of to Pi 
could be found by looking up the miniber whose Napierian logarithm is 1.2506. 
Without such a table, the Napierian logarithm must be nnluced to the common 
logarithm. 

log,,,^- = 0.6457 
1 

P.. 

f; = 

Pa = 100 X 3.51 - 351 lb 


The tension of 351 lb is the greatest possible without slipping. The actual tc'iision 
may be very much less than 351 lb. 


It is not necessary that the pulley of Fig. 210 he stationary. It may 
be turning in either direction at any speed. The speed may even be 
changing, but that will not be considered here. In this figure, Pi is the 
larger tension and its torque about the center is greater than that of Pj. 
If the pulley is turning (dockwise, it is a driven pulley and is taking work 
from the belt. This work is transmitted through the shaft and is taken 
out by bearing friction and by other things such as another pulley, 
which is a driving pulley delivering work to another belt. If the pulley 
of Fig. 210 is rotating counterclockwise, it is a driving pulley. The 
relations of the belt tensions and the friction forces between the belt 
and the pulle}^ are just the same whether the pulley is driving or driven. 
If the pulley is rotating rapidly, there is an acceleration effect which 
decreases the normal pressure between the belt and the pulley and so 
diminishes the maximum difference between Pi and Pi, but this will not 
be considered here. 

Problems 

1. Solve the above example if the belt is iu contact through only 90°, (This 
can be solved without tables.) Ans, 187.3 lb. 
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2 . If the pulley of the example is running at 360 rpm and its radius is 1.6 ft, what 
horsepower is it transmitting? (1 hp — 550 ft-lb per sec) 

3 . A fixed cylinder 4 ft in diameter has its axis horizontal. A rope hangs ver¬ 

tically from one side of the cylinder and supports a mass of 1200 IV). The 
coefficient of friction between rope and cylinder is 0.4. If the rope is in con¬ 
tact with the (‘ylinder through an arc of 3 ft, what is the minimum tension at 
the other point of tangency? Ans. P\ = 658.6 lb. 

4 . If th(‘r(* is a vertical pull of 100 lb at one point of tang(‘ncy of the cylinder of 

Prob. 3 and the rope is in contact through an arc of 2 ft, what is the maximum 
pull at the other point of tangency? Ans. P 2 = 149.2 lb. 

6. Solve Prob. 4 if the contact is through an arc of 4 ft; an arc of 8 ft; and an arc of 
12 ft. Ans. 7^ = 222.6 lb; 495.3 lb; 1102.3 lb. 

6 . With the answer given for Prob. 4, how could the answers for Prob. 5 be found 
without the use of logarithms? 

7. Two fixed cylinders of the same diameter Viave their axes parallel, horizontal, 

and at the same height. A cord passing over the cylinders hangs vertically on 
both sides and supports a mass of 100 IV) on one side. If the coefficient of 
friction V)etw(‘en th(' cord and the cylinders is 0.2, what is the largest mass 
which can be hung from the otlu'r side without causing the cord to slip on the 
cylinders? » A no. 188 lb. 

8 . Show that it makes no diffenmce in Prob. 7 whether the cylinders are of the 
same diamc'ter or have tlnar ax(‘S at the same height. 

9 . As a belt goes around a pulley it is continually stretched as the tension 

increases, and the belt ‘‘creeps’’ on the pulley. If every foot of the belt of 
Prob. 2 going on at the slack sufi' appears on the tight side as 1.001 ft, how 
mucVi po\\('r is Vieing lost due to this efi|*cf? » ylns. 0.1 per cent. 

10. Figure 211 represents a slab of material ll^inlij on a slope. If the two Vmdies 
are of diffi'rent materials or suffer 
different av(‘rage temperature changes 
as diurnal or other heating and cooling 
takes place, the upper one will creep 
downhill along the' lower one. The 
figure shows the friction force condition 
during contraction of the slab. If the 
length of the slab is 10 ft and the 
coefficient of friction is 0.6, locate the 
neutral point N, assuming uniform 
pressure under the slab. Find the 
motion of each of the two ends during a total contraction of 0.2 in., relative 
to the plane, if a = 30°. 

11 . Find the total creep of the slab of Prob. 10 during a cycle of expansion and 
contraction of 0.2 in. 

12 . Solve ProV). 11 if the slab is assumed to be supported at the ends only. 

13 . If the slab of Prob. 10 were supported at the ends (equally) and at the middle, 
what proportion of the load would have to be carried at tlie mid-point to 
prevent creep? 

14 . Find x of Fig. 211 as a general expression in terms of /i, Z, and a. 

16 . Derive a general expression for the creep for a complete cycle in terms of the 
factors of Prob. 14 and 5, the expansion. 
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99. Friction Brakes. An ordinary friction brake is a device by 
which a shoe is pressed against a rotating wheel. The force tangential 
to the wheel is the normal force multiplied by the coefficient of friction, 
and the normal force sometimes needs to be very great to effect the 
retarding force required. This difficulty has been overcome since 

ancient times by band brakes arranged to 
be ^^self-actuating.’’ Figure 212 shows 
a simple (possibly the original) arrange¬ 
ment of the device. With the rotation in 
the direction indicated by the curved 
arrow, the brake is effective. With the 
opposite direction of rotation, the effec¬ 
tiveness is much reduced. The lever and 
pins can be so arranged that the device is effective for both directions 
of rotation. 

Problems 



1 . Find the braking torque per pound of force perpendicular to the lever in Fig. 
212 if the lever is 4 ft long with the band attached 4 in. from the lower end, 
assuming the band to be in contact through 200° and to make an angle of G0° 
with the lever at the attached end and with the coefficient of friction 0.4. 

2. Solve Prob. 1 with the direction of rotation reversed. 

Internal self-energizing brakes consists of rigid shoes mounted inside the brake 
drums and so hinged that the friction forces have moirKuits about the hinges 
tending to turn the shoes toward th(‘ friction surface's. TIk'V arc much more 
difficult to analyze than are band brakes and they n'epiire a complicated mechan¬ 
ism to make them effective for both directions of rotation. 



100. Absorption Dynamometer. Any device by which the rate of 
transfer of energy can be measured is called a dynamometer. Devices 
by which energy is absorbed and dissipated in the process of measur- 
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ing are called absorpiton dynamometers. Figure 213 shows an absorp¬ 
tion dynamometer making use of a friction brake. The form shown 
consists of a number of wooden friction blocks placed around the rim 
of the pulley. The blocks are fastened to a flexible metal band. The 
ends of the band are connected together by bolts. By turning the nuts 
on these bolts the tension may be varied and the pressure of the blocks 
on the pulley may be adjusted to give any desired value to the friction. 
The arm B ends with a knife-edge C at a distance R from the axis of the 
pulley. The knife-edge rests on a verti(*al support, which stands on a 
platform scale. When the pulley is turning in the direction of the arrow, 
the friction of the blocks transmits a torque to the brake. This torque 
is balanced by the upward force P from the support to the knife-edge. 

Suppose that the pulley is held stationary and that a force P is 


applied to the knife-edge at right angles to 
the radius R. If the torque of this force is 
sufficient to balance the torque of friction, 
the knife-edge will describe a circle of radius 
R about the axis of the pulley. The cir¬ 
cumference of this circle is 27r72, and the 
work done by the force P during one 
revolution is 

U = 2wRP = 27rT (1) 

in which T is the torque. 

If the brake is held stationary by the 
reaction of the support and the pulley is 
rotated, the \\ ork per revolution is the same 
as it would be if the pulley were stationary 
and the brake were rotated. In all cases, 
the work per revolution is 27r7\ 

Problems 

*”1. The flywheel of an engine makes 300 rpm. A 
frietion brake on the ^vh(‘el has a monumt arm of 
90 in. Find the horsepower \\ hen the reaction 
at the end of the brake arm is 420 lb. 

Ans. 180 hp. 

' 2. The arm of a brake hich is attached to the 
pulley of a motor is 30 in. long. The motor 
makes 1^00 rpm. Find the horsepower when 



Fig. 214. 


the reaction at the support is 60 lb. If the current used to drive the motor is 


130 amp at 220 volts, what is the efficiency? Ans 34.27 hp; 89.3 per cent. 
3. The pulley of Fig. 214 is 10 in. in diameter and the rope is in. in diameter. 
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The total weight is 112 lb and the spring balance reads 26 lb. Find the horse¬ 
power when the pulley is making 800 rpm. Ans. 5.86 hp. 

4. What must be the coefficient of friction botwcum the rope and the^pulley of 
Prob. 3? 

5. The flywheel of Prob. 1 is cooled by water which is held against the rim of the 
wheel by centrifugal force. The water is supplied to the wheel at 60°F and is 
evaporated at 210°F. How many pounds of water are required per hour? 

101. Cradle Dynamometer. The output of a motor may be meas¬ 
ured by means of a cradle dynamometer. The motor is mounted on a 
frame which is supported by a pair of knife-edges. These knife- 
edges are in line with the axis of the shaft of the motor. The torque 
of the belt on the motor tends to rotate the frame about the knife-edges. 
Since the knife-edges are in line with the axis of the pulley, the direct 
pull of the belt has no effect on the equilibrium. The torque of the belt 
is balanced by the weights P and the poise Q on ql horizontal arm 



attached to the frame. When the motor is revolving clockwise with the 
belts extending toward the left, as shown in Fig. 215, the tension is 
greater in the upper belt and the torque from the belt to the armature 
is counterclockwise. This torque is transmitted electromagnetically 
from the armature to the field and then transmitted mechanically 
from the field to the dynamometer. 

When a dynamo which is driven by a belt is to be tested, either the 
rotation must be opposite that shown in Fig. 215 or the arm which 
carries the balancing weights must extend toward the left. 

The calculation of power of a cradle dynamometer is the same as the 
calculation for a friction brake. The work per revolution is 27rT, 
Aircraft engines are sometimes mounted as cradle dynamometers 
with an instrument on which the operator can read the torque at any 
time. Combined with the tachometer reading, the torque meter 
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enables the operator to keep a continuous check on the power output of 
the engine. 

102. Transmission Dynamometer. A transmission dynamometer 
transmits and measures power without dissipating it by transfer into 
heat. Figure 216 shows one type of a dynamometer driven by a belt. 
The pulley B is driven by pulley A through the dynamometer pulleys 
C and Z). The dynamometer is arranged to measure the pull Q in the 
part of the belt running from C to B and the pull P in the part of the 
belt running from B to D. The difference P — Q multiplied by the 
radius of the pulley B (measured to the center of the belt) gives the 



torque. Each dynamometer pulley is mounted on a frame which is 
supported by knife-edges. The knife-edges which support pulley C 
are in the plane of the center of the belt running from A to C and the 
knife-edges which support pulley D arc in the plane of the center of the 
belt running from Dio A. The tension in these parts of the belt, there¬ 
fore, exerts no torque on the frames which support the dynamometer 
pulleys. The moment on the left frame is the product of the pull Q 
multiplied by the diameter of pulley C (from center to center of belt), 
and the moment on the right frame is the product of the pull P multi¬ 
plied by the diameter of pulley D. 

Figure 217 shows both frames attached to a single lever, at equal dis¬ 
tances on opposite sides of the fulcrum (?. The moment on this lever 
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measures the difference Q — P, It is not absolutely necessary that the 
belt should run vertically from A to C and from D to A. The belt 
may run at any angle, provided the plane of the center passes through 
the line of the knife-edges on each side. 

Modern instrumentation makes it 
possible to measure the elastic 
deformation of a rotating shaft 
accurately enough to determine the 
amount of torque transmitted. 
This development tends to render 
the classical dynamometers obsolete. 

103. Friction Locking. In Fig. 
218, the resultant of the applied 
forces on the small body, including 
its own weight, is represented by Q, 
which makes an angle 6 with the 
normal to the surface CD. Figure 
218,11 is the force diagram when 
6 is equal to the angle of friction <i>. 
The force diagram closes. If (\> is 
the angle of sliding friction, the 
body moves with constant speed after 
it has been started by a small additional force. If is the angle of 
starting friction, the body is in the condition of incipient sliding. If 0 
is less than the angle of starting friction, the body cannot be moved no 
matter how great the force Q 
and is in a condition known as 
friction locked. 

If 6 is greater than the angle 
of friction, as in Fig. 218,111, the 
force polygon does not close, and 
the body moves with increasing 
speed in the direction of CD. 

If a line which makes an angle 
0 with the normal to a surface 
is rotated about the normal, a 
conical surface is generated, as in 
Fig. 219. If the resultant of the 
forces applied at the vertex falls within this cone, the angle with 
the normal is smaller than the angle of friction, and the forces 
cannot produce motion parallel to the surface, no matter how great 
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they may be. This is called the cone of friction. When friction 
is depended on to prevent movement, the resultant force on the 
friction surface must be kept definitely inside the cone of friction. 
When motion along a surface is necessary in a functional machine, it 
must be so designed that the resultant force on the sliding surface 
cannot get within the cone of friction. Some of the most serious 
mistakes in machine design have 



Fig. 219, Fig. 220. 


prove an unreliable guide. Every case deserves a free-body diagram 
and a careful analysis. 

Figure 220 shows a familiar device known as a chemical ring stand. 
The sleeve fits closely hut not tightly on the upright rod. If the center 
of gravity of the ring and load is far enough out, the device will stand 
wherever it is put without clamping. 

Example 

If the sleeve of a ring stand is h in. high and runs on a vertieal rod '^'2 1^- In 
diameter, how far out must the center of gravity be to ensure against slipping 
down? The sketch at the right is th(‘ d(‘tail of the sleeve showing the forces P and 
Q which the rod exerts normally inside the sleeve and the upward friction forces 
at the pressure points. The points of contact are assumed at the extreme top and 
bottom points of th(* sleeve since this is the most unfavorable assumption. The 
free body is the sk'cvi', the ring, and the load. 

Resolving horizontally, 

F = Q (li couple) (1) 

Resolving vertically, 

W = 2Pfi (2) 

Since the two friction forces are equal, their resultant is up the center of the rod. 
Measuring x from the center and equating the two couples, 

Ph = 2Pfix (3) 


from which x = h/2iJL. The diam(*ter of the rod is immaterial. 
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Problems 

1. A wooden desk drawer 24 in. wide and 30 in. deep (horizontally) has handles 

4 in. from the sides. A cord is tied to one of the handles and the drawer is 
pulled open by the cord which is kept horizontal and perpendicular to the 
front of the desk. How far out can the drawer be pulled if the coefficient of 
friction is 0.4? Ans. 22 in. 

2. A freight elevator 8 by 6 ft. in plan and 6 ft high runs in angle guides at the 
corners and is hoisted by a cable at the middle. Assuming that the guides are 
neglected and rusty with a coefficient of friction of 0.5, find how far from the 
center of the cage the resultant of the weight of the cage and its load may be 
without causing the cage to bind while being lowennl. 

Ans. G ft: Since this is outside the cage there is no danger. 

3. Figure 221 shows a V plung(‘r us(‘d to reverse the motion of a grinding or milling 
machine. When the dog attached to the carriage (uigages the slope on the 
plunger, it forces it down and actuates the reversing mechanism. Neglect the 
weight of the plunger and the spring force holding tlu' plunger aiul find the 




minimum value for x in terms of d, A, ju, and a. Assume the same coefficient 
at the top and the sides of the plunger. 

4, Figure 222 shows a gear being shifted along a splined shaft by a ball-point lever 
in a groove. If the lever exerts a force parallel to the shaft, under what condi¬ 
tions will locking occur? 

6. An eccentric crosshead as shown in Fig. 205 locked and broke when b was 4 in., 
/ was 2 in., and h was 4 in. Assume the force at the pin as horizontal and find 
the coefficient of friction. Ans. ju — 0.4. 

6 . If the elevator of Prob. 2 carries a load of 4 tons (including its own weight) and 
the center of gravity of cage and load is 2 ft off-center toward one corner, what 
force is required to hoist the cage? 

7. Figure 223 shows a pair of grips used for holding a specimen in a testing machine. 
The sloping backs of the grips are lubricated and have a coefficient of friction of 
0.1. The faces of the grips are artificially roughened and have a coefficient of 
friction of 0.5. What should be the slope angle of the grips to ensure holding? 

8. Figure 224 shows a testing machine grip for testing fabric, rubber, etc. The 
specimen is passed over the small cylinder and pinched at p against the vertical 
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bar. The cylinder is rigidly fastened to the arm of length a and this arm is 
hinged to the bar. Assume p a point at the end of the horizontal diameter of 
the cylinder, take a = in., h = H in., d - % in , and t = i ;,2 in. and find 


the coefficient of friction required between the fabric 
and the grip (assumed tlie same at all surfaces) to 
support any load T. Would the coefficient need 
to be greater, or less, with thick('r material? 




Fig. 223. 


Fig. 224. 


9. A ring stand like that of Fig. 220 has h — 2 in., x = 7.75 in., and diameter of 
vertical rod = 0.5 in. The friction coefficient between rod and sh'eve is 0.25. 
If the sleeve is turned one complete revolution by a small horizontal force acting 
on the end of the arm, how far will the sleeve descend along the rod during the 
motion? Ans. 0.5777r in. 



CHAPTER 11 


FLEXIBLE CABLES 

104. Cables with Uniform Horizontal Loads. A graphical method 
of determining the positions of and forces in light cords was presented 
in Chap. 6. When the load on the cable is distributed or consists of a 
great many small concentrated loads, the graphical method becomes 
very laborious and for many such cases analytical methods are easier 
and more elegant. An especially easy case is that of a cable carrying 
a load which is uniform per horizontal unit. The hangers, floor system, 
and stiffening truss of a suspension bridge are so much greater than 
the weight of the supporting cables that the weight of the combined 
structure may be very nearly uniform per unit of horizontal distance. 



Figure 225 shows such a structure. (The cables extending over the 
towers, across other spans, perhaps, and finally to anchors are not 
shown.) Figure 225,11 is the free-body diagram for a part of the cable 
extending from the lowest point to any point a horizontal distance x to 
the right of the lowest point. II represents the total force in the cable 
at the lowest point and T is the tension at the point x. Let w' repre¬ 
sent the load per unit length on the cable and w'x the total load on the 
part taken as a free body. Since the load is uniformly distributed hori¬ 
zontally, the resultant of all the loads falls at the mid-point of the 
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distance x. Since the cable is flexible, the force in the cable at every point 
is in the same direction as the cable at that point. Figure 225,111 shows 
the force triangle for the free body. The problem of the force in the 
cable at any point and of the direction of the cable at that point can 
easily be solved by moments and resolutions. Take as a free body a 
portion of the cable, beginning at the lowest point and extending to any 
point a distance x horizontally and a distance y vertically above the 
lowest point. The force of gravity on the free body is w'x located at 
x/2 from the origin. Let // be the tension at the origin (the lowest 
point) and T be the tension at the point x, y. Taking moments about 
point X, y, 


Hy 




( 1 ) 


_ x^ 


( 2 ) 


Equation (2) is the equation of a parabola. The quantity H/w' is 
a length, the length of load whose weight equals the tension at the 
lowest point. The slope at x, y is w'x/H. 

By resolutions or from the force triangle, 

T = 

Concentrated loads or changes from point to point of the uniform 
load offer no special difficulties so long as the loading remains sym¬ 
metrical so that the horizontal point of the cable can be found by 
inspection. 

Problems 

{Solve hy a direct attack. Do not use the equations above as formulas.) 

1 . A steel cable \\eig:hing 1 lb per ft carries a lead-sheathed telephoiu' cable weigh¬ 
ing 11 lb per ft suspended so that the telephone cable is horizontal. Assume 
that the load is 12 lb per horizontal foot and find the tension at the middle and 
at the ends for a span of 400 ft with a sag of 20 ft. 

Ans. H = 12,000 lb; T = 12,238 lb. 

2 . A steel cable is used to carry a horizontal pipe across a span of 500 ft. The pipe 
is horizontal and weighs (with cable and hangers) 40 lb per ft. The cable at 
the right end is 10 ft above the point to which the left end is attached and the 
lowest point of the cable is 8 ft below the left end. Find the maximum tension. 
Let H be the tension at the lowest point. Set up equations from both sides as 
free bodies in terms of H and the distances from the low point to the ends. 

Ans. Maximum T =* 100,717 lb. 
8. A suspension bridge (without stiffening truss) has a span 300 ft long with the 
low point of the cabk' 100 ft below the tops of the towers. If the floor and 
hangers plus the weight of the cable amount to 3000 lb per ft and the center 
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4 . 


6 . 


6 . 


100 ft of the span carries an additional load of m lb per HZ'!; 

at the middle of the cables and the slope at the upper ends? The I ridge 
supported by two cabJes syniiiietricaJly spaced. (If there were a stiffening 
truss, some of the central load would be spread out over the rest of the span in a 
manner not determinable by statics alone.) 

When a simple uniform cable is suspended from two points at the same level 
and stretched rather tightly the sag is not more than one-tenth of the 

span) the center of gravity of half the cable is not far from the quarter point of 
the span, and a good approximate answer comes from making this assumption in 
problems like the following: A rope is stretched between two points at the same 
level and the sag is 24 ft. If the tension at the middle is equal to the weight of 
300 ft of rope, what is the distance between the points? 

A ns. 240 ft, approximately. 
A rope 240 ft long weighing 2 lb per ft is stretched between two points at the 
same height so that the tension in the middle of the rope is 800 lb. Assume 
that the span is 240 ft (approximately) and that the load is 2 lb per ft hori¬ 
zontally. Find the sag. Ans. 18 ft. 

In Prob. 5 find the height above the lowest point of the rope at intervals of 
24 ft horizontally from the middle of the rope, then assume the rope straight 
from point to point and find the approximate length of rope to reach across the 
240-ft span. Compare the answers to this problem and the one above with 
those of Prob. 5 of Art. 107, which is the same problem by the exact method. 


106. The Catenary. The curve followed by a uniform flexible chain 
or cord suspended from two points is called the catenary. (The word 
is derived from the Latin cateria, a chain.) The problem of finding the 
equation of this curve and of finding the forces in the chain or cord is 
an important application of statics. For many practical purposes, 
the approximate methods indicated in the preceding article are suffi¬ 
ciently accurate. More exact solutions require the application of 
calculus or differential equations, but for certain types of problems the 
methods are relatively simple. The problems are all classified as 
nonconcurrent, coplanar and such of them as have three unknowns 
can be solved. If no force or unit weight is given, the forces at the 
various points on the cord can be found only in terms of the weight 
per unit length of the cord. The problems in this article and in the one 
following are those in which the unknowns are convenient to calculate. 
The more difficult forms, such as the case where the span and the length 
of the cable are given, are treated in the Appendix. 

Figure 226 shows a flexible cord suspended from two points A and 
jB, In this figure the points are at the same level. This, however, is 
not necessary. The cord weighs w pounds per unit of length. The 
force in the cord at every point is a tension parallel to its length. At 
the lowest point this tension is horizontal. The horizontal component 
of the tension is the same at all points. In the formulas which follow, 
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this horizontal component is represented hf H. It is customary to 
represent H/w by a single letter c. 



Fig. 226. 



H »ivc 


V 


The constant c is the length of cord whose weight is equal to the hori¬ 
zontal tension (Fig. 227). 

^ u 

— = c H = wc 

w 


In Fig. 226, a portion of cord of length s is taken as the free body. 
The left end of the portion is at the lowest point of 
the curve, where the tension is horizontal. Figure 
226,11 shows this portion of the cord detached 
from the remainder. Three forces act on the 
portion. The horizontal tension H is toward the 
left at the lower end. The tension T in the direc¬ 
tion of the tangent acts at the upper right end. 

The weight of the portion of cord is ws and acts 
vertically downward. Figure 226,111 gives the force 
triangle for these forces. In Figure 226,1, an 
element of length ds is shown at the right end of the 
length s. The components of the element are dx and dy. 

226,IV shows the same element enlarged. 

Since the tension at the end of the cord is along the tangent at that 
position, T is parallel to ds and the force triangle of Fig. 226,111 is 
similar to Fig. 226, IV. These triangles furnish relations necessary 
for finding the equations of the catenary. 



Figure 
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106. Deflections in Terms of Length, From the triangles of 1 ig. 226, 

dy (1) 

(is T 

This equation involves three variables, 2\ s, and y. The tension may 
be eliminated by substituting 

T = (2) 

Equation (1) becomes 

^ __ = ^ 
ds \/wV w^c'^ \/s^ + 


Separating the variables in Ecp (3), 


Integrating, 


dy 


s ds 

\/ 5 - + 


y = \/s^ + c‘^ + Ki 


(4) 

(5) 


in which iCi is an arbitrary constant of integration. If the origin is 
taken at the lowest point of the curve, so that y = 0 when s = 0, the 
value of Ki is found to be equal to —c. It is customary to take the 
origin at a distance c below the lowest point of the curve, so that y = c 
when s = 0. When these values are substituted in Eq. (5), then 
Ki = 0 and Eq. (5) reduces to 

y = a/s“ + (()) 

y- = s- + Formula IX 


A point on the curve at a distance s from the lowest point, measured 
along the curve, is at a vertical distance y — c above the lowest point 
of the curve. 

A right triangle may be drawm for which y is the hypotenuse and s 
and c are the sides. In Fig. 226,111, the altitude is ws and the base is 
//, which is equal to wc. 


+ w'^c^ — w^{s^ + c^) = w^y^ (7) 

T ^wy (8) 

These relations are shown in Fig. 226,V. From this figure, it may be 
shown that 


y — c sec 6 
s = y sin 6 


(9) 

( 10 ) 
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Example 

A rope 100 ft long is stretched between points at the same level. The rope 
weighs 0.2 lb per ft and the horizontal component of the tension is 50 lb. Find 
the sag at the middle. 

Since the supports are at the same level, the lowest point is at the middle. To 
find the elevation of the ends above the middle, the value of s is taken as one-half 
the length. 

s = 50 ft 
c = g = 250 ft 

y2 = 502 2502 

1/ = 50 \/26 = 254.95 ft 
Sag = y - c = 254.95 - 250 = 4.95 ft 


Problems 

1 . A chain 120 ft long, weighing 240 lb, is stretched between points at the same 

level. The horizontal tension is 896 lb. Find y, the sag, and the resultant 
tension at the ends. Ana. 452 ft; 4 ft; 904 lb. 

2 . A chain 120 ft long, weighing 240 lb, is stn^tched between points at the same 

level. The nvsultant temsion at eith(‘r (*nd is 312 lb. Find the sag and the 
horizontal tension at th(' middl(‘. Ans. 12 ft; 288 lb. 

3 . In JVob. 1, how far below tin* h'vel of the supports is a point on the chain 

which is 20 ft from oik' (uid? Ans. 2.22 ft. 

4 . What is the slope at the ends of the cliain of Prob. 1? Ans. 7®38'. 

6. What is the slop(‘ of th(‘ chain of Prob. 2 at the ends and at 20 ft from either 

end? Ans. 22°37'; 15°31'. 

6. A rope 100 ft in huigth is stretched betwe<*ii points at the same level and sags 
10 ft at the middle. Find the length of rope whose weight is equal to the 
horizontal tension, and find the slope of the rope at the ends. 

From Formula IX, 

?/2 - c2 = 2500 
y — c = 10 
2 / + c = 250 
2c = 240 c = 120 ft 
Slope = •'’^120 = 0.4167 

7. A rope is hung over two smooth pins, one of which is higher than the other by 
5 ft. Th(' rope hangs vertically downward from the lower pin 50 ft and is 
horizontal at the othi^r point of contact with this pin. How far does it hang 
downward from the other pin and what is the total hmgth of the rope? 

Ans. Length = 127.9 ft. 

8 . If the pins of Prob, 7 are perfectly smooth, is the equilibrium stable? What 
is the force exerted by the lower pin? 

Ans. Not stable. Force at lower pin equals weight of 70.7 ft of rope. 

9. A chain 100 ft long, weighing 3 lb per ft, is stretched between points at the 
same level. The horizontal component of the tension is 600 lb. Find the 
direction of the chain and the resultant tension at the ends and at 20 ft from 
either end, measured along the chain. Solve by the force triangle (Fig. 
226,111) without using any of the results of Formula IX. 
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10 , A chain 40 ft long weighing 4 lb per ft is attached to a point A and extends to a 

point which is 8 ft lower than A. At B a rope weighing 1 lb per ft is attached 
to the chain. It is desired to attach the rope to a point C on the same eleva¬ 
tion as A and to have the rope and chain horizontal at B. What length of 
rope is required? Ans, 78.8 ft. 

11 . Point B is 4 ft higher than point A. A chain hung from A to B has its lowest 
point 2 ft below A. Find c if the length of the chain is 28 ft. Ans, 24 ft. 

107. Deflection in Terms of Span. The equations of Art. lOG were 
derived from the relation of dy to ds of Fig. 22G,1V. To get the deflec¬ 
tion in terms of horizontal distance, the relation of dy to dx is used. 
From the similar triangles III and IV of Fig. 22G, 


dy _ ws _ s 
dx~Tl ~~ c 

Substituting e = 'v/?/- c- to reduce the variables to two, 

dx c 

dy _ dx 
— c- ^ 

Integrating Eq. (3) 

log {y + Vy'^ - C-) = ^ + Ki (4) 


( 2 ) 

(3) 


It has already been assumed that y — c at the lowest point. If the Y 
axis is taken through the lowest point, then x = 0 when y = c. 
Substituting in Eq. (4), 

log c = K 2 

and the equation becomes 


log y + v " y^^zJt = 2 

c c 


(5) 


X = C loge 


y + s 
c 


Formula X 


When Eq. (5) is changed from a logarithmic to an exponential function, 
it becomes 


y + \/y'^ — 


= 


y \/y^ — 

y^ — — 2cye^^^' -t- y^ 

3 / = I + e-*/') 


(fi) 

(7) 

( 8 ) 


Formula XI 
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Formula XI is the principal equation of the catenary. 
Formula XI, 

dy _ — 6“*/® 

dx 2 

P"rom Eq. (1), 

Q (* =: — (pX/C __ p~X/c\ 

® '"dx 2^^ ^ ’ 


Differentiating 


(9) 


Formula XII 


The student who is familiar with hyperbolic functions will recognize 
as the hyperbolic cosine of x/c and — e~^^^)/2 as 
the hyperbolic sine of x/c. 

Formulas XI and XII may be written, 

X 

y = c cosh - 
^ c 

X 

s = c sinh ~ 
c 


Formula XIII 
Formula XIV 


Example 1 

A rope weighing 0.1 lb per ft is stretched between points which arc 120 ft apart 
and at the same* level. The horizontal tension is 50 lb. Find the length of the 
rope and the sag. 

This is a problem in which x and r are given: x = 60 ft; c = 500 ft.^ 

y — 500 X cosh 0.12 = 500 X 1.0072 = 503.6 ft sag == 3.6 ft 
A* = 500 X sinh 0.12 = 500 X 0.1203 = 60.15 ft 
Length = 2s = 120.3 ft 

Example 2 

Find the horizontal distance between the ends of the chain of Prob. 1 of Art. 106. 


X = 448 log« 


452 + 60 
448 


= 448 log, -g 


log. 5.12 = 1.63315 
loge 4.48 = 1.49962 
0.13353 

X = 448 X 0.13353 = 59.821 
2x = 119.64 ft 


Problems 

1. Find the horizontal distance between the ends of the chain of Prob. 2 of Art. 
106. Ans. 2x = 228 X 0.40547 = 116.78 ft. 

^ Table 2 on page 405 gives the hyperbolic functions from x = 0.080 to x = 0.120. 
Complete tables are found in some books of trigonometric and logarithmic 
functions. 
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2 . A cable 88 ft long is stretched between points at the same level and sags 4 ft. 

Find the horizontal distance between the ends. Ans. 87.51 ft. 

3. A chain weighing 2 lb per ft is stretched between points at the same level 180 ft 

apart. The horizontal tension is 1600 lb. Find the length of the chain and 
the sag. Ans. 180.37 ft; 5.07 ft. 

4 . A cable weighing 1.6 lb per ft is stretched between points at the same level 
600 ft apart. The horizontal tension is 2400 lb. Find the length, the sag, 
and the resultant tension at the ends. 

6 . A rope 240 ft long weighing 2 lb per ft is stretched between points at the same 
level. If the horizontal tension is 800 lb, find the sag and the span. 

Ans. Sag = 17.6 ft; span = 236.52 ft, or 3.48 ft less than the length of the rope. 
(Compare Probs. 5 and 6 of Art. 104.) 

6. Find the horizontal distance between the ends of the chain of Prob. 11, Art. 
106. 

7. A chain 150 ft long weighs 180 lb. The resultant tension at one end of the 
chain is 240 lb and at the other is 264 lb. What is the difference of height of 
the two ends? How far is the lowest point below th(‘ lowest end? What is 
the horizontal distance between the two ends? Ans. 20 ft; 5.60 ft; 145.25ft. 

8 . The chain of Prob. 7 is supported at two points at the same level. When a 

load of 240 lb is hung on the middle of the chain the resultant tension at each 
end is 750 lb. Find the distance of the center below the supports. Find the 
horizontal distance betw^een the supports. Ans. 16.724 ft; 146.13 ft. 

9. A chain 200 ft long, w^eighing 200 lb, is stretched between points at the same 
level. A load of 110 lb is hung 60 ft from each end of the chain and the result¬ 
ant tension at either end is found to be 290 lb. Find the horizontal distance 
between the loads. (Problems of this type can best be solved by replacing the 
concentrated loads by equivalent lengths of chain of the same unit weight as 
the actual chain.) 

10 . Solve Prob. 9 with one of the 110 lb loads removed, assuming the 290 lb as the 
tension at the end from which the load has been removed. (Removing the 
load changes the tension at both ends.) 
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CENTER OF GRAVITY 

108. Center of Gravity and Mass Center. The center of gravity of a 
body is a point through which a single force must act to support the 
body in the field of gravity regardless of the orientation of the body. 
The mass center of a body is the point through whicii the resultant of 
all forces must act when a system of forces produces a linear accelera¬ 
tion of the body without producing any angular acceleration. The 
terms are usually regarded as synonymous in mechanics. The mass 
center of a right circular cone is on the axis at a distance from the 
base equal to one-fourth of the height. If such a cone is suspended 
by a cord so that a bottom element is horizontal, the point where the 
line of the cord cuts the axis of the cone would be a little toward the 
vertex from the center of mass since the gravitational attraction of 
an element of mass at the top of the cone near the base is a little less 
than that for an equal clement of mass on top near the vertex, because 
of the difference in distance from the center of the earth, but the differ¬ 
ence would be almost inconceivably minute. Also, if the top element 
of the cone is made horizontal, it could be argued that the center of 
gravity shifts the other way. It is an academic question. The term 
center of gravity is usually used when mass center is meant. Precisely 
stated, the center of gravity is a variable point never very far from the 
mass center. It has been assumed that the student is familiar with the 
meaning of center of gravity, and the term has been freely used in the 
preceding chapters. 

109. Center of Gravity by Experiment. A single flexible cord from 
which a body is hung points toward the center of gravity of the body. 
The extremely complicated system of forces exerted on the body by 
gravitational attraction is imagined to be replaced by the resultant of 
this system, and this resultant is in equilibrium with the force of the 
cord. The two are equal, opposite, and along the same line. By sus¬ 
pending the body successively from three different points, three lines 
are obtained which intersect at the center of gravity. 

When the body is so large that it cannot conveniently be suspended, 
it may be supported in some statically determinate manner, the reac- 
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tions weighed on platform or other scales, and the center of gravity 
determined by a reverse operation of determining the reactions required 
to support a body of known weight and known center of gravity. 

The coordinates of the center of gravity are represented by Xj Jr, and 

These may be readbar a:,” bar y,''and bar 

Example 

The base ABC of Fig. 228 is a plane surface and the faces ABDE and DEC arc 

aJso plane and are perpendicular to each 
other and to the base. The body weighs 
24 lb. The body rests on three supports, 
whirh are not shown in the drawing. 
Two supports arc 1 in. from the edge AB. 
The third support, 17 in. from the edge 
AB, rests on a platform scale. The scale 
C reading is 4.52 lb when the base is hori- 

Fia. 228. zontal. How far is the center of gravity 

from the plane ABDE7 
Taking moments about the two supports, 

245 = 4.52 X 16 
5 = 3.01 in. 

The center of gravity lies in a vertical plane which is parallel to the face ABDE 
and is 4.01 in. from it. 

When the body is supported on two points, each 1 in. from the edge BC, and a 
third point rests on a platform scale 13 in. from BCy the scale n'ading is found to 
be 7.24 lb. From this experiment, the center of gravity is found to lie in a plane 

parallel to the face BCD at a distance of 4 62 in. from that plane. The intersection 

of these two planes through the center of gravity gives the location of a line through 
the center of gravity. 

To find the location of the center of gravity on the line of intersection of the two 
planes, its position must be changed so that the forces of gravity will act in a rela¬ 
tively different direction. For the experiment the body is placed with the face 
BCD horizontal. When it is supported at two points, each 1 in. from BC, and on a 
third point at a distance of 11 in. from BC, the scale supporting the third point 
reads 7.20 lb. From this reading the center of gravity is found to be 4.00 in. from 
the plane ABC. 

It will be observed that each of these experiments locates a vertical plane which 
is parallel to the axis of moments and passes through the center of gravity. Three 
such planes, if no two of them are parallel, fully locate the center of gravity. 

Problems 

1. A triangular board of uniform thickness is 12 in. wide at the base. The per¬ 
pendicular distance from the vertex to the base is 18 in. The board is supported 
on two knife-edges, each 0.5 in. from the base, and on a third knife-edge, parallel 
to the base, at 1 in. from the vertex. The board weighs 15.00 lb. When the 
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third knife-edge, which weighs 0.45 lb, rests on a platform scale, the reading is 
5.45 lb. How far is the center of gravity of the board from the base? 

Ans, 6.00 in 

2 . A rectangular plate of uniform thickness is 24 in. long and 18 in. wide. A 
circular hole, 10 in. in cliam(‘ter, is cut from the plate. The center of the hole 
is 6 in. from the front 24-in. edge and 8 in. from the left 18-jn. edge. The plate 
is support(‘d on a knife-edgp 0.1 in from the h ft edge and on a second kiiiie-rdge 
at the same distaiK*e from i he right edge. The knife-edge at the right rests on a 
platform scale. The increase of the load on the scale v bcu the plate is put on 
the knife-edge amounts to 22.72 Jb. The plate W(‘i^hs 42.40 lb. How far is 
its center of gravity from tin* left edge? 

As a second experiment, the plate is supported on a kiiife-(‘dge 0.1 in. from the 
front and on a second knife-edge 17 in. from this one. The load on the second 
knife-edge reads 23.87 lb. How far is the c(‘nt(‘r of gravity from the front edge 
of the plate? 

Figure 220 shows a convenient method of determining the center of 
gravity of small bodies. The body whose center of gravity is desired is 
placed on a balance beam and carefully balanced with the beam in a 



horizontal position. It is then turned 180® about a vertical axis to the 
position shown by the broken lines of the figure, and moved along the 
beam until exact balance is obtained with no change of the weights. 
The center of gravity is then at the same location as it was in the first 
position. If C is a point in the body and C' is the same point after the 
body is turned, the center of gravity is located in a vertical line midway 
between C and C". 

110. Center of Gravity Geometrically. When the density of a 
body is uniform^ the center of gravity may sometimes be determined 
geometrically. 

Since every element of a body at right angles to a plane of symmetry 
extends an equal distance on each side of the plane, the moment of the 
element about any axis in the plane is zero. Since the body is made up 
of a series of elements, each of which has zero moment with respect to 
any axis in the plane of symmetry, the moment of the entire body is 
zero. If a body of uniform density has a plane of symmetry^ the center of 
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gravity lies in that plane. If there are two or more planes of symmetry, 
the center of gravity lies at their intersection. 

All planes through the center of a sphere are planes of symmetry. 
TAe center of gravity of a sphere of uniform density is at its center. 

All planes through the axis of a right circular cylinder are planes of 
symmetry. The plane perpendicular to the axis at the middle is a 
plane of symmetry. The center of gravity of a right circular cylinder of 
uniform density lies at the middle of the axis. 

The major and minor axes of an ellipse are axes of symmetry. The 
center of gravity of a right elliptical cylinder of uniform density lies at the 
middle of the axis. 

The center of gravity of a rectangular parallelepiped of uniform density 
is at a point which is midway between any pair of opposite faces. 

The center of gravity of a right prism of uniform 
density^ the sections of which are equilateral 
triangles^ is located at the middle of its length at 
the intersection of the lines which bisect the angles 
of the section. 

Figure 230 shows an oblique-angled parallel¬ 
ogram which represents one end of a parallel¬ 
epiped with rectangular sections perpendicular 
to the plane of the paper. There is no axis of symmetry. If the half 
EBFC were rotated 180° around the line EF^ it would not coincide at 
the ends with AEFD. Neither would the triangle ABC coincide with 
ACD \i rotated about AC. If, however, the triangle ABC is rotated 
180° about an axis perpendicular to the plane of the paper through the 
middle of AC, the line AB coincides with CD and the line CB coincides 
with AD. The moment of ABC with respect to the axis AC is equal 
and opposite to the moment of ACD. The 
center of gravity of any parallelogram lies at 
the intersection of the diagonals, or midway 
between the parallel faces. The center of 
gravity of any oblique prism or cylinder of uni¬ 
form density lies in a plane parallel to the 
bases and midway between them. 

111. Center of Gravity of a Triangular 
Plate. Figure 231 represents a triangular 
plate of uniform thickness perpendicular to the 
plane of the paper. OH is the median line. 

into elements such as ADFB, by lines parallel to the base. The 
moment of the oblique parallelogram ACED with respect to the line 


0 



The triangle is divided 
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Chap. 12] 


CENTER OF GRAVITY 


231 


OH (or any line in the plane through OH perpendicular to the plane 
of the paper) is zero. The small triangles ABC and DEF are left 
over. These triangles have equal areas, and their bases are equally 
distant from the line OH; consequently, their moments about OH 
must be approximately equal. The lines AD and BF may be brought 
infinitely close together, so that the areas of these triangles become 
infinitesimals of the second order, ami the differences of their moments 
become infinitesimals of the third order. The cente] of gravity of the 
element ADFB must then lie in the median line. The entire triangle is 
made up of similar elements, each of which has its (jenter of gravity on 
the median line. It follows that the center of gravity of the entire tri¬ 
angular plate of uniform thickness and 
density must lie on the plane of the 
median line. 

A second median may be drawn as in 
Fig. 232. The center of gravity lies in 
this median, and, consequently, at the 
intersection of the medians. 

It was learned in geometry that the m 
intersection of the medians of a triangle is 
located at one-third the length from the 
base. In Fig. 232, JIK is one-third of 0/7, and KL is one-third of ML, 
If h is the perpendicular distance from a vertex to the opposite base, 
and y is the perpendicular distance from the center of gravity to that 
base, then y is one-third of h. 

112. Calculation of Center of Gravity by Moments. When the 
location of the center of gravity is knoAvn for each of the parts which 
make up a body, the center of gravity of the body as a whole is cal¬ 
culated by moments. The problem is that of finding the position of the 
resultant of parallel forces which are proportional to the masses of the 
separate parts of the body. 

To find X experimentally, the body was placed with the XZ plane 
horizontal, and moments were measured with respect to the Z axis, or 
some axis parallel to it. To find z, moments were measured with 
respect to the X axis. To find y^ the body was turned through a right 
angle about the Z axis or the X axis and moments were measured with 
respect to that axis. To calculate it is not necessary to consider the 
position of the body as changed. The forces proportional to the masses 
of the separate parts may be regarded as acting parallel to the XZ plane 
and moments computed with respect to some axis in that plane. 

The moment of a force is the same for any axis perpendicular to its 


0 



H 

Fig. 232. 
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direction in a plane which is parallel to it. For instance, the moment 
of a vertical force is the same for all horizontal axes in a given vertical 
plane. It is customary, therefore, in finding the center of gravity or 
other resultants of parallel forces to speak of moment with respect to a 
plane instead of moment with respect to an axis in the plane. 

The distance of the center of gravity of a system of bodies from a 
reference plane is the sum of the moments with respect to the plane 
divided by the sum of the masses. 

_ ^ mix'y + + • • : _ Formula XV 

mi + m2 + rn^ + * * * ^m 


in which mi, m 2 , . . • , are the masses and 0 * 1 , .T 2 , . . . , are the respec¬ 
tive distances from the reference plane. If the density is the same for 
all the bodies, the masses are proportional to the volumes and Formula 
XV may be written 



( 1 ) 


If the masses are plates of the same thickness and density, the area may 
be used instead of the volume and Formula XV becomes 


X — 




( 2 ) 


The centers of gravity of oth('r geometric figures can be found by 
geometry but the proofs are often laborious. The locations of the 
centers of gravity of the three important geomi irical figures given 
below are to be derived in Art. 118 by the method of integral calculus. 

The center of gravity of a 'pyramid lies on the line from the vertex 
to the center of gravity of the lamina constituting the base at one-fourth of 
the length of that line from the base. 

The center of gravity of a cone is at one-fourth of the height from the base. 
The center of gravity of a solid hemisphere is at 
three-eighths of the radius from the diametral plane 
which bounds it. 

Problems 

1. A plate of uniform thickness and density is of the 
form of a 5- by 4- by 1-in, angle section as shown 
in Fig. 233. Find the distance of the center of gravity 
from the back of each leg. Solve by dividing the 
section into two equal rectangles. Check St by dividing the section into a 5- 
by 1-in. rectangle and a 1- by 3-in. rectangle. Since the thickness and density 
are constant, the terms which represent them may be omitted. 
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Taking moments about the back of the 4-in. leg, 


Area 

Ann 

Moment 

4 

0 5 

2 0 

4 

3 0 

12 0 

8 


14.0 


Total area = 8 total moment = 14 
8x = 14 
X = 1.75 in. 


2. Find the distance of the center of gravity of the plate of Pro>>. 1 from the back 
of the 5-in. leg. 

3. Solve Probs. 1 and 2 by subtracting the area and mom(mt of a 4- by 3-in. rec¬ 
tangle from the area and moment of the 5- by 4-inch r(‘ctangle. 

4 . A board of uniform thickness and density consists of a rectangle 8 in. wide and 
5 in. high, on top of which stands a triangle 8 in. wide at the base and 6 in. high. 
Find the distance of the center of gravity from the base of the rectangle. 

Arts, y = 4.1875 in. 

6 . The base of the triangle of Prob. 4 coinicides with the top of the rectangle. 
The vertex is 1 in. to the left of the verti(‘al line along th(‘ right edge of the 
rectangle. Find the distance of the center of gravity from the center line of 
the rectangle. Solve by means of tlie geometrical position of the center of 
gravity of tlu' triangle. Solve again by subtracting the moments of the two 
right triangles w'hich make the area a rectangle. Ans. x — 0.375 in. 

6 . A rectangular parallelepiped is 8 in. scpiare and G in. high. On top stands a 
pyramid 12 in. high. The bas(‘ of the pyramid coincides with the top of the 
parallelepiped. The vertex is 2 in. to the right of th(‘ vertical line through the 
center of the base, llow' far is the center of gravity from the base of the 
parallelepiped, and how far from the vertical plane along the left face? 

y — 5.4 in.; 5 = 4.2 in. 

7. A plate of uniform thickness and density is in the form of a trapezoid. The 
lower base is 18 in., the upjx'r base 
is 10 in., and the height is 12 in. 

Find the distance of the center of 
gravity from the low^er hast*. Solve 
by dividing the trapezoid into two 
triangle's, as in Fig. 234,11, and 
also by dividing into a parallel¬ 
ogram and a triangle, as in Fig. 

234,1. 

8 . Solve Prob. 7 by extending the sides 
of the trapezoid upw^ard until they meet to form a triangle. 

9. A board of luiiform density and thickness consists of a rectangle 12 in. wide and 
10 in. high with a circular hole 6 in. in diarnete'r. The axis of the hole is 4 in. 
from the base and 4 in. from the left edge. Find the center of gravity. 

Ans. £ = 6.616 in.; y = 5.308 in. 
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10 . A circular plate of uniform thickness and density is 20 in. in diameter. A cir¬ 
cular hole 6 in. in diameter has its center 4 in. to the right of the center of the 
plate. Find the center of gravity. 

Ans. X = = 0.3956 in. to the left of the center. 

11. A uniform solid cylinder, 10 in. in diameter and 8 in. high, has a cylindrical 

cavity 4 in. in diameter and 4 in. deep in one end. How far is the center of 
gravity of the remainder from the other end? Ans, 3.826 in. 

12. A body of uniform density consists of a cylinder 8 in. in diameter and 10 in. 

high, and a hemisphere 12 in. in diameter. The center of the hemisphere 
coincides with the upper end of the axis of the cylinder. Find the center of 
gravity. (See example of Art. 118.) Ans. y = 8.434 in. from the base. 

13. A cylinder of diameter d and height h has a conical cavity of diameter d at the 

base and height h. Find the distance of the center of gravity of the remainder 
from the top. Ans. y — 5h/S. 

14. A frustum of a cone has the lower base 8 in. in diameter, upper base 6 in. in 
diameter, and height 12 in. Find the center of gravity. 

16 . A hemisphere 10 in. in diameter has a hemispheri(‘al cavity 6 in. in diameter. 
Find the distance of the center of gravity from the plane which bounds the 
solid. Ans. 2.081 in. 

113. Center of Gravity of an Area. The center of gravity of an area 
is calculated as though it were a thin plate with one unit of mass per 
unit of area. Purists in speech, noting that gravity cannot act upon a 
geometric figure, insist upon calling the center of gravity of such figures 
(both areas and solids) centroids, and this word is in regular and general 
use. The centroid of the cross-section area of a structural member 
subjected to bending moment is an important factor in the problem of 
calculating the unit stresses in the member. The tot al pressure on any 
plane area resulting from a distributed pressure with an intensity 
varying directly with the distance from some line, such as the pressure 

of a liquid, is found by multiplying the 
area by the unit pressure at the centroid 
of the area. These, and numerous other 
applications, make the problem of finding 
centroids of plane areas of great practical 
importance, especially the problem of 
finding the centroid of combinations of 
two or more standard rolled sections. 

Figure 235 represents the cross section 
of an 8- by G- by ^{e-inch angle section.^ 
The axis 1-1 and the axis 2-2 intersect at the center of gravity 

^ In the Steel Construction Manual of the American Institute of Steel Con¬ 
struction, the figures for angles of unequal legs are shown with the longer leg 
vertical, so that x and y are interchanged. 
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and are parallel to the backs of the legs. The figure shows the fillet 
at the junction of the legs and the radii at the inner corners of the 
outer ends of the legs. In calculating the center of gravity and the 
moment of inertia of the section, these curves are disregarded, and the 
sections are treated as though they were made up of two rectangles, as 
shown in Fig. 233. For use in the following problems and some later 
ones, the student should have a steel construction handbook or some 
other book giving dimensions and properties of the standard rolled-steel 
sections. There are also standard aluminum sections. 

Problems 

1. Find X and y for Fig. 235. (diock and ooinparc with the handbook. 

2. Find tho distance of the center of gravity of an 8- by 6- by 1-in. angle section 
from the back of the longer leg. Check ])y subtracting the area and moment 
of a 7- by 5-in. rectangle from the area and moment of an 8- by 6-in. rectangle. 
Compare with the handbook. 

3. Find the distance of the center of gravity of the angle of Prob. 2 from the back 
of the shorter leg. 

4. Find the ar(‘a and th(‘ location of the center of gravity of a 5- by by J-^-in. 
angle section, ('heck by using a section of twice these dimensions. 

5. Find the location of the center of gravity of a 4- by by angle section. 



Fig. 236. 


Figure 236 shows a 15-inch 33.9-pound standard channel section. 
The upper figure shows the section as rolled. The lower figure shows 
the section as calculated with the data re(]uired for computing the 
center of gravity and moment of inertia. Axis 2-2 passes through the 
center of gravity of the section at a distance y from the back of the web. 
The calculation includes the moment of three areas. These are a 
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rectangle which includes all the web, a rectangle in each flange which 
may be combined into one, and a triangle in each flange which may be 
combined into one. 

Heavier channels of the same number are made by increasing the 
thickness of the web, with no change in the flange except for the width. 

Problems 

6 . Find the distance of the center of gravity from the back of the web for the 

15-in. 33.9-lb channel section of Fig. 236. Ans. 0.794 in. 

7. Find the distance of the center of gravity from the back of the web for a 15-in. 

40-Ib channel section. C/ompare with the handbook. Use as much of th(‘ work 
of Prob. 6 as possible. Ans. 0.783 in. 

8 . Look up the dimensions and calculate the distance of the center of gravity from 
the back of the web for an 8-in. 11.5-lb. channel section. 

Figure 237 shows a Cyarnegie T 
section, T50. The flange is 5 inches 
and the stem is 3 inches. The flange 
thickness is Js to Kb inch. The stem 
thickness is to % inch. The 

section is made up of three rectangles 
and four triangles. The two triangles 
in the flange may be taken together 
as one triangle 45K inches long and 316 
inch high. The two triangles in the 
stem are equivalent to a single triangle 3^6 inches high and K 2 
inch wide. 

Problem 

9. Find the ar(;a and the distance of the center of gravity from the top of the flange 

for the T section of Fig. 237. Ans. = 3.37 sq in.; 0.763 in. 

114. Fabricated Sections. An engineer frequently calculates the 
position of the center of gravity of sections which are built up of two or 
more rolled shapes riveted or welded together. The area and the loca¬ 
tion of the center of gravity of each member are taken from the 
handbook, and the problem is that of finding the constants of the 
combination. 

Problems 

1. A 12- by K-in. plate is riveted to the lower flange of an 8-in. 19.7-lb wido-flange 
section. Find the distance of the center of gravity of the section from the 
bottom of the plate. Check. 
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3. 


An 18-in. 54.7 Ib / beam has two 6- by 4- by %-m. angles riveted to the web, 
as in Fig. 238. The 6-in. legs of the angles are perpendicular to the web of the 
I beam, and the tops of the legs are 12 in. below the top of the upper flange of 
the beam. Find the center of gravity. 

Two 12-in. 35-lb channels are placed 9 in. back 
to back and a 16- by 3^-in. plate is riveted or 
welded to the two lower flanges. Find the 
distance of the (‘enter of gravity of the section 
from the bottom of the plate. 


116. Center of Gravity by Integration. 

When forces are parallel, the moment 
of any force with respect to an axis 
perpendicular to the direction of the 
forces is equal to the product of the 
magnitude of the force and its distance 
from a plane which includes the axis and is 
parallel to the force. In Art. 112 this 
product was called moment with respect to 
a plane. In that article was given a 
formula for the center of gravity of a 
composite body, 

mix\ + -f • • • = x{mi + W 2 + ^3 + ' ' 

which can best be written (Formula XV): 



Zm 


When the elements are infinitesimal, m is replaced by dm and the 
summation sign is replaced by the integration sign. 

Total mass = j dm 

Total moment = j x' dm 


X = 




dm 


j x' dm 
total mass 


Formula XVI 


If p is the density, the mass of an element p dV, and its moment is 
x'p dV, Formula XVI becomes 

J px' dV 


X = 


/ 


<dV 
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If the density is constant throughout the body, p may be canceled 
before integrating and Formula XVI may be written 


( x' dV 

X = - 

j dV 

For a plate of uniform thickness and density, 

j dA 


( 1 ) 


( 2 ) 


in which dA is an element of area. 



It must be remembered that x' is the distance of the center of gravity 
of the element from the plane of reference. When the plane of refer¬ 
ence does not pass through the origin of coordinates, or when the ele¬ 
ment has finite dimensions in the direction of the X axis, the moment 
arm x' is usually different from the coordinate x. 

116, Center of Gravity by Single Integration. The center of gravity 
of a uniform plate is found by Eq. (2) of the preceding article. The 
so-called center of gravity of an area, which is an important factor in the 
theory of beams, is calculated as if the area were a uniform thin plate. 

The expression for the element often contains constants which appear 
in both the integral for the moment and the integral for the area. 
Since it is often desirable to check the expression for the element and 
the limits of integration by comparison with the total area computed, 
either accurately or approximately, in another way, these constants 
should not be canceled until after the limits have been substituted in the 
integrals. For the same reason, variables in the integrals should not be 
canceled until after the limits have been substituted in problems in 
which one limit is zero. When neither limit is zero, cancellation before 
substitution gives erroneous results. 
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Example 

Find the distance of the vertex of a triangle from the line which is parallel to the 
base and passes through the center of gravity of the area (Fig. 239). 

The element of area is dx wide and y high. This form 
is chosen because the entire triangle may be built up of 
such elements, and because the moment arm is easy 
to find. 

dA = y dx x' = X* 

Moment — xy dx (1) 


The expression for the moment, Eq. (1), contains two ^ 
variables x and t/, one of which must be expressed in 1'^- 239. 

terms of the other before integration. P>om the similar triangles of Fig. 239, 



X h 
y h 
^ bx 

“ - It'”-I j Kj) 

The limits of x = 0 and x = h. 

^br^ih ^ bj^ 
h L 3 Jo 3 


Dividing the monnuit by the area, 


(2) 

(3) 

(4) 


X = 


3 ^ 


2 

bh 


2h 

3 


Problems 

1. Instead of expressing y in terms of x in the example, express x and dx in terms of 
y and dy and integrate between the proper limits. Also integrate y dx for the 
area with x as the independent variable. Integrate y dx with y as the inde¬ 
pendent variable. 

2. Find 5 for the area bounded by the X axis, the curve' = 4a:, and the line 
a: = 9. Use a vertical element as in Fig. 240 ith a: as the independent variable. 

Ans. M = 2 xh dx = 972^ 

A = 2 f xh dx — 36 
Jo 

972 ^ 

* The entire area is a parallelogram of area y dx plus a small triangle. The area 
of this triangle is (b dx^)/2h^ which is a multiple of the sei'ond power of dx. The 
moment arm of the parallelogram is a: + {dx/2) and its moment is xy dx + (y dx^)l2. 
The moment of the triangle is composed of terms of the second and third powers 
of dx. For integral calculus, all differentials above the first degree are neglected 
(see any calculus j. For a proof that these higher powers may be neglected w hen 
the increment is not infinitesimal, see Froc. jSoc. Promotion Eng, Ediwation^ vol. 
XXIV, 1916, pp, 319-327. 
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8 . Solve Prob. 2 for 2 with y as the independent variable. 

4 . Find y for the area of Fig. 240, using a vertical element with x as the inde¬ 
pendent variable. 

8. Find f for the area of Fig. 240, using a vertical element with y as the inde¬ 
pendent variable. 

6. Find 2 for the area bounded by the X axis, the curve y^ = 4x, and the lines 
a; =* 4 and a; = 9 (Fig. 240). 

7. Solve Prob. 6 for y. 

8 . J^d ^ for the area bounded by the X axis, the curve = 4a:, and the line 
a: =» 9, using a horizontal element as in Fig. 241. 



Fig, 240. Fig. 241. 


9. Solve Prob. 2 for i, using the horizontal element of Fig. 241. 

10 . Find y for the area bounded by the curve y^ = 4a:, the line x — 9, and the line 

1 / =* 4. Use a horizontal element. Ans y = — = 4 6875 

' 

11 . Solve Prob. 10 for 2. Ans. 2 = 7.275. 

12 . Check Probs. 10 and 11 approximately by means of the* triangle whose* sides 
are the line a: == 9, the line ?/ — 4, and the straight line which joins the inter¬ 
sections of the first two lines with the parabola. 


117. Center of Gravity by Double Integration. For double integra¬ 
tion, the element is infinitesimal in two directions. The element of area 
in rectangular coordinates is dA = dx dy. 

A = j dA — j j dx dy or j j dy dx (1) 

depending upon which variable is integrated first. 

II dxdy = lU dx^ dy (2) 

i.e.y the second integral sign applies to the differential which immedi¬ 
ately follows it, and the first integral sign applies to the entire expres¬ 
sion after the term in the parentheses of Eq. (2) has been integrated 
between the proper limits. (Some textbooks of calculus apply the 
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first integral sign to the first differential. Either method may be used 
if followed consistently.) 

To find the area between the curve y and/ the straight line 
y = 2x of Fig. 242, 

A = j j dx dy == j (x) dy (3) 

The integration with respect to x consists of placing rectangles dx wide 
and dy high on the horizontal line from D to E of Fig. 242,1. These 



Fig. 242. 

rectangles build up a horizontal element of length DE and height dy 
extending from the straight line to the curve. The limits of the first 
integration must give the length of any such horizontal element, hence 
the lower limit is the value of x at the straight line and the upper limit is 
the value of x at the parabola, both expressed in terms of y, 

'' ■ / [’' 1 //" “ / G" “ i)''»■ [i " 4] 

The integration with respect to y (if dx has been integrated first) 
consists in piling up elements similar to DE from 0 to to fill out the 
required area. The limits of y are 0 and 4. 



The coefficient of dy in Eq. (4), which is y^ — y/2, is the length of the 
element. This could be calculated without integrating and the area 
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could be found by a single integration. A solution by a single integra-- 
lion is egudvolent to the second step of cl double intcgvotion, W^hen the 
first step can be made conveniently without integrating, double integra¬ 
tion is unnecessary. 

Figure 242,11 shows the geometry of the integration when dy is 
integrated first. The rectangular elements of area dy times dx are 
piled into a vertical strip from H to K, The lower limit is the value of 
y at the parabola and the upper limit is the value of y at the straight 
line^^,^ For the second integration, these vertical strips are placed side by 
side fiom x = 0 to a:* = 2. 

dy dx = j j^?/j ^ dx == j (2x — x^) dx = ^x- — | (5) 

The equation for finding the moment with respect to the Y axis, 
when X is integrated first, is 

M 

M 

X 

Problems 


^"3 


= TT = 1 


( 0 ) 



1 . Find ^ for the area of Fig. 242, integrating first with respect to y. 

2 . Find y for the area of Fig. 242, integrating first with respc^ct to x to find the 
moment. Check by integrating first with respect to y. 

Arts. M = y — 1.6.' 

3. Find £ for the area enclosed by the line y and the curve y ~ x^. Solve 

two ways. 

G4< ^ 

Arts. X = 1 

Example 


Find 5 for a 60° sector of a circle of radius a by double int(‘gration, using polar 
coordinates. 

The element of area (Fig. 243) is dA = r dO dr^ and 


To find i, 

M 

M 

f 


x' — r cos B 



cos 0 dr dd 


\/3 

6 

M ___ a Vs 

7ra2/6 TT 



cos 6 do 



(1) 
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When r is integrated first, the first integration gives a triangular wedge extending 
from the center to the circumference The next integration swings this around 
from the horizontal axis to the line at 60°. If 0 were integrated first, the area 
would be built up of concentric arcs. In this example, the limits of r are inde¬ 
pendent of dj and it makes no difference which is integrated first. When the limits 
are not independent, it is best to integrate first with respect to r, since integration 
first with respect to the angle usually gives difficult 
forms for the second integral. 

Problems 

4 . Find p for Fig. 243, Check from the answer of the 
example. 

5. From the answer of the example find t and y> 
geometrically for a 30° sector. Check by double 
integration. 

6. Find the center of gravity of a semicircle of radius 

a. Memorize the result. Ann. 2 = 4alSTr. 

7 . Find £ and y for the area bounded by the X axis, the circle r = a, and the line 
X = a/2. Find the moment of the 60° sector and subtract the moment of the 
triangle. Divide by the difference of the areas. 



118. Center of Gravity of a Solid. When the density is constant, 



Fig. 244. 


the center of gravity of a solid is calculated 
by Eq. (1) of Art. 115, which is Formula XVI 
with the density canceled from numerator and 
denominator. The element dV may be set 
up for single or double integration. Triple 
integration is seldom needed unless the density 
varies. 

Example 

Find the (*cntcr of gravity of a homogeneous solid 
hemisphere by a single integration. 


One element of volume (Fig. 244) is a circular disk of radius y and thickness dx. 


dV = wy^ dx = Tr{a^ — x^) dx 

M = TT j — x^)x dx =* ^ 

7raV4 3a ,, 
®“W73='8 Memorize. 


Problems 

1 . Find the center of gravity of a segment of a homogeneous sphere of radius a 
which is cut off by a plane at a distance of one-half the radius from the center. 

Arts. X * 27a/40. 

2 . Solve Prob. 1 if the plane is at one-fourth the radius from the center of the sphere. 
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5. Find the distance from the vertex of a pyramid or cone to the plane through the 

center of gravity parallel to the base. Ans. 3A/4. Memorize. 

4 . Find the distance of the center of gravity of a right cone from the base. Build up 
the cone of coaxial hollow cylinders as in Fig. 245. 

6 . A solid cylinder is cut by two planes which intersect on a diameter. One of these 
planes is perpendicular to the axis and the other makes an angle ct with this plane, 
as shown in Fig. 246. Find the center of gravity of the portion of the cylinder 
between the planes. Solve by polar coordinates. 

Ans. X = 37ra/]6. 

, 6 . A solid cylinder of radius a is cut by two planes which 
make ^n angle a with each other and intersect on a 
tangent. One plane is normal to the axis of the 


Fig. 245. Fig. 246. 

cylinder. Find the center of gravity of the portion of the cylinder between the 
planes. Solve by polar coordinates with the origin of coordinates at the axis 
of the cylinder. 

119. Miscellaneous Problems 

1 . Find the center of gravity of the area bounded by the X axis, the curve y — sin 

X, and the line x = x/2. Ans. x = 1; ?/ = tt/S = 0.3927. 

2. Find the center of gravity of the area bounded by the X axis, the curve y = sin^ 
x, and the line x = ir 12. 

3. Find t for the area bounded by the A' axis, the Y axis, the line y — S, the curve 
xy = 24, and the line x = 6. 

The total area consists of a rectangle, 3 units wide by 8 units high, and the area 
under the curve from x = 3 to x = 6. 

X 1.5 + / 24 rfx ^ 36 + 24[x1; 

24 + j (24/x) dx 24 + 24 [log. x]* 

_L0§ _ o 

24 X 1.69315 ~ * 

4 . Check Prob. 3 using the rectangle 6 units wide and 4 units high, together with 
horizontal elements from the Y axis to the curve. 

6. Solve Prob. 3 for y and check. 

6. Using polar coordinates, find £ for the right-angled triangle bounded by the X 
axis, the line x = 4, and the line y — %x. 

7 . Find £ for the area between the curve ?/* «= 4(x — 1) and the line x = 5. 


£ = 

£ = 
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8 . Find y for the area bounded by the curve of Prob. 7, the X axis, and the line 
drawn from the origin to the point (1.25,1.00). 

9 . plnd Si for the area, bounded by the lines y = x = 2, and the curve y = x^. 

10 . Find for the area between the straight line and the curve of Fig. 242 by polar 
coordinates, (x = r co8 0y y = r sin 0.) 

11 . Find X for a semicircle of radius a to the right of the Y axis with density varying 
as the distance from that axis. Compare with Prob. 5 of Art 118. 

12 . Find S for a semicircle of radius a to the right of the Y exis, with density vary¬ 
ing as the distance from the c(*nter. What would be the form of a solid of 
uniform density which would have the same center of gravity? 

Arts. X = 3a/27r. 

13 . Find S for one-half of a vertical right cone of radius a to the right of the YZ 

plane. Ans. x = a/71. 

14 . Find S for a semicircle of radius a to the right of the }' axis with density vary¬ 
ing as the distance from the circumference. 

16 . The curve — 4x is rotated about the Y axis to form a solid of revolution of 
uniform density. Find ij for that part of the solid lying between the XZ plane 
and the plane ?/ = 2. 

16 . The curve y = is rotated about the A' axis. Find x for the solid of revolution 
so formed lying between the YZ plane and the plane x = 2. 

17 . A crucible has the form generated by revolving the curve y - x^ about the Y 
axis with the plane ?/ = 1 as the bottom. It is filled 2 ft deep (above the bot¬ 
tom) with molten iron weighing 480 lb per cu ft, above which floats a slag 1 ft 
deep weighing 160 lb per cu ft. Find the weight of the charge and locate its 
center of gravity. 

18 . Locate (in terms of the radius) the center of gravity of a thin wire bent into the 
form of a semicircle. 

19 . Show that the center of gravity of a pyramid lies on the line connecting the 
centroid of the base with the vertex and is one-fourth of the distance along that 
line from the base. 
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120. The Integrals of Mechanics. The integrals used in Chap. 12 
to find the areas of surfaces, the volumes and masses of solids, and to 
locate center of gravity or mass centers are among a group of integrals 
called the integrals of mechanics. The integrals fr^ dm^ jx^ dA, and 
Jr^dAy which are called moments of inertiay and the integral fxy dAy 
called the product of inertiay are extremely important integrals of 
mechanics occurring in many practical engineering problems. The 
mass product of inertiay fxy dm, is an important integral of mechanics 
not treated in this chapter since most of the problems involving this 
integral are beyond the scope of this text. The integral J dm involves 
the masses of bodies; since mass has a property known as inertiay its 
designation as moment of inertia is quite appropriate. The integrals 
fx^ dA and Jr^ dA are functions of plane areas, which have no mass and 
so no inertia. These integrals are called moments of inertia because of 
their mathematical kinship to 

121. Moment of Inertia of Solids. Every problem of dynamics 
which deals with rotating masses involves the moments of inertia of 



the rotating parts. This (quantity is 
usually designated by the symbol /, 
defined as 

/= I dm Formula XVII 

in which dm is the element of mass and 
r is the distance of the element of mass 
from a line, called the axis. It is not 
necessary that dm be infinitesimal in all 
three dimensions, but it must be infini¬ 
tesimal in at least one dimension and it 


must be equidistant in all parts from the axis if Formula XVII is to be 
used. 


Figure 247 shows the form of the element required to find the moment 
of inertia with respect to the Z axis 0-Z. The element B~B' is parallel 
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to the axis 0-Z. If its transverse dimensions are infinitesimal, all parts 
of the element are at the same distance from O-Z, within infinitesimal 
limits. The element may also be infinitesimal parallel to the axis or it 
may extend entirely through the body in this direction as shown in 
Fig. 247. The cross section of the element in the plane perpendicular 
to the axis may be rectangular as shown, or it may have the form neces¬ 
sary for integration with polar coordinates. The element may be a 
hollow cylinder of radius r and thick¬ 
ness dr, which extends through the 
body parallel to the axis. 

122. Moment of Inertia by Integra¬ 
tion. Figure 248 shows one end of a 
cylinder of radius a. It is desired to 
find the moment of inertia of this cylin¬ 
der with respect to its axis, which is per¬ 
pendicular to the plane of the paper. 

Polar coordinates are best suited for 
this problem. The element, of volume 
parallel to the axis of the cylinder has the cross s(H*4ion dA — r dd dr. 
If I is the length of the cylinder, the element of volume is 

dV = lrdedr (1) 

If p is the density, or mass per unit volume, 

dm = plr do dr (2) 

1 — j dm — f f (^) 

Integrating first with respect to r and putting in the limits r 
r = a, 

I ^ j de 

Integrating next with respect to 6 and putting in the limits 6 
e = 27r, 


== 0 and 

(4) 

= 0 and 

(5) 



The mass of the cylinder is 


m = pha^ 
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which, substituted in Eq. (5), gives 



/ = 


ma^ 

"2“ 


Formula XVIII 


Figure 249 represents a rectangular 
parallelepiped of length breadth 
6, and depth d. It is desired to find 
its moment of inertia with respect 
to the axis of symmetry parallel to its 
length. 

The line 0-0' is the axis. The 
element of volume is dV = I dx dy. 
The element of mass is dm = pi dx dy. 


With 0-0' as the axis of coordinates, 


7*2 = + 2 /^ 

I = j dm — pi j j (x^ + y^) dx dy 


( 0 ) 


The limits for x arc 


^ and + The limits for y arc — ^ and + 


__ , fh^d , bd^\ ,, , 


62 + ^2 1,2 ^2 

= m ' 


12 


12 


Problems ^ 

1 . Find the moment of inertia of the rectangular f)aral]elepipe(^ of Fig. 249 with 
respect to the axis C-C', 


Ans. I = plbd 


4- 


62 4 - d^ 


3 3 

2 . Find the moment of inertia with respect to the axis 

0-0' of the right-angled triangular prism of Fig. 250. 

. r b^A-d^ 

Ans. I = plbd —ipr— = m- - - 

3 . Calculate the moment of inertia in foot and pound 
units of a homogeneous solid cylinder which is 4 ft in 
diameter, 3 ft long, and weighs 2400 lb. 

4 . Calculate the moment of inertia of a homogeneous 

solid cylinder, which is 1 ft in diameter, 2 ft long, and 
weighs 480 lb per cu ft. Ans. I = 307r = 94.248. 

5 . Calculate thfe moment of inertia of a homogeneous hollow cylinder which is 

3 ft long, has an outside diameter of 4 ft and an inside diameter of 2 ft, and 
weighs 40 lb per cu ft. Ans. I = OOOtt == 2827.44. 

6 . Find the moment of inertia of a homogeneous hollow cylinder which is 3 ft 

long, has an outside diameter of 4 ft and an inside diameter of 2 ft, and weighs 
300 lb. Ans. I ^ 750. 
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7. Derive the equation for the moment of inertia with respect to its axis of a right 
circular cone. The height is h and the diameter of the base is 2a. 

Build up the cone of a series of flat disks parallel to the base, as shown in Fig. 251. 
The radius of each disk is r and its thickness is dy. The distance y may be 
measured from the base, as in Fig. 251, or from the vertex, as in Fig. 252. 
Since the disk is a short cylinder, its moment of inertia is given by Formula 
XVIII. The radius r is expressed in terms of y and constants, and the moment 
of inertia is derived by a single integration with y as the variable. 

Ans. I “ 7rp/?a^/10 == Simx^/lO. 




8 . Solve Prob. 7 Viy forming the cone of coaxial hollow cylinders of radius r and 
thickness dr, as shown in Fig. 252. 

9. Solve Prob. 7 with r as the independent variable. 

The solutions of Probs. 7 and 8 are examples of the integration of elements of 
volume, T de dr dy. Integration first with respect to B gives a hollow ring. 
A second integration with respect to y builds these rings into a hollow cylinder. 
A third integration with respect to r expands these cylinders to form the cone. 
Since all parts of the hollow cylinder are at the same distance from the axis of 
moment of inertia, the first two integrations are unnecessary for a cone, 
cylinder, or sphere. 

For Prob. 7 (Fig. 251), r may be integrated first and B next, or 6 may be inte¬ 
grated first and r next. In either ca^e, the result is a thin disk. Since the 
moment of inertia of a disk has been given in Eq. (5) and Formula XVIII, 
it is not necessary to repeat these integrations. An integration with respect 
to y builds up a cone, sphere, or any other solid of revolution of a Beries of such 
disks. 

10 . The diameter of the base of a homogeneous right cone is 10 in. and the altitude 
is 12 in. Find the moment of inertia with respect to the axia of fevolution, in 
pound and inch units, if the mass is 80 lb. Ans. I =* 600. 






250 


MECHANICS 


[Art. 123 


11. Solve Prob. 10 if the weight per cubic inch is 0.3 lb. Ans. I = 706.86. 

12. The diameter of the lower base of a frustum of a right cone is 12 in.; the diam¬ 

eter of the upper base is 8 in.; the height is 10 in.; and the weight is 38 lb. 
Find the moment of inertia in pound and inch units. Ans. I = 506.4. 

13 « Derive the equation for the moment of inertia of a sphere with respect to a 
diameter, using disks as elements. Ans. 1 = 8Trpa*/15 = 2ma^l5. 

14 . Solve Prob. 13 by a single integration, using hollow cylinders as elements of 
volume. 

16 . Find the moment of inertia of a homogeneous solid cylinder, of length I and 
radius a, with respect to a line in its surface parallel to its axis. (One end of 
this cylinder is shown in Fig. 253.) 

16 . Find the moment of inertia of a homogeneous solid cylinder with respect to 
an axis parallel to the axis of the cylinder at a distance d from it. 

B 




Fig. 253. Fig. 254. 

Figure 254 shows one end of the cylinder. The axis of inertia is perpendicular 
to the plane of the paper. To simplify the equation of the circle and the 
expressions for the limits of r, the origin of coordinates is placed at the axis of 
the cylinder instead of at the axis of inertia. The distance r' of Fig. 254 is 
r of Formula XVII. This distance must be expressed in terms of r, e, and d. 

Ans. I = m[{a^/2) -f d^. 

123. Radius of G 3 rration. The radius of gyration of a body is the 
distance from the jixis at which all the mass of the body must be placed 
in order that the moment of inertia may be the same as that of the 
actual body. It is defined mathematically by the equation 

fc" = I Formula XIX 

m 

in which k is the radius of gyration. 

The moment of inertia of a homogeneous solid cylinder with respect 
to its axis is ma^/2^ and = a^/2. If a homogeneous solid cylinder of 
given mass is replaced by a thin hollow cylindrical shell of the same 
mass, the moment of inertia of the shell will equal that of the cylinder, 
provided the radius of the shell is 0.7071 of the radius of the cylinder. 
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Problems 

1 . Calculate the radius of gyration of a homogeneous solid sphere lOln. in diameter. 

Ans. k = VlO = 3.16 in. 

2. Derive the expression for the radius of gyration of a homogeneous solid sphere 

of radius r. Ans. k - 0.63246r. 

3. Derive the expression for the radius of gvration of a homogeneous solid eylinder 

of radius r. Ans. k = 0.707Ir. 

4 . Derive the expression for the square of the radius of gyration of a hollow eylin¬ 
der, of which the outside radius is a and the inside radius is b. 

Ans. P = (a^ + b^)/2. 

6. Derive the expression for the square of the radius of g>Tation of a homogeneous 
solid cone of radius a with respect to the axis of the cone. Ans. k^ — Sa^/lO. 

6. Find the radius of gyration of a homogent^oiis hollow cylinder, of which the 
outside diameter is 16 in. and the inside diameter is 10 in. Ans. k ^ 6.67 in. 

7 . Find the radius of gyration of a homogeneous hollow cylinder, of which the 
outside diameter is 16 in. and the inside diameter is 15 in. Ans. k = 7.75in. 



Fig. 255, 


124. Transfer of Axis. The calculation of the moment of inertia 
about any axis is frequently a laborious process. The work may often 
be simplified by means of a transfer of the axis. If the moment of 
inertia of a body is known with respect to some axis, its moment of 
inertia with respect to any other axis parallel to that axis may be found 
by simple algebraic methods. 

In Fig. 255, the moment of inertia is desired with respect to 0-0'. 
Let B-B' represent any element of the body parallel to 0-0'. The 
distance from 0-0' to B-B' is r. 
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Suppose that the moment of inertia of the body is known with respect 


to the axis C-C' , which is parallel to the axis 0~0' at a distance d. The 
horizontal component of d is a and the vertical component is 6. 

^ A- ( 2 ) 

The coordinates of the element with respect to C-C' as the Z axis 
are x and y, and the coordinates with respect to 0-0' are a + x and 
b + y 

= (a + xy + (b + yY (3) 

/ == j (a^ + 2ax 4“ + 26?/ + y“) dm (4) 

^ J + b^) dm + j + y^) dm 2a j x dm -{-2bjy dm (5) 

The first term of the second member of k^q. (5) is 

(o* + ¥) j dm dm = md^ (6) 

The second term is the moment of inertia with respect to the axis C-C\ 
which may be represented by I c. 

f (x^ + 2/=) dm = h (7) 


The third term is 2afx dm. The expression x dm is the moment of the 
element B-B' of mass dm with respect to the vertical plane through 
0-0'. The expression Jx dm is the moment of the entire volume with 
respect to this plane. If the vt rtical plane through 0-0' passes through 
the center of gravity of the body, the total moment is zero. Similarly, 
fy dm is equal to zero if the horizontal plane through 0-0' passes through 
the center of gravity. If the line C-C' passes through the center of 
gravity of the body, the last two terms of Eq. (5) vanish and 

I = Ic + rnd^ Formula XX 

in which Ic is the moment of inertia with respect to an axis through the 
center of gravity, I is the moment of inertia with respect to a parallel 
axis at a distance d from the center of gravity, and m is the mass of the 
body. 

Formula XX affords a convenient method of finding the moment of 
inertia of a body with respect to any axis, if the moment of inertia is 
known with respect to a parallel axis through the center of gravity. 
If the moment of inertia is known for some axis which does not pass 
through the center of gravity, and if it is desired for some other axis 
which does not pass through the center of gravity, Formula XX may be 
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used to transfer from the first axis to the center of gravity and then to 
transfer from the center of gravity to the second axis. 

If kc is the radius of gyration of the body with respect to the axis 
C-C' and k is the radius of gyration with respect to the axis 0-0', 

= L = ^ Formula XXI 

m m 


The moment of inertia with respect to axes through the center of 
gravity is given in handbooks for many of the (common solids. By 
means of Formula XX and the handbook, the engineer can quickly 
calculate the moment of inertia of any solid for an axis parallel to the 
axis for which Ic is known. Sometimes the moment of inertia is known 
for an axis which does not pass through the center of gravity. To find 
the moment of inertia with respect to a parallel axis, transfer first to an 
axis through the center of gravity to get Ic and then transfer to the 
required axis. 

Problems 


1. A homogeneous solid cylinder is 8 in. in diameter, 12 in. long, and weighs 50 lb. 

Find the moment of inertia with respect to an axis which is 15 in. from the axis 
of the cylinder. Ans, I — 11,650. 

2 . Find the radius of gyjation of the cylinder of Prob. 1 with respect to the given 

axis. Ans. — 233; k « 15.264 in. 

3 . A solid sphere is 10 in. in diameter and weighs 40 lb. Find the radius of gyra¬ 
tion with respect to an axis tangent to the surface. Ans. k^ = 35; = 5.916 in. 

4 . Find the radius of gyration of a hollow cylinder, 2 in, inside diameter, 10 in. 
outside diameter with respect to a line 5 in. from its axis. 

Ans. k^ = 3S; k = 6.164 in. 

6 . Solve Prob. 1 of Art. 122 by means of Formula XX. 

6 . Derive the expression for the moment of inertia of a homogfuieous solid hemi- 
sph(*re with respect to an axis through its center of gravity parallel to the plane 
which bounds it. Ans. F — 83/naV320. 

• 7. A circular disk, 20 in. in diameter, has four holes drilled through it. The 
diameter of each hole is 5 in. and the 
center is 4 in. from the center of the disk. 

Find the radius of gyration. 

Ans. k = 7.76 in. 

126. Moment of Inertia of a Thin 
Plate. The moment of inertia of 
a rectangular parallelepiped of length 
I, breadth b, and thickness d, with 
respect to one edge parallel to its length (Fig. 25(5) is 



I = plbd 


3 


b"- + d’^ 
m — „— 
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(See Prob. 1 of Art. 122.) If the thickness is small compared with 
the breadth, its square may be relatively negligible and may, therefore, 
be neglected. For instance, if 6 = 100 in. and d = 1 in., the error 
made by dropping is only 1 part in 10,000. The moment of inertia 
of a long slender rod with respect to an axis through one end perpen¬ 
dicular to its length is mV -and the moment of inertia with respect 

to an axis through the middle 
perpendicular to its length is 
mZyi2. These formulas are 
derived from the results for a 
parallelepiped by neglecting the 
thickness and interchanging I 
and 6. 

Problems 

1. Find the moment of inertia of a 
thin riroular disk of thickness dz 
with respect to a diameter. 

If the horizontal diameter, 0-0' 
(Fig. 257), is taken as the axis of 
reference, tlie element of volume parallel to this diameter is 2x dy dz. The 
thickness dz is so small (many tim(‘s l(‘ss than shown in the side view of Fig. 
257) that its square may b(‘ neglected in calculating r. 



I = p dz 


j 2x?/2 dy 

which is best solved by substituting x = a cos 0, y = a sin 6. 


2 p dz j ^ 6 do — pa^ dz 

— cos 40 




20 


pa^ j ^ 


do = pa'* dz 


0 _ sin 40 
4 ” 16' 


I =pdz- 


ma^ 

'T' 


do 



This moment of inertia is one-half that of the disk with r(‘spect to its axis. 

2. Find the moment of inertia of a rectangular plate of bn*adth 6, length /, and 
thickness dz, with respect to an axis through its center parallel to its length. 

Ans. I = pldz(b^/l2) — rnb'^/12. 

3. Find the moment of inertia of a triangular plate of height h, base b, and thick¬ 

ness dz, with respect to an axis through its center of gravity parallel to its base. 
Find the moment of inertia first with respect to an axis through the vertex 
parallel to the base. Transfer to a parallel axis through the center of gravity 
by means of Formula XX. Ans. I ^ pb dz{h^/3Q) = nih‘^/18. 

126. Plate Elements. The moment of inertia of a solid can often be 
found conveniently by a single integration when the momenta of inertia 
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of thin plates with respect to their gravity axes are known. A suitable 
element in the form of a thin plate of infinitesimal thickness with its 
plane parallel to the axis of the desired moment of inertia is chosen. 
Then the moment of inertia of the elemental plate with respect to the 
desired axis is set up by means of Formula XX, and the integration of 
the moments of inertia of the elements into that pf the entire solid is 
carried out. The process is 
described mathematically by the 
expression 

I ^ j dl Formula XXII 
Example 

Find the moment of inertia of a 
homogeneous solid cylinder of length I 
and radius a with resp(‘ct to a diameter at one end (Fig. 258). 

From l^rob. 1 of Art. 125 the moment of inertia of a disk of radius a and thickness 
dx with respect to the diameter C-C' is 

dh=p^-dx ( 1 ) 



The moment of inertia with resj)f ct to the parallel axis 0-0' at a distance x from 
C-C' is 

I = j dl = j {die 4- dm) = pir~^ j dx + p7ra^ j x^ dx (2) 


- f" 

= PTT — 


aVll 

r “3 Jo 



The first term of Eq. (4) is called the moment of inertia with respect 
to the plane of the base^ and the second term is the moment of inertia with 
respect to a diametral plane of the cylinder. The moment of inertia of a 
solid with respect to a plane has no direct usefulness but is a convenient 
concept in the study of moments of inertia. If the moments of inertia 
of a solid with respect to two planes at right angles to each other 
are added, the sum is the moment of inertia with respect to the line of 
intersection, which is a useful quantity in mechanics. If the moment of 
inertia of a third plane at right angles to the other two is added to the 
moment of inertia with respect to a line, the total is the moment of 
inertia with respect to the point where the three planes intersect. Note 
that the second term of Eq. (4) would be the moment of inertia of the 
cylinder if it were compressed into a flat plate at the bottom of the 
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1 

cylinder and the first term (see Prob. 2 below) would be the moment of 
inertia of the cylinder with respect to 0-0' if the cylinder were con¬ 
densed into the line of its axis. 


Problems 


1 . 


3. 


6 . 


Find the moment of inertia of a homogeneous solid cylinder with respect to a 
diameter at the middle. 


Ans. I 




Find the moment of inertia of a circular rod with resp(*ct to an axis through one 
end perpendicular to its length, if the diametcT is so small that its square is 
negligible compared with the square of the length, Ans. 1 = 

Find the moment of inertia of a homog< neons right cone of altitude h and 
diameter 2 a with respect to an axis through the vertex parallel to the base. 

3m 


Ans. I — 




Calculate the radius of gyration of a right cone 12 in. in diameter at the base and 
18 in. high with respect to an axis through the vertex parallel to the* base. 

Ans. k — 14.135in. 

Derive the expression for the moment of inertia of a homogeneous right cone 
with respect to ru axis through the centi'r of gravity parallel to the base and also 
with respect to a diameter of the base. 

3m 
5 


. , 3m /a2 }i^\ , 3m , h^\ 

Ans. L = - 5 - (4 + ; /„ = - j. 


6 . Find the radius of gyration of a flywh(‘el with hub 2 in. inside* (liam(‘ter and 4 in. 
outside diameter, 6 in. wide; with rim 20 in. inside diameter and 2*4 m. outside 
diameter, 4 in. wide; and with six spokes 2 in. in diamet(‘r, considering all parts 
as cylinders and negl(‘cting the fillets. (Assume the spokes 18 in. long with one 
end 2 in, from the center of the wheel.) 

7. Find the moment of inertia of a sphere about a dianu*ter, using plate elements 
parallel to the diameter which is the axis of moment of inertia. 

8 . Find the moment of inertia with respect to the X axis of the solid formed by 
revolving the curve y = about the Y axis and cutting off * lie upper portion 
by the plane y = 3. 


127. Moment of Inertia of a Plane Area. Many problems in engi¬ 
neering involve the resultants of pressures distributed over finite areas 
and varying in intensity directly with the distance from some line or 
point. For example, the pressure of fresh water (at about 50°F) on a 
gate or dam is at every point i)2Ay pounds per square foot, where y is 
the vertical depth of submergence of the point below the free surface 
of the water. The total pressure on a plane area is then P — j(^2.4y dAy 
dA being an element of the area, andP = ij2AyA , where y is the vertical 
depth of submergence of the centroid of the area. But the location of 
this resultant force is not at the centroid of the area (except when the area 
is horizontal) but at some other point whose position must be deter- 
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mined by moments. A convenient axis of moments is the line where 
the area extended, if necessary, cuts the free surface of the water 
(extended if necessary). The element of force ^2Ay dA has a moment 
about this line equal to (y esc 6) (62.4?/ dA ), where $ is the angle between 
the area under consideration and the surface of the water. The total 
moinent is then M = 62.4 esc djy"^ dA. Instead of solving such prob¬ 
lems by evaluating the definite integrals involved, it is better separately 
to study the property of the plane area represented by the integral and 
called the moment of inertia of the area. Usually the moment of 
inertia can be found without the necessity of integrating. 

If a vertical plane passed through the centroid of the area under pres¬ 
sure, discussed above, does not divide the area into two symmetrical 
parts, the resultant pressure may not lie in this vertical plane, and its 
lateral location must be found by moments. The intersection of this 
vertical plane and the area in question makes a convenient axis of 
moments and the moment of the distributed pressure about this axis is 
62.4Jx2/ dA, where x is the distance of the element from this axis. The 
integral jxy dA is called the product of inertia. It has the same dimen¬ 
sions as does the moment of inertia and, consequently, can be added 
to the moment of inertia without violating the rules of mathematical 
propriety. These quantities are both scalar with the dimension of 
and neither can be expected to make any appeal to common sense. 
In addition to the example given above, nearly all the problems of 
beams, columns, torsion members, etc., in strength of materials involve 
these integrals. They get their names from the mathematical similar¬ 
ity to mass moments and products of inertia, the sole difference being 
that an element of mass is replaced by an element of area. Moment 
of inertia of a plane area is defined mathemati(!ally as 

I = j r- dA 

and as in the case of mass moment of inertia, 7 = Jr^ dm, the element 
of area must be at all parts equidistant from the axis of 7. The same 
symbol, 7, is usually used for both since both kinds of moment of 
inertia rarely appear in the same problem. 

The radius of gyration of a plane ;irea is defined by the equation 

moment of inertia ... 

/c- =- (1) 

area ^ 

The formula for the transfer of axis for the moment of inertia of a 
plane area is 


I = Ic + Ad^- 


( 2 ) 
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ilk w!iich Ic is the moment of inertia with respect to an axis through 
the center of gravity of the area, I is the moment of inertia with respect 
to any parallel axis, and d is the distance between these axes. 

128. Polar Moment of Inertia. When the axis is normal to the plane 
of the area, jr^dA is called the polar moment of inertia of the aiea. 
The polar moment of inertia of a plane area is equivalent to the mofnent 
of inertia of a right prism or cylinder for an axis parallel to its length, 



Fig. 259. Fig. 2G0. 


provided the density and length are such that the mass per unit area is 
unity. 

It is customary to represent the polar moment of inertia by J. 

J = f r^dA ]-'ormula XXIIl 

In Fig. 259 ,0 represents an axis perpendicular to the plane of the paper. 
The element of area is r dd dr and 

J = j J r^ dS dr (1) 

In Fig. 260, the element of area is dx dy and 

J = j r"^ dA = f f A- y^) dx dy (2) 

Problems 


1 . Find the polar moment of inertia of a eirele of radius a with lespect to an axis 

through its center and compare the moment of inertia and radius of gyration 
with those of a cylinder. Ans. J = Tra^/2 = Aa^l2] — a‘^/2. 

2 . Pdnd the polar moment of inertia of a rectangle of breadth b and depth d with 
respect to an axis through its center. 

Am. J ^ ,1c - 

3. Find the polar moment of inertia of an isosceles triangle of base 6 and altitude h 
with respect to an axis through the vertex. 

. J hh^ b^h 

129. Axis in a Plane. When jr^ dA is taken with respect to an 
axis in the plane of the area, it is called simply the moment of inertia of 
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the area. This moment of inertia is a factor in the strength and 
stiffness of beams and columns and has much greater application than 
the polar moment of inertia. The values of this moment of inertia for 
the common geometrical figures and for sections of the ordinary 
structural shapes are given in the handbooks of the steel companies. 

If the moment of inertia is taken with respeci to the X axis, r = 
and 

1 = 1 y^dA = h ( 1 ) 


If the moment of inertia is taken with respect to the Y axis, r = x, and 

I = f x^dA = ly 

The moment of inertia with respect to the 
X axis may be designated by Ix and the 
moment of inertia with respect to the Y 
axis by ly. This convention is convenient, 
but it is not in general use. 

Example 

Find the moment of inertia of a circular area of 
radius a with respect to a diameter. 

Figure 261 applies to this example. The moment 
of inertia is taken with rc'spect to the X axis and the element of area is given in 
polar coordinates. 



I = j y^dA = j j 


dr sin^ 0 dO 


sin 20 l^TT 
4 


-m,j- 

j : 


sin 2 e do 


ira^ 


Aa^ 

4 


0) 

(2) 


Problems 


1. Find the radius of gyration of a circular area with respect to a diameter. 

Ans. k — a/2. 

2. Find the moment of inertia of a rectangle of base h and altitude d with respect 

to a line through the center parallel to the base. . Ans. I = bd^/\2. 

3. Find the moment of inertia of the rectangle of Prob. 2 with respect to the base. 

Solv(‘ by integration and also by transfer of axis. Ans. I — bd^/Z. 

4. The base of a rectangle is 6 in. and its altitude is 10 in. Find its moment of 
inertia with respect to an axis 4 in. below the base and parallel to it. Solve 
two ways. 


Ans. I 
I 


6 X 1000 
12 

6 X 2744 
3 


-f 60 X 81 - 5360 in.-* 


6 X (H 

" 3 “ 


5360 in.-* 
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6. Derive the expression for the moment of inertia of a triangle of base h and 
altitude h with respect to an axis through the vertex parallel to the base. 

Ans. I = hh^j^. 

6 . Using the answer of Prob. 5, find the moment of inertia of a triangle with 
respect to an axis through the center of gravity parallel to the base, and find 
the moment of inertia with respect to the base. 

Ans. Ic = 6W36; I = hhy^2. 

7. If h is the length of each of two opposite sides of a parallelogram and is the 

perpendicular distance between them, find the moment of inertia of the 
parallelogram with respect to one of these sides. Ans. h, = bh^/S. 

8 . A trapezoid has the lower base 8 in., the upper base 2 in,, and the altitude 6 in. 

Find the moment of inertia with respect to the lower base by dividing the 
area into a parallelogram and a triangle. Ans. I = 252 in.** 

9 . Solve Prob. S by dividing the area into two triangles. 

10 . Find the moment of inertia of the trapezoid 
of Prob. 8 with respect to an axis through 
the center of gravity parallel to the base. 
Solve by transfer from the base. 

Ans. Ic = 252 - 172.8 - 79.2 in. 

11 . Find the moment of inertia of a 6- by 5- by 
1-in. angle section with respect to an axis 
through the center of gravity parallel to the 
5-in. leg (Fig. 262). The center of gravity 
is found to be 2 in. from the back of 
the 5-in. leg. To find the moment of inertia 
with respect to the axis 0-0', the section is 
divided into a 6- by 1-in. rectangle and a 1- 

by 4-in. rectangle. The moment of inertia of each rectangle is first found with 
respect to a vertical line through its center of gravity and then transferred to 
the axis 0-0'. 

1- by 4-in. rectangle 



Fig. 262 . 


4_X U 

12 


4- 4 


(O’ 




6- by 1-in. rectangle 


-f 6 X P = 18 + 6 = 24 
Total Ic = 33^^ 

The problem may also be solved by finding first the moment of inertia of the 
entire section with respect to some vertical axis and then by transferring to the 
parallel axis through the center of gravity. The moment of inertia with 
respect to the back of the 5-in. leg is 

, 1 X 0» 4 X P _ _ 1 
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This axis is 2 in. from the axis 0-0'. 

Ic = - 10 X 22 = 33H 

12. Solve Prob. 11 by dividing the section into two equal rectangles as shown in 


Fig. 263. Find / with respect lo the axis C-C 
0-0' through the centroid. Solve also by 
transfer from the centroid of each rectangle as 
in the first method of Prob. 11. 

13. Find the moment of inertia of the 6- by 5- by 

]-in. angle section of Figs. 262 and 263 with 
respect to the axis through the c(‘nter of gravity 
parallel to the 6-in. leg. Solve by two 
nu'thods. Calculate the radius of gyration and 
compare the results with “Carnegie Pocket 
Companion” or the “American Institute of 
Steel (construction Handbook” for a similar 
smaller section. Ans. I — 20^^. 

14. Figure 264 shows a standard channel section 
without fillets or curves. The slope of the 


and then transfer to the axis 



Fig. 263. 


Am. I = 


Find the moment of inertia of this section 
with respect to an axis through the center of 
gravitv perpendicular to the web. 

hf - 
16 

16. Look uj) the dimensions of a 15-in. 33.9-lb standard 
channel section, (’alculate the moment of inertia 
with resp(‘ct to an axis which is perjxuidicular to the 
web and passes through the center of gravity by 
means of the answer to Prob. 14. Calculate the 
radius of gyration and compare with the handbook. 

16. Find the moment of inertia of the channel section 
of Prob. 15 with respect to an axis along the right 
side of th(‘ web of Fig. 264. Find the distance of the 
cent(*r of gravity from this axis and calculate the 
moment of inertia with respect to th(» axis through 
the center of gravity parallel to the web. Check 
with your handbook. 

17. A 12- by 1-in. plate is riveted to the lower flange 
of a 10-in. 30-lb I beam. How far is the center 
of gravity of the combination from the bottom of 
the beam? Find the moment of inertia with respect 
to the axis through the center of gravity parallel to 
the flange. Get all the data you can from the hand¬ 
book. Check your solution. 

18. A plane area is bounded by the X axis, the curve 

Fig. 264. 2/^ = 4x, and the line x = 9. Find the moment of 

inertia with respect to the line x = —2. 

19. Find the moment of inertia of the area bounded by the curve xy = 24, the 
line x *= 2, and the line ?/ = 3, with respect to the X axis. 
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20. Find the moment of inertia of the area bounded by the curve y = x^, the line 
a; » 4, and the X axis with respect to the line x = ~2. 

130. Product of Inertia, The product of inertia is represented by H 
in algebraic equations. 

H = f xydA (1) 


The product of inertia has no physical significance. It is, however, so 

useful in the calculation of the moment of 
inertia of plane areas that it is desirable to 
master some of its properties. 

If an area has an axis of symmetry, 
the product of inertia with respect to that 
axis and the axis perpendicular to it is zero. 
In Fig. 265, the Y axis is an axis of 
symmetry. Any horizontal line extends 
equal distances on each side of the Y 
axis. If Eq. (1) is integrated first with 
Fig. 265 . respect to X, 

H = I xy dA = 11 xy dy dx = j ^i[x^YAij dy = j [xl - x]]y dy 

When the area is symmetrical with respect to the Y axis, .Ti is numeri¬ 
cally ecjual to Xo but has the opposite sign. Since the square of a 
negative quantity is positive, x’l has the same sign as xl, and 



Consequently, 


xl — xl = 0 
H = 0 


( 2 ) 


Problems 


1. By integration find the product of inertia of a rectangle of width h and height d 
with respect to the lower edge and the left edge as axes. Ans. H — 

2. Solve Prob. 1 with respect to the lower edge and the right edge as axes. 

A ns. H == -hH'^/4. 

3 . Find the product of inertia of the first quadrant of a circle of radius a with 

respect to the X and Y axes. Ans. H = a'*/8. 

4 . Calculate the product of inertia of a rectangle 10 in. wide and 6 in. high with 
respect to the lower 10-in. edge and a vertical line 3 in. from the left 6-in. edge 
as axes. Solve first by integration and check by means of the answers of 
Probs. 1 and 2. 

5. Calculate the product of inertia with respect to the coordinate axes of the area 
bounded by the X axis, the line 4x = Sy, and the line a; = 6. 

Ans. H = 288 in.* 
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6 . Calculate the product of inertia of the area of Prob. 18 (Art. 129) with respect 

to the coordinate axes (first quadrant). Ans. H = 486 in.-* 

7 . Calculate the product of inertia with respect to the coordinate axes of the area 
bounded by the Y axis, the line i/ = 6, and the cuive = 4a:. 

8 . Calculate the product of inertia ith respect to the coordinate axes of the area 
bounded by these axes and the line whose intercepts are a; =« 6 and ?/ « 4. 

Ans. H ^ 24c in."* 

9. Find the product of inertia with respect to the coordinate axes of the area 
bounded by these axes and the line whose intercepts an (0,d) and (6,0). 

Ans. H « 62^2/24. 

131. Transfer of Axes for Product of Inertia. Fn Fig. 266, 0-X and 
0-Y are a pair of axes at right angles to each other, and O'-X' and O'-F' 
are a second pair of axes parallel to these. 

The coordinates of the point 0 with respect 
to the axes O'-X' and O'-F' are b and a, 
respectively. It is desired to find the pro¬ 
duct of inertia with respect to O'-X' and 
O'-F' in terms of the product of inertia 
with respect to the first pair of axes and the 
distances a and b. 

The coordinates of the element dA with 
respect to 0-X and 0-F are?/and a*. The 
coordinates with respect to O'-X' and O'-F' 
are b + y and a + x. The product of inertia is given by the equation 

H ^ j {a +x){h + y)dA (1) 

H = ah j dA + a J dA + b j x dA + j xtj da (2) 

The first term of the second member of Eq. (2), abj dA, is equivalent to 
abA. The last term, jxy dA, is the product of inertia with respect to 
the axes 0-X and 0-F, wdiich may be written He. The expression 
\y dA is the total moment of the area with respect to the axis 0-X. If 
this axis passes through the center of gravity of the area, the moment 
of the area is zero and the second term vanishes. The expression 
dA represents the moment of the area with respect to the axis 0-F. 
If the axis 0-F passes through the center of gravity, the third term also 
vanishes. If the point 0 is at the center of gravity of the area 

// = i/. + abA Formula XXIV 

in which He is the product of inertia with respect to a pair of axes which 
intersect at the center of gravity. If either 0-X or 0-F is an axis of 


Y Y 
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symmetry, He also becomes zero and Formula XXJV reduces to 

H = ah A 


If the point 0 lies in the first quadrant with respect to the axes O'-X' 
and O'-Y', both a and b are positive and the product a X his positive. 
If 0 lies in the third quadrant, both a and h are negative and their 
product is positive. If 0 lies in the second or fourth quadrant, the 
product a X h is negative. The product of inertia with respect to the 
axes through the center of gravity may be positive, negative, or zero. 
While moment of inertia is always positive, product of inertia may be 
either positive or negative. 

Problems 


1 . Hy moans of Formula XXIV calculato the product of iru'rtia of a rectangle 8 in. 
wide and 6 in high with respect to the lower and left edges as axes. 

Ans. // = 0 + 4 X 3 X 48 = 576 in.' 

2. (Calculate the product of inertia of the area of Prob. 1 with respect to the lower 
edge and a line 1 in to the left of the right edge as axes. 


Ans. H = —432 in.^ 

3 . Find the product of inertia of the area of Prob. 5 (Art. 130) with respect to 

horizontal and vertical axes through the center of gravity by means of Formula 
XXIV. 4ns. He = 32 in.^ 

4 . Find the product of inertia of a 6- by 5- by 1-in. angle section in the position of 

Fig. 267 w’ith resp(*ct to the backs of the legs as 
axes. 

5 . Find the product ol inertia of the angle section 
of Prob. 4 with respect to axes through the 
center of gravity parallel to the legs. 

The section may be divided nto two rectangles. 
The product of inertia may be transferred from 
lines through the '"enter of gravity of each of 
these rectangles to the parallel lines through the 
center of gravity of the figure. 

Another way is to find first the product of 
inertia with respect to the axes O'-X' and O'-Y' 
which bisect the legs. The product of inertia for these axes is zero, since 
O'-X' is an axis of symmetry for the horizontal leg and O'-Y' is an axis of 
symmetry for the vertical leg. Transferring to the center of gravity, 






6 

Fig. 267. 


0 — He "b (ihA = He H“ 1.5 X 10 
He = —15 in.** 


6. Find the product of inertia of a semicircle in the first and fourth quadrants with 
respect to the diameter which bounds it and the tangiuit at the lower end of 
this diameter. 


132. Algebraic Sign of Product of Inertia. The algebraic sign of the 
product of inertia of an area has no physical significance since it is 
merely a function of the orientation of the area with respect to the axes, 
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For example, if the angle section of Proh. 5 of Art. 131 is rotated 180® 
about either the A" or the F axis, the sign of If is reversed and the 
answer to the problem is +15 in."^ But this algebraic sign must be 
carefully determined and used as a significant factor in equations involv¬ 
ing If, and the orientation of the area originally set up must be adhered 
to throughout the solution. It is obvious that areas lying in the first 
and third quadrants have positive H while those in the other two 
quadrants have negative If. Product of inertia refers always to a pair 
of axes (usually at right angles to each other), so that the answer to 
Prob. 5 of Art. 131 should be stated, logically, as ffxv = —15. It is 
convenient and customary, however, to state If a; ~ “15, the pair of 
axes being understood and the first ejuadrant being understood as the 
quadrant entered by a positive rotation of the positive end of the A' 
axis. It is also convenient to state, for the same problem (and the 
same answer really), Hy = +15, the pair of rectangular axes being 
understood, as before, and the first quadrant being understood as the 
quadrant entered by rotating positively the positive end of the Y axis. 
Then for any pair of rectangular axes, any area has fix and Hy numer¬ 
ically equal but of opposite sign. Ux = ~Hy. This is the notation 
as used in Art. 135. 

133. Rotation of Axes. In Fig. 2(58, 0-X and 0-F are a pair of axes 
for which the moments of inertia ar(‘ known or may be easily calcu¬ 



lated. These are fx = and L, = It is desired to 

find the moment of inertia with respect to the axis 0-X' which makes 
an angle 6 with 0-X. 

Let 0-Y' be an axis perpendicular to 0-X'. The coordinates of the 
element dA with respect to these axes are (^x',y') of Fig. 268. The 
moment of inertia with respect to 0-A"' is 

r = f y'^ dA 


(1) 
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From the geometry of the figure, 

y' y cos 6 X sin B (2) 

/ ( 2 /^ cos^ 6 — 2xy cos ^ sin ^ sin^ 6) dA (3) 

/' = cos’ 6 + ly sin- B — 2 cos ^ sin ^ j xy dA (4) 

r = Ix cos^ B + ly sin- B — H sin 2B (5) 

r = - ~ cos 26 - II sin 26 (6) 


When the angles are such that the square of the sine and cosine 
are easily calculated, Eq. (5) may be used. Equation (6) is preferable 
for most cases. To find the direction of the axis through any given 
point for which the moment of inertia is greater than for any other 
axis through that point, the mathematical conditions for maximum 
and minimum are applied to Ecj. ((>). 

r = —cos 26 - H sin 26 (7) 

Differentiating with respect to 0, 

^ == (7^ — lx) sin 26 — 2H cos 26 (8) 

Equating the derivative to zero and solving for 0, 

tan 26 = j (9) 

J X 

From Fig. 268, the product of inertia with respect to the axes 0-X' 
and 0-F' is 

ff' = / x'y' dA (10) 

«' = / (x cos 6 + y sin 6){y cos B — x sin B) dA (11) 

77' = (cos^ 6 — sin^ 6) j xy dA + cos 6 sin 6 J {y- — x^) dA (12) 

H' = H cos 26 + sin 26 (13) 

If 7f' is zero, the second member of Eq. (13) is zero, and 

H cos 26 = - sin 26 (14) 

2H 

ly - 


tan 26 = 


(15) 
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Since the tangent of an angle may have any value from minus infinity 
to plus infinity, there is always some direction for which the product 
of inertia for a pair of axes through any point is zero. If there is a line 
of symmetry through the point, this line is one of the axes for which the 
product of inertia is zero. 

Equation (15) is identical with Eq. (9), f.c., the axes of zero 'product of 
inertia are the axes of maximum and minimum moments of inertia. 
Such a pair of axes passing through the centroid of a plane area are 
called the principal axes of the area. These are the axes of greatest 
importance in problems of strength of materials. 


Problems 

1. P^ind the moment of iiK'rtia of a 6- by 5-in. reetangle with respect to an axis 
through the center at an angle of 30° with tlie 6" leg. Use P]q. (5). 

Ans, r - 62.5 X + 90 X K = 69.375. 

2. Check Prob. 1 by P]q. (6). Ans. I' = 76.25 — 6.875 = 69.375. 

3 . Find the moment of iiK'rtia of a 15- by 8-in. rectangle with respect to a diagonal. 
Solve by P^q. (5), regarding the axis as rotated about the center. 

Ans. /' = 996.5 in.^ 

4 . Check Prob. 3 by means of two triangles with the diagonal of the rectangle 

as the common base. u. .e* ^ 

6 . Find the moment of inertia of a 4- bv 3-in. -- 

* ^ \ 
rectangle with respect to an axis through the ; 

lower left corner at an angle of 20° with the N ,^-3o-aB' 

4-in. edge. 1 

Ans. r = 50 - 10.724 - 23.141 = 16.135 in.-* \ j 

6 , Find the direction of the axes through the 

lower left corner of a rectangle 6 in. wide and ^ 

4 in. high for which the product of inertia is 

zero (P'ig. 269). Ans. 30°28' and 120°28' with the 6-in. edge. 

7. P^ind the direction of the axes through the origin of coordinates for which the 
product of inertia of the triangle of Prob. 5 (Art. 130) is zero. 

Ans. tan 26 = 3.2727; 6 = 36°30' and 126°30'. 


Fig. 269. 


134. Relation of Moments of Inertia. If dA is an element of area in 
the XY plane, the moment of inertia of the entire area with respect to 
the X axis is 


/x = I y^ dA 

(1) 

With respect to the Y axis, 


II 

(2) 


The polar moment of inertia with respect to an axis through the origin 
is 

^ = f r^dA = I (x^ + 2/') dA = f x^dA + f dA = ly + I, (3) 
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The sum of the moments of inertia of a plane area with respect to two axes 
in its plane which are perpendicular to each other is equal to the polar 
moment of inertia of the area with respect to the intersection of these axes. 
It follows that the sum of the moments of inertia of a plane area with 
respect to any pair of axes in its plane which are at right angles to each 
other and pass through the same point is constant. 

Example 

Find the moment of inertia of a 4- by 3-in. rectangle with respect to a line 
tiirough one corner perpendicular to the diagonal. 

The diagonal 0-C of Fig. 270 divides the rectangle into two triangles, each of 
which has a base of 5 in. and an altitude of 2.4 in. The moment of iiK'rtia of (‘ach 

triangle with respect to O-C is 5.76 in.'’ and the 
moment of inertia of the rectangle is 11.52 in.^ If 
moments of inertia are tak('n with respect to hori¬ 
zontal and vertical axes through O, 

/x = 36 ly = 64 
h+ ly = J = 11.52 + I 
I = 88.-18 in.4 

Problems 

1 . The moment of inertia of a circle with respect 
to a dianu'ter is By the principle of 

Eq. (3), show that the polar moment of inertia with n'spect to the center 
is 7raV2. 

2 . The polar moment of inertia of a circle with respect to a point at its circum¬ 
ference is 37ra'‘/2. Find the moment of imutia of a circle with respect to a 
tangent in its plane. Check by the transler of axis. 

3 . Find the moment of inertia of a 6- by 6- by 1-in. angle section wuth respect to 
the axis which bisects the angle between the legs of the 'v'Ction. Use Eq. (3) 
and get all the dal a from the handbook. Check by completing the square and 
subtracting the moment of inertia of the additional area from the moment 
of inertia of the square, 

136. Mohr’s Circle. The relations existing among tlie moments of 
inertia, the products of inertia, and the polar moment of inertia of 
a plane area with respect to axes through a point are so important 
and useful in practice that it is desirable to have somelknemonic device 
for keeping the formulas readily available for use without reference to 
notes or handbooks. Such a device is the graphical construction 
known (after its inventor) as Mohr^s circle.^ 

If the axes OX and OF of Fig. 268 are the principal axes for the area, 

^ In addition to this problem in plane areas, two problems of strength of mate¬ 
rials, one of mechanics, and one of statistics have solutions of the same mathe¬ 
matical form as this one and can be equally well referred to Mohr’s circle. Mohr’s 
circle for the formulas of ‘‘plane stresses” in strength of materials is in very 
general use. 
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the product of inerlia for these axes is zero and Eq. (6) of Art. 133 
becomes 

r = cos 26 

and Eq. (13) becomes 

H' = ~ sin 26 

Figure 271 shows these relations 
plotted on rectangular coordinates, 
with the ordinates representing 
values of II' and the abscissas repre- 
enting values of The angle 26 
locates a point on the circle cor¬ 
responding to an axis revolved an angle 0 from the axis of maximum 
moment of inertia of the area. The most usual practical problem is one 
in which I^, ly^ and Hy are known for a pair of axes (not the 
principal axes) and the locations of the principal axes, and are 
required. The following example illustrates how such a problem is 
solved with the aid of Mohr^s circle. The circle may be laid out to 
scale and the results determined graphi(*ally or the circle may be merely 
sketched and the desired values computed from the obvious relations. 




Tig. 272. 


Fig. 273. 


Example 

Locate the principal axi'S and find the moments of iru'rtia about these axes for the 
6 in. by 5 in. by 1 in. angle section of F^ig. 272. The axes shown pass through the 
centroid of the figure. Ix = 20.83 in.'*, ly — 33.33 in.'*, Hx — +15, Hy — —15. 

In Fig. 273, the point marked y has as its coordinates ly and Hy^ and the point 
marked x has the coordinates Ix and Hr. Since the X and Y axes in Fig. 272 are 
90° apart, these two points are 180° apart and xy is a diameter of the circle with 
centiir at 27.08. The radius of the circle is + 15^== 16.25. 


/max = 27.08 + 10.25 = 43.33 in.^ 


= 27.08 - 16.25 = 10.83 in.-* 
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Point 1 1 corresponds to the axis of /max. The angle 2d is the angle whose tangent is 
2d — 67°23'; $ = 33°41.5'. From point y to point h in the circle, 20 is 

counterclockwise, hence the V axis in Fig. 272 must be rotated 33 41.5 counter¬ 
clockwise to place it in the position of the axis of maximum moment of inertia. 

The X axis, rotated through the same angle, becomes the axis of minimum moment 

of inertia. 

Problems 

1 . Find the maximum and minimum moment of inertia of a 6 - by 4-in. rectangle 
for axes through the lower left corner ^'Fig. 269). 

From iVob. 6 of Art. 133, tan 20 = 1.800; 20 = 60°57' and 240°57'. 

/mm == 208 - 80 cos 60^57' - 144 sin 60°57' = 43.27 in.'^ 

/max - 208 80 cos 240°27' - 144 sin 240"57' = 372.73 in." 

/mm is the moment of inertia with respect to OM of Fig. 269. 

2 . Find the direction of the axis through the center of gravity of a 6 - by 5- by 1 -in. 
angle section for which moment of inertia is a minimum and calculate the mini¬ 
mum moment of inertia and radius of gyration. Take data from previous 
problems ‘uul use Mohr’s circle. 

Ans. tan 20 = -2.4; /mm = 27.083 - 2.404 - 13.846 = 10.833. 

3 . For purlins and other special applications, rolled sections called “Z’s” are 
sometimes used. The section resembh's th(‘ letter Z except that the angles are 
right angles. The thickness of the uppt'r and lowt'r rectangles and of the longer 
rectangle connecting them is usually all the same. The standard aluminum 
6 -in. 4.61-lb (per lineal foot) Z has a total depth of 6 in. and upi)er and lower 
rectangles 3)^ inches wide and % in. thick. Find /x, /y, and H for axes through 
the center of gravity parallel to the edg(*s of the section. Lay out a Mohr’s 
circle and determiru' the location of the principal ax(‘S and find the maximum 
and minimum moments of inertia. The Alcoa Structural Handbook gives Imm 
as 3.08 in." about an axis inclined at 26°55' with the center line of the web. 

4 . For a 6 - by 4-in. by j^^-in. angle section with axes parallel to th(‘ legs and through 

the center of gravity of the s(*ction, a handbook 
gives Ix = 17.4, /„ = 6.3, and the least radius of 
gyration as 0.87 in , without locating the axis of 
least moment of inf rtia. Us(‘ the given data to con¬ 
struct Mohr’s circle and locate the principal axes. 
Find H. 

Ans. Axis of /mm makes an angle of 23®45' with the y 
axis. 

5 . The built-up section shown in Fig. 274 is called an 
eave strut. The 1 -in. dimension is standard. Axes 
are through the center of gravity of the whole sec¬ 
tion, With channel 8 in., 11.5 lb, upper angle 3 
by 3 by 3^4 in., and bottom angle 4 by 3by >4 in., show that Z* = 75.9in."and 
ly = 15.8 in." 

6 . Compute H for the section of Prob. 5, locate the axis of least moment of inertia, 
and find the minimum radius of gyration. 

7 . Find the maximum and minimum moments of inertia for axes through the 
centroid of an area composed of a vertical rectangle 2 in. wide and 12 in. deep 
to which are attached two semicircles of 3-in. radius, one with a diameter coinci¬ 
dent with the right side of the rectangle and tangent to the top and the other 
coincident with the left side and tangent to the bottom. 




CHAPTER 14 


KINEMATICS AND DYNAMICS 

136. Kinematics. Kinematics is the science of motion. The princi¬ 
pal elements of kinematics are displacement (both linear and angular) 
and time. Dynamics, or kinetics, is the study of the relations 
among the forces acting on real masses and the changes in the state of 
motion of the masses. It is therefore necessary to understand some¬ 
thing of kinematics in order to make a beginning in dynamics. In this 
chapter the simpler propositions of kinematics are introduced. These 
propositions are adequate for an understanding of dynamics and enable 
the student to arrive at the solutions of a large number of important 
practical problems. The general study of the kinematics of machinery 
is beyond the scope of this t<*xt. 

In statics, every body considered was either at rest or in a state of 
uniform motion. The basic e(iuations available for analysis were SE 
(in any direction) = 0 and 2A/ (about any axis) = 0. The basic 
equations of dynamics are the same, except that the 0 of the right-hand 
member of the resolution equation is replaced by the mass of the body 
under consideration multiplied by the acceleration of its center of 
gravity in the direction of the resolution, and the 0 of the moment 
equation is replaced by the product of the moment of inertia of the 
body and its angular acceleration. Also, in dynamics, moments may 
not be taken aI>out any axis but only about an axis through the center 
of gravity of the body and (sometimes) about an axis through the cen¬ 
ter of rotation. The laws of vector addition, subtraction, and multi¬ 
plication are, of course, the same. The procedures of replacing a force 
by its components and of replacing a system of forces by its resultant 
which are found valid in statics are also valid in the dynamics of rigid 
bodies. Problems may be classified, as in statics, by concurrent and 
coplanar and their opposites, and the number of unknowns which can 
be determined in any class is the same as for the corresponding class of 
statics problem. The new element of acceleration may be either a 
known or an unknown. Energy equations are quite similar to the 
energy equations of statics but have the additional element of kinetic 
energy. 
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137, Displacement. When a body changes its position with respect 
to another body, it is said to be displaced relative to the other body. 
The distance from the initial position to the final position is the dis¬ 
placement of the body. Displacement is usually measured with respect 
to the earth but may be measured with respect to other bodies. Dis¬ 
placement has direction as well as magnitude and is, therefore, a vector 
quantity. 

Problems 

1. A man steps from a car and moves east a distance of 60 ft while the car moves 

east 150 ft. What is the displacement of the man relative to the earth and 
relative to the car? Am\ 60 ft east; 90 ft west. 

2 . A body moves from one position to another position which is 80 ft north and 
150 ft east of the starting point. What is the displacement? 

Ans. 170 ft north; 61°56' east. 

3 . A ball is struck by a bat Two seconds later it is 80 ft above, 48 ft north, and 
36 ft east of the starting point. Find the displacement. 

An.s 100 tt at an angle of 36‘’52' with the vertical in a vertical jilane which is 
north 36®52' east. 

4 . A man starts from a point A and moves east 60 ft. At the same time a car 
starts from a point 20 ft north of A and moves north 60 ft. Find the displace¬ 
ment of the man with respect to the car. What is the change of displacement? 

138. Velocity. Rate of displacement is called velocity. In prob¬ 
lems of mechanics, velocity is generally expressed in feet per second. 
Since displacement is a vector, and velocity is displacement divided by 
time (which is not a vector) it follows that velocity is a vector. A 
velocity of 10 feet per second north is not eijuivalent to a velocity of 10 
feet per second east. When only the magnitude of the motion is 
considered without reference to its direction, the rate of displacement is 
called speed, A body moving east at the rate of 10 feet per second has 
the same speed as a body moving north at the rate of 10 feet per second. 

Velocity is calculated by dividing the difference in position by the 
corresponding difference in time. If X\ is a coordinate of the position at 
the time i\ and is a coordinate of the position at the time ^ 2 , and if is 
the component of the average velocity parallel to the X axis, 

^ Formula XXV 

<2 t\ 

Similar expressions give the components of the velocity parallel to the 
other axes of coordinates. The actual average velocity is the vector 
sum of these components. 

Formula XXV and the similar expressions give the average velocity 
during the time interval under consideration, In Fig, 275, a body may 
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start at A and move along the circular path ABODE, passing over 
each interval in 2 seconds. If the first 2 -second interval is considered, 
the velocity during this interval is one-half of the ^ 
length AB and is in the direction from A toward B. O 

If the entire 8 seconds are considered, the apparent ' ^ \ 

velocity is one-eighth of the length AE in the \ 

direction from A toward E, Also, the magnitude J C 

of the velocity may change. When a velocity / 

varies in direction, in magnitude, or in both / 

magnitude and direction, a very short interval ^ 

of space and a correspondingly short interval of ^ 275 

time are retpiired to get a close approximation 
to the actual velocity at a particular time or place. Formula XXV 
then becomes 

Ax 


When the position of a body is given algebraically in terms of the time. 
Formula XXV may be written 

= ~ (2) 


To determine experimentally the actual velocity at any given 
instant, means must be devised for measuring small intervals of time 
and corresponding increments of displacement. Suppose 
it is desired to find the velocity of a steel ball attached to 
a small parachute after falling 2 seconds from rest. The 
ball may fall beside a vertical scale as in Fig. 276. The 
time and displacement may be measured by means of a 
photographic camera provided with an ‘instantaneous 
shutterof known time. An electromagnetic arrange¬ 
ment may be provided which will release the shutter 2 
seconds after the ball starts to fall. If the ball is properly 
illuminated, its displacement is given by a vertical streak, 
AB of Fig. 213. Suppose that the “time'' of the shutter 
is 0.02 second, and that the length of the streak on the plate is equiva¬ 
lent to 0.36 foot of the scale. The average velocity for the 0.02 second 
is 

0.36 .Q. 

V = ^ = 18 ft per sec 



This experiment gives the average velocity for the interval of 0.02 
second. If the change of velocity is all in one direction, i.e., if the 
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velocity is either increasing or decreasing throughout the entire 
interval, the average velocity is the velocity at about the nxiddle of the 
interval. The result of this experiment is, then, the velocity at about 
2.01 seconds after the beginning of the fall. If the velocity is desired 
at 2 seconds from the beginning of the fall, the apparatus must be 
arranged to release the shutter 1.99 seconds after the body starts to 
move. 

Problems 

1 . The position of a body when a watch reads 7 sec is 32 ft from a given reference 
line, ^\^len the watch reads t) sec it is 68 ft from the line, and when the watch 
reads 11 sec it is 104 ft from the line. What is the average velocity for each 
2 -sec interval? 

2 . The position of a body is given by x = 2 t^, in which t is the time in seconds and 
X is the position in feet with reference to some fixed line. What is the velocity 
when t = 5 sec? What is the velocity when x = 72 ft? 

Am\ 20 ft per sec; 24 ft per sec. 

3 . The position of a body is given by the expression x — 2t^. An experimenter 
who does not know the equation of the motion of the body attempts to find 
approximately the velocity at t = 4 sec by measuring the distance the body 
travels from 3 sec to 5 sec. What result does he get if he measures correctly? 

Ans. Vx = “r—~ 98 ft per sec. 
0—0 

4 . If the equation were known, what result would he calculated for Prob. 3 by 

means of the derivative? Ans, Vx = 96 ft per sec. 

6 . Solve Prob. 3 by means of an interval of 0.2 sec. Ans. Vx — 96.02 ft per sec. 

139. Acceleration. The rate of change of velocity is called the 
acceleration. If a body is moving east with a velocity of 10 feet per 
second, and 2 seconds later is moving east with a velocity of 40 feet 
per second, the change in velocity is 30 feet per second east. This 
change takes place in 2 seconds. The average rate of change is 
30 -4- 2 = 15 feet per second per second. 

The expression for the component of the average acceleration in the 
direction of the X axis is given by 

Formula XXVI 

t2 — 

in which Vi is the component of the velocity in the direction of the X 
axis at the time V 2 is the component at the time < 2 , and a* is the 
acceleration.^ 

^ In somo works of mathematical physics the components of velocity and accel¬ 
eration are written thus: The component of the velocity parallel to the X axis is 
X and the component of the acceleration is £, A derivative with respect to time is 
written with a single dot over the variable. The second derivative with respect 
to time is written with two dots over the variable. 
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When the increment of time and the corresponding increment of 
velocity are very small, Formula XXVI becqmes 


Since — dx/dt, Eq. (1) reduces to 


The acceleration along the other coordinate axes is given by similar 
derivatives. 


dt dV^ 

dvy dhj 

_ ^ dh 
dt dt'^ 


Formulas XXVII 


Problems 

1 . The position of a body is given by x — W. When the displaeemcnt varies as 
the square of the time, show that the velovuty varies as the time and that the 
acceleration is constant. 

2 . The position of a body is given by the equation x = 3^^ + + 6 . Find the 

velocity and acceleration when x — 91 and when x — 167. 

Arts. 32 ft per sec; 44 ft per sec; 6 ft per sec per sec. 

3 . The position of a body is 59 ft at 5 sec, 77 ft at 7 sec, 105 ft at 9 sec, and 143 ft 
at 11 sec. Assuming that the average velocity is the velocity at the middle of 
an interval, find the velocity at 6 , 8 , and 10 sec and find the acceleration. 

4 . The position of a body is 45 ft at 3 sec, 81 ft at 5 sec, and 297 ft at 9 sec. Find 

the acceleration. Ans. 12 ft per sec per sec. 

6 . A car running down an inclined track went 20 ft in the first second and 70 ft in 
the next 2 sec. Assume that the acc(*l('ration was constant and find the initial 
velocity and the acceleration. 

Ans. Initial velocity = 15 ft per sec down the plane; acceleration = 10 ft per 
sec per sec. 

140. Constant Acceleration. Many practical problems of mechanics 
deal with bodies which move for finite intervals of time under the action 
of systems of forces which do not change during the time. Such bodies 
have constant accelerations, and problems involving their positions and 
velocities can be readily solved by algebraic equations resulting from 
integrating the equations of Formulas XXVII. 

dv 
dt 


a 


( 1 ) 
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Multiplying by and integrating, 

V = at -j- Cj ( 2 ) 

in which Ci is an integration constant. If ro is the velocity when 
t = 0, Cl = Vo and Eq. (1) becomes 

V — Vo + at (3) 

Substituting v = ds/dt in Fa\. (3), 

= +at (4) 

s = Vot H—^ + C 2 (5) 

If space is measured from some point s = So when t = 0, then C 2 = So, 
and Eq. (5) reads 

s = 5o + Vot + (G) 

If s is measured from the position where / = 0, then C 2 = 0, and 

s = I'ot + ~ (7) 

If s is measured from the position where / — 0 aTid if the velocity is 
zero at this position, then T. = 0, / o = Ci 0, and Eq. (0) becomes 



Displacement, velocity, and acceleration are all vector quantities. 
Equations ( 2 ) through ( 8 ) can be used as algebraic equations only when 
the initial velocity, the initial displacement, and the acceleration are all 
in the same direction. The opposite direction can be taken care of by 
negative signs in the same equations, but some other direction, such as 
a direction perpendicular to the chosen one, must be handled (if these 
equations are to be used) by breaking the initial velocity and the 
acceleration into components and treating the two sets of compo¬ 
nents separately as though there were two independent motions. 
The final total results are obtained by vector addition of the separate 
components. 
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Example, 

A body is moving east 20 ft per sec. It is moving north 20 ft per sec 2 sec later. 
Find the average acceleration during the 2-sec interval. 

Figure 277 is the vector diagram of velocities. The increment of velocity is 


At;, which must be added to vi to get V 2 . 

The vector equation 

is 


Vi -|- At; = V 2 V 2 — Vi — Av 

N 

[\ 



By trigonometry, 


\ 

aV 

\ 


At; = 28.28 ft per sec northwest. 



\ 

II 

28.28 .... ^ 





a — —^ = 14.14 ft per sec per sec 

directed 

y-20 ft per 

sec 

northwest. 



Fig. 

277. 


Problems 


1 . The velocity of a body is changed from 50 ft per sec east to 120 ft per sec north 
in 5 sec. Find the din'ction and magnitude of the acceleration. Draw the 
vector diagram of velocity and change of velocity. 

Ans. North 22°37' west; 26 ft per sec per sec. 

2 . A ball is thrown against a wall with a velocity of 100 ft per sec and rebounds 
in the opposite direction with a v(‘locity of 90 ft per sec. If the time of contact 
is 0.001 sec, what is the acceleration? Ans. a = 190,000 ft per sec per sec. 

3. A smooth rectangular plane 12 ft by 18 ft is placed with the 18-ft edges hori¬ 
zontal and the 12 -ft edg(*s inclined so that a body anyw^here on the plane is 
accelerated down the plane at 16 ft per sec per sec. A body is projected from 
one of the lower corners tow'ard the mid-point of the upper edge, wuth an initial 
velocity of 30 ft per sec. Find where and w'hcm it w ill leave the plane. 

Ans. Off the upper edge 2.412 ft from the mid-point in 0.634 sec. 

4 . Solve Prob. 3 if the initial velocity is 20 ft 
^ per sec. 

Figure 278 shows P]q. (8) plotted with 
^ time as abscissas and velocity as ordinates. 

T y ' I The velocity curve is the straight line AB 

I y with slope equal to the acceleration, 

y y Equation (7) is represented by the area 

I ' I under the line AB, When the acceleration 

i-l- j -JJljl is constant, the average velocity for any 

^ time interval is the actual velocity at the 

middle of the time interval, or one-half the 
sum of the ordinates DA and CB. From a study of the figure, the 
following rules can be seen to be true: 

... , initial velocity + final velocity 

1. Average velocity = -- 

2 . Average velocity occurs at mid-time. 


Time 
Fig. 278. 
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3. Average veloeity X time - displaeemept (tor the time interval). 

final velocity - initi al velocity 

4, Acceleration ==-time 

These rules can be used instead of Eqs. (1), (3), (7), and (8). They 
usually lead to quicker solutions than do the use of the equations, and 
the student is likely to get a better sense of the physical ideas from their 
use. With variable accelerations, the line AT? of Fig. 278 is curved, 
and the method of calculus must he used except in the case of simple 
curves u'iiose properties are familiar. 


Problems 

(Solve Prohs. 5 to 11 without writing.) 

6 . Tho velocity of a body changes from 30 ft per sec east to 50 ft per sec east in 
5 sec. What is the average velocity? How far does tho body travel in the 
5 s('C? Ans. 40 ft per sec; 40 X 5 = 200 ft. 

6 . What is the acceleration of the body of Prob. 5? \\'hat is the average veloeity 
for the first 3 sec? How far do(‘s it travel the first 3 sf‘C? What is the average 
velocity the last 2 sec? How far do(*s it travel the last 2 sec? 

7. A body moving with a velocity of 60 ft per s(‘c is brought to rest in 4 sec by a 

constant force. How far does it go? Am. s = 30 X 4 = 120 ft. 

8 . A body moving with a velocity of 60 ft per sec is l)ronght to r(\st in 180 ft by a 
constant force. What is the acceleration? 

The average velocity is 30 ft per sec. The time is =6 sec. The change' 

in velocity is —60 ft per sec in 6 sec. 

Ans. a — = —10ft per sec per sec. 

9. A body has its velocity changed from 50 ft pt'r sc(‘ east to 20 ft per sec east 
while moving 210 ft. Find the acceleration. 

10 . A body has its velocity changed from 60 ft per sec east to 40 ft per sec w('st in 
5 sec. How far is it from the starting point at the end ot the 5 sec? How 
far does it actually travel in the 5 sec? How far does i* trav(‘l th(* last 3 sec of 
the time? A\Tiich one of these answers is givc'ii correctly by Fq. (3)? Explain. 

11 . A mass of 40 lb is moving east with a velocity of 60 ft per sec. After an interval 
of 4 sec, it is 160 ft east of the starting point. Find the final velocity and the 
acceleration. Solve by means of average velocity and the definition of 
acceleration. Cheek by Eqs. (3) and (7). 

12 . A body having a positive acceleration of 20 ft per sec per sec passes a point A , 

at which s — 60, with a positive velocity of 30 ft per sec. If time is measured 
from point A, write the equation of motion Ans. s = 60 -f- 30^ + 10^^. 

13 . Write the equation of motion of Prob. 12 , beginning to count tune 1 .sec after 

the body has passed the point A. Ans. s — 100 + 50^ + 10/^. 

14 . Solve Prob. 12 if the velocity at A is —30 ft per sec. 

141. Curvilinear Motion. The equations for motion with constant 
acceleration along a straight line may be applied equally well to motion 
along a curve provided the acceleration is at all times in the direction 
(either positive or negative) of the velocity, tangential to the 
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curve. This component of acceleration is called the tangential accehra- 
iion^ and there will invariably be associated with it an acceleration 
toward the center of curvature called the normal acceleration. The 
normal acceleration of a point moving along a curve arises from the 
change of direction of the velocity rather than from a change of speed. 
Regardless of whether the speed is changing positively, negatively, or 
not at all, the normal acceleration is always the square of the speed divided 
by the radius of curvature. This proposition is of the utmost importance 
in mechanics. It can be proved in a number of ays. The first proof 
below is selected for its simplicity, and the second for its generality. 
For practical purposes, the student may take his choice, but in any 
case he should strive for a thorough understanding. 





Figure 279 represents a particle which is moving, with increasing 
speed, along the circumference of a circle of radius r. At the point Ai 
its linear velocity is Vi. At A 2 , its linear velocity is v^. The direction 
and magnitude of the velocity at A\ are shown by the vector A iC, and 
the direction of the velocity at A 2 is shown by the vector A 2 !). Figure 
279,11 is the vector diagram of the velocities with a common initial 
point A. The vector CD of Fig. 279,11 represents the change in veloc¬ 
ity when the body moves from A\ to A 2 . This increment of velocity 
may be resolved into two components CE and ED. The length AE 
is made equal to AC. The component ED represents the increment 
which is due to change in the magnitude of the velocity; the component 
CE represents the increment which is due to change in the direction. 
Since AEC is an isosceles triangle, the direction of CE is normal to the 
line which bisects the angle CAE and is parallel to the line which 
bisects the angle A 1 OA 2 of Fig. 279,1. 
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If V is the magnitude of the velocity at and if the distance from 
A 1 to A 2 is infinitesimal the increment CE is 

dv = V do (^) 


in which dO is the change in the direction of the velocity dv is the 
increment which is due to the change in direction. Since tne direction 
of this increment is perpendicular to the line which makes an angle 
d6/2 with the direction of ri, this change of velocity is toward the center 
of the circle of Fig. 279,1. 

The linear acceleration toward the center is 


_ dv __ V dd 
dt dt 


( 2 ) 


Since AiA^ = r dS = v dt, 

do _ V 

dt r 

fl = - Formula XXVIII 

r 

As will be shown in Art. 142, v — re,), 

a = rco2 (3) 

For the special case of constant speed, ED would be zero, and for 
decreasing speed ED would be negative, i.e., D would be between 
E and A. In any case, the derivation of the formula for*the normal 
acceleration is unchanged. 

Problems 

1 . A particle is whirled in a circular patli 8 ft in diameter Avith a sjx'cd of 20 ft per 
sec. What is its acceleration toward the center? 

Arts, a — 100 ft pi^r sec per sec. 

2. Solve Proh 1 if the diameter is 4 ft instead of 8 ft. 

3. A wheel 4 ft in dianu^er is making 300 rpm. What is tlie cMcceleration of a 
point on the rim toward the center?' 

Ans. a =2 X 10^ X tt^ = 1974 ft per sec jicr sec. 

When a point is moving in a circle, the acceleration toward the 
center of the circle is at right angles to the direction of motion and 
this is a special case of normal acceleration. When a 'particle moves 
along any curve, the normal acceleration at any point is v^/p, in which 
p is the radius of curvature of the curve at that point. The tangential 
acceleration is the rate of change of speed. 



Chap. 14] 


KINFMATIC.^ AND DYNAMICS 


281 


In Fig. 280, ABD i« a curve and EB is a line tangent at /?. In 
Fig. 280,1, <t> is the angle which the tangent makes with the X axis OX. 
At B, 


dy 

dt 


ds . 

= ^ ,sm 4, 


(0 




(i'^s . , , ds , d<j> 

-di 


(5) 


Since 


d<i) _ d<j) (Is 

dt ds dt 


Eq. (5) may be written 


dP 


(Ps 

(IP 


sin 4> + 




cos ~Y~ 
ds 


( 6 ) 


The coordinate axes may be taken in any direction, 
the X axis is normal to the 
tangent EB. The angle 4> is 
t/2 and Eq. G becomes 


In Fig. 280,11 


d^y 

~dP 


d^s 

dP 


(7) 



Since the Y axis is now taken 
parallel to the tangent, Eq. (7) 
gives the acceleration along the 
curve. The tangential accelera¬ 
tion is the rate of change of speed. 

The line OY' of Fig. 280,11 may be taken as the X axis, and a line 
opposite the direction of OX^ will now be the F axis. Since the axis 
is now parallel to the tangent EB, the angle 0 is zero. Equation (6) 
now is 


df^ ^ d<i> ^ , d^ 
dr- \dtj ds ds 


( 8 ) 


If p is the radius of curvature, pdcf) = ds and d<p/ds = 1/p. When 
this is substituted in Ecp (8), 



282 


MECHANICS 


[Art. 142 


The normal acceleration at any point is the square of the speed at 
that point divided by the radius of curvature. From the calculus, 

= [1 + {dy /dxY]^^ 

^ dhjldx^ 

142. Angular Displacement and Velocity. When a rigid body 
rotates about an axis, all parts of the body turn through the same 
angle. In Fig. 281, the axis passes through 0 and is perpendicular 
to the plane of the paper. If a point on the body moves from position 
B to position B', its path is the arc BB'. The angular displacement 
of this point is the angle between the radii OB 
and 0B\ If r is the length of the radius from 
0 to By the angular displacement in radians is 



e = 


are BB' 


Angular displacement is linear displacement 
divided by the radius. 

Angular velocity is the rate of change of angular displacement. 
Angular velocity is usually represented by the Greek letter w (omega). 


^2 

h - h 


( 1 ) 


Equation (1) is analogous to the eorresponding formula for linear 
velocity. For small intervals of time, 


dt 


( 2 ) 


If V is the linear velocity of a point on a rotating body, vt is the length 
of the arc which the point describes in time t. The angular displace¬ 
ment of the point is vt/r. The angular velocity is the angular dis¬ 
placement in radians divided by the time 

vtjr 


V 

~ = 0 ) 
t r 

V = ru) 


(3) 

Formula XXIX 


Problems 

1 . A point moves a distance of 6 ft in the circumference of a circle of 3-ft. radius. 

Find the angular displacement in radians. A ns. 6 =2 rad. 

2 . A body revolves once on its axis. What is the angular displacement? 

Ans. 0 = 27r = 6.2832 rad. 



Chap. 14] 


KINEMATICS AND DYNAMICS 


283 


3. What is the angular displaeciment when a body turns through an angle of 60°? 

4 . A cylinder 4 ft in diameter turns through an angle of 60°. Find the linear 
displacement of any point on the surface of this cylinder. 

6 . The hour hand of a clock moves from 2 to 10. What is the angular displace¬ 
ment? 

6 . The circumference of a wheel 4 feet in diameter is moving 1800 ft per min. 

What is the angular velocity of the wheel? A ns. 15 rad per sec. 

7. What is the angular velocity of a pulley which is making 300 rpm? 

Ans. IOtt = 31.416 rad per sec. 

8 . Wliat is the angular velocity of an automobile which is running on a circular 
track of a 200-ft radius with a speed of 30 mph? 

143. Angular Acceleration. The rate of change of angular velocity 
is the angular acceleration. 

0)2 — 

Ot — —- 

/2 - h 

in which a is the angular acceleration. Angular acceleration is 
expressed in radians per second per second. For small intervals of 
time, the angular acceleration is 

_ do) __ d^S 

^ ~ li ~ dP 

The expressions for angular velocity and displacement when the 
angular acceleration is constant are similar to those for linear velocity 
and displacement when the linear acceleration is constant [Eqs. (3) 
and (0), Art. 140]. 

o) = 0)0 + a/ (1) 

6 = do A- o)ot + ( 2 ) 

in which o)o is the initial velocity and Bo is the displacement from the 
reference position at the initial time. 

The first equation above may be derived from the definition of 
acceleration. The second equation may be derived by multiplying 
the average velocity by the time and adding Bo^ 

Problems 

1 . A wheel has an acceleration of 3 rev per sec per sec. Its initial velocity is 5 rev 

per sec. What will be its velocity after 6 sec? Ans. w = 23 rev per sec. 

2. How many revolutions will the wheel of Prob. 1 make during the 6 -sec interval? 

How many during the last 4 sec of the 6 ? Ans. 84; 68 . 

3. Write Eq. ( 2 ) for the last 4 sec of Prob. 2 , assuming that time began at the end 
of the second second. 
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4 . A wheel is making 100 rpm. After an interval of 20 sec it is making 1900 rpm. 

Find the angular acceleration in radians per second per second. 

Ans. a — Sir = 9.425 rad per sec per sec. 

144. Relations of Linear and Angular Motion. Machines, even 
simple machines, normally consist of sets of connected bodies, some 
of which have linear motions while others have angular motions. 
Many machines have also elements which appear to have both linear 
and angular motions at the same time. Such motions can normally be 
reduced at any instant to angular motions or rotations about points 
called instantaneous centers. The more com¬ 
plicated of these motions are properly left for the 
special study of kinematics of machines, but a 
knowledge of at least the simpler relations is 
necessary for an understanding of dynamics. 
With a few exceptions, the relations given below 
are the only ones used in this text. 

Figure 282 represents a drum mounted on a 
central shaft. A cord ai/tached to the drum and 
wound around it has a mass of 120 pounds hanging 
from the free tmd. The radius of this drum is 2 
feet, and if the drum is turned clockwise through 
an angle of 0 radians, the suspended mass will 
This relation is expressed by the equation 



Fig. 282. 


descend 26 feet. 


s ^ rS (1) 

in which s is the displacement, r the radius of the drum, and 6 the 
angular displacement in radians. If r is in feet, s has the same units. 
Differentiating Eq. (1) gives the velocity relations in this case, 


V = ro) (2) 

and a second differentiation gives the relation of accelerations 

a = ra (3) 

In addition to expressing the relations between the linear motion of 
the mass of Fig. 282 and the angular motion of the drum, Eqs. (1), (2), 
and (3) serve to describe the motion of any point on or in the drum in 
terms of the angular motion of the drum. If r is taken as the distance 
from the center to any point, the displacement (along its circle) of 
any point of the drum is rOy the tangential velocity of the point is 
rw, and the tangential component of the acceleration of the point is ra. 
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Figure 283 represents a cylindrical body with center at 0 rolling 
along a horizontal surface. In this case, the point of contact B is 
an instantaneous center. The point 0 moves in a straight line parallel 
to the surface on which the cylinder rolls. If co is the angular velocity 
of the cylinder and a its angular acceleration, the linear velocity of 
0 is rw, r being the radius BO, and the acceleration of this point is ra. 
Relative to an observer stationed at 0, the plane is coming off tangen¬ 
tially from the drum, just as was the rope of 
Fig. 282. The arrow at 0 shows the direction 
of motion of this point. The other three arrows 
show the directions of motion of other points 
relative to an observer at rest with respect to 
the horizontal surface. Each of the points has 
a velocity of rco when the angular velocity of 
the cylinder is co and r is the distance from B 
to the point in question. 

If the path along which the cylinder rolls is 
the arc of a circle, then the center 0 moves in a circular arc with a 
radius greater or loss by a distance BO than the radius of the arc on 
Avhich the cylinder rolls. Ecpiations (1), (2), and (3) still describe the 
motion of the point 0 along its path. In this case 0 can have no dis¬ 
placement or velocity normal to its path, but there is an acceleration 
normal to its path eciual to its speed squared divided by the radius of 
curvature of the path, as stated in Formula XXVIII. Ecpiation (3) 
of Art. 141 is Formula XXVIII in another form. In applying Eq. (3) 

of Art. 141 to find the normal accelera¬ 
tion of the center of a body rolling along 
a curve, the student should use extreme 
care, since the r and the cj of that 
eejuation are not the radius and the 
angular velocity of the rolling body. 

Problems 

1 . An elevator eage deseeiKls at 40 ft per see. 
What is the angular velocity of the cable 
drum if its diameter is 3 ft? 

2 . Find the angular acceleration of the drum 
of Prob. 1 if the elevator is brought to a stop uniformly in 4 sec. 

3 . What is the angular velocity of an automobile wheel 26 in. in diameter when 
the car is running at 60 mph ? 

4 . In Fig. 284, find the direction and magnitude of the velocity of each of the 
points Ay By C, D, and E. Solve by regarding the axis as moving in a straight 
line while the points revolve about it. 
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i. Solve Prob. 4 by considering the cylinder as rotating about the line of con a 
with the plane. 


Rotation of a body about any axis with an angular velocity of u 
radians per second is equivalent to a linear velocity of vo) feet per 
second combined with an angular velocity of co radians per second 


A 

®\ I / i 

.a 

C-Q0 


Fig. 285. 


about a parallel axis through the center of 
gravity. Figure 285 shows four positions of 
a body AB which rotates about an axis O 
normal to the plane of the paper. The axis 
through the center of gravity oi AB passes 
through C. At position 1 at the right of the 
figure, the point B is to the right of C, At 
the second position, B is above C. At the 
third position, B is to the left of (7. At the 
last position, B is below C. It is evident, 
therefore, that when the body makes one 


revolution about 0, it makes one revolution about C. 


Problems 

6 . Find the angular velocity of an automobile which is proceeding at 60 mph 

around a curve of 440-ft radius. Ans. 0.20 rad per sec. 

7 . Find the normal acceleration of the car of Prob. 6. 

146. Acceleration of a Mass Center. Many equations of dynamics 
are closely analogous to equations of resolution in statics. All the 
forces acting on a free body are resolved in some chosen direction just 
as in statics, but instead of equating the sum to zero it is equated to 
the mass of the free body multiplied by the component in the chosen 
direction of the acceleration of the mass center of the free body. This 
procedure is correct regardless of the complications of the motion of 
the free body and regardless of whether the free body is a single rigid 
body, a nonrigid body, or even a collection or group of bodies with or 
without connections. The correctness of this procedure is proved by 
Newton's second law of motion in connection with the following 
important proposition: The prodiLct obtained when the mass of a body 
is multiplied by the acceleration of its center of gravity is equal to the 
sum of the products obtained when the mass of each element of the body 
is multiplied by its acceleration. 

If m is the mass of a body and x is the distance of its center of 
gravity from the YZ plane, and if mi, m 2 , mz ^ represent the 
masses of elements or particles of the body, and Xi, 0 : 2 , ^s, respectively, 
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represent the distances of these elements from the YZ plane, the 
moment equation gives 


mx = mjXi + W2X2 + W3X3 + ' • ' 


dx 

m-j- = m\ 

dt 

d‘^x 


dxi , dxi , dxs , 

*' + ’"■* +”“dr+ ■ 

d'^Xi , d^Xi , dhi , 


( 1 ) 

( 2 ) 

(3) 


Equation (3) proves the proposition. Similar equations may be 
written for the accelerations along the Y axis and along the Z axis. 

The masses mi, m 2 , ... , may represent elements of a rigid body 
or separate particles. The equation applies to a system of relatively 
large bodies, provided xi, X 2 , . . . , each represents the coordinate 
of the center of gravity of one of the bodies. 




CHAPTER 15 


FORCE AND MOTION 

146. Newton’s Laws of Motion. Ncwton^s laws of motion state 
the relation of the forces which act on a body or a system of bodies 
to the changes of motion which these forces produce. Use is made of 
the idea of momentum, which is sometimes called the quantity of 
motion. If m is the mass of a body and v is its velocity, 

Momentum = mv Formula XXX 

The change of momentum of a given l)ody is proportional to the 
change of velocity, since the mass of the body remains constant. Since 
rate of change of velocity is a(5celeration, rate of change of momentum 
is proportional to the mass multiplied by the acceleration. 

Equation (2) of Art. 145 shows that the product of the mass of a 
body multiplied by the velocity of its center of gravity is equal to the 
sum of the momenta of the elements or particles which make up the 
body. The equation applies to the elements of a single rigid body, 
or to a group of separate bodies which form a system. 

Newton’s laws arc 

1. Ejoery body continues in its state of rest or of uniform motion in a 
straight line, except in so far as it may be compelled by force to change 
that state. 

2. Rate of change of momentum is proportiotial to the impressed force 
and takes place in the direction of the straight line in which the force acts. 

3. To every action there is always an equal and opposite reaction. 

The first law is really a special case of the second law^, change of 

momentum is proportional to the impressed force. In the special 
case in which the impressed force is zero, the change of momentum is 
zero. 

The third law applies to the mutual action of tw^o bodies at their 
surface of contact. A book resting on a table pushes down on the 
table; the table pushes up on the book an equal amount. Action 
and reaction must not be confused with equilibrium of a free body. 
The book as a free body is in equilibrium under the reaction of the 
table and the attraction of the earth. There is action and reaction 

?88 
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between the table and the book, and there is another action and 
reaction between the book and the ether which is supposed to transmit 
the attraction of the earth. It is currently fashionable to be skeptical 
about the ether and to consider instead that there is, in the nature of 
things, an acceleration of the book toward the earth. The upward 
force of the table on the book gives the book an equal upward acceler¬ 
ation, thus leaving it with a net acceleration of zero. That this is not 
nonsense is due to the fact that force and acceleration are indistinguish¬ 
able mathematically. It will probably be better for the student to 
adopt the older view that the earth attracts bodies with forces, called 
weights^ which are in proportion to the masses of the bodies, and that 
these forces, when they alone act on the })odies, give the bodies near 
the surface of the earth an accederation of about 32.2 feet per second 
per second downward. 

147. Force and Acceleration. Ncnvton^s second law states the 
experimental fact that the rate of change of momentum varies as the 
resultant impressed force. The law applies to a single particle, or to a 
large body or system of bodies, and the momentum is the product of 
the mass multiplied by the velocity of the center of gravity. 

Since the rate of change of momentum is proportional to the acceler¬ 
ation, the second law may be written in the form of an equation, 

Effective force = a constant X the mass X the ac(*eleration 

Force — k X mass X a(*celeration Formula XXXI 

in which k is a constant which depends upon the units of length, mass, 
force, and time which enter into the ecpiation. 

Units of force or mass have been devised which make the constant 
k equal to unity. With such units, Formula XXXI becomes 

Force = mass X acceleration Formula XXXII 

148. Gravitational Units of Force. A gravitational unit of force 
is the weight of a unit mass. A 'pound force is the weight of a pound 
mass. A kilogram force is the weight of a kilogram mass. These are 
the units of force commonly employed in engineering work. The mass 
of a body in pounds is numerically equal to its weight in pounds. 

When a body falls in a vacuum, the effective force is the weight 
of the body. The acceleration is approximately 32.2 feet per second 
per second, which is represented in equations by the letter g. If W 
represents the weight of a body in pounds and m represents its mass 
in pounds, substitution in Formula XXXI gives 

W = kmg 


( 1 ) 
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Since W is numerically equal to m, the equation may be divided by W, 

i-ta ( 2 ) 

t-i (3) 

Substitution of this value of k in Formula XXXI gives 

P = — Formula XXXIII 

g 

in which P is the effective force in pounds, m is the mass in pounds, 
a is the acceleration in feet per second per second, and ^ is a number 
(not an acceleration). 

Since the weight of a body in pounds is equal to its mass in pounds, 
m in Formula XXXIII may be replaced by W. 

P = — Formula XXXIV 

g 

in which W is the mas8 in pounds, P is the effective force in pounds, 
a is the acceleration in feet per second per second, and g is a number. 

Since m is frequently used for another unit of mass and since the 
equation is often printed in the form of Formula XXXIV, this form 
will be given the preference. It will be understood that W means 
mass in pounds (weight in the ordinary commercial sense), and 
Formula XXXIV is identical with Formula XXXIII. 

The acceleration of gravity varies with the latitude and altitude. 
For Great Britain, the average is about 32.2 feet per second per second. 
The value of g is generally given as 32.2 in English books. At 40° 
latitude, which may be taken as the average for the United States, 
the acceleration of gravity is about 32.16. This figure is largely used 
in American publications. The acceleration at the sea level at 45° 
latitude has been suggested as the standard. This is 32.174 feet per 
second per second. The corresponding value in the metric system is 
980.66 centimeters per second per second. 

Using the standard value of g, Formulas XXXIII and XXXIV are 
written 

Force in pounds = 

mass in pounds X acceleration in feet per second per second 

3?. 174 
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Formula XXXIV applies also to the metric system provided corre¬ 
sponding units of mass, weight, and acceleration are substituted. 

Force in grams = 

mass in grams X acceleration in centimeters per second per second 

~ 980.~()G 

Force in kilograms = 

mass in kilograms X acceleration in meters per second per so(‘<)nd 

Problems 

1 . A mass of 60 Ib, moving with a volocity of 40 ft per spr, is brought to rest by a 
constant retarding force in 5 sec. Find the acceleration and th(' effective force. 

Arts, a = —8 ft per sec per sec; P = 14.92 lb. 

2 . A mass of 40 11) is moving on a horizontal plane with a velocity of 60 ft per sec. 

The coefficient of friction is 0.3. Find the acceleration and the time r(*quired 
to stop the body. Ans. a = —9.65 ft per sec per sec; i = 6.218 sec. 

3 . A mass of 40 lb is placed on a smooth inclined plane which makes an angle of 

25® with the horizontal. What is the effective force down the plane? Wliat 
is the acceleration? Ans, P = 16.905 lb; a = 13.59 ft per sec per sec. 

4 . Solve Prob. 3 if the coefficient of friction is 0.3. 

Ans. P = 6.030 lb; a = 4.85 ft per sec per sec. 

6. Solve Prob. 3 if the coefficient of friction is 0.45. 

6 . A mass of 75 lb has an initial velocity of 50 ft per sec east. It is subjected 
to a constant force of 18 lb directed north. Find its position am* velocity at 
the end of 4 sec. 

Ans. Displacement = 209.32 ft north 72°50' east; velocity — 58.77 ft per sec 
north 58° 18' east. 

7 . A mass of 20 lb moving on a horizontal plane \\ ith a velocity of 60 ft per sec is 

brought to rest in 150 ft by the friction of the plane. Find the coefficiiuit of 
friction. Ans. n — 0.373. 

8. Solve Prob. 7 if the body is brought to rest in 6 sec. How far dot's it travel in 
6 sec? 

9. An automobile willi all \\ heels sliding skids 68 ft to rest in 3.2 sec on a level 

road. What was its initial speed? What is the coefficitait of friction between 
the tires and the pavement? Ans. fj. = 0.413. 

10 . A body starts up a 20° plane with a velocity of 80 ft per sec. The coefficient of 
friction is 0.2. What is the negative acceleration when the f)ody is going up 
the plane? In what time will it come to rest and \\hat will be its distance 
from the initial point? What is the accederation when the body is coming 
down the plane? IIow long will it take to come down and what will be the 
final velocity at the f)ottom? 

Ans. Distance up = 187.68 ft; maximum velocity down — 43.195 ft per sec. 

11 . Solve Prob. 10 if the coefficient of friction is 0.38. 

149. Other Systems of Units. Formula XXXIV is an equation 
expressing Newton’s second law with a set of units called a gravitational 
system. In this equation, P is the force required to accelerate a mass 
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of W pounds at a rate a and g is equal to the acceleration of gravity 
at the same location'. The gravitational force If varies from placj to 
place on the earth since it is the force required to lift W star^ard 
pound masses. It is mostly a matter of academic interest, but the 
engineer’s unit of work, the foot-pound, vanes with the location on 

earth. ^ , 

A system of units devised to be invariable with the position on earth 

(or even out on the moon) is called an absolute system. The unit of 
force in such a system is defined by the units of mass, length, and 
time.^ In the English absolute system, the poundal is defined as the 
force which will impart to the standard pound a velocity of 1 foot per 
second in 1 second. This system is rarely iihcd by anybody, since 
modern physicists use the metric system, and the poundal, which is a 
force about sufficient to lift 3 2 ounce, is too small for most engineering 
work. In the metric system, the dyne is defined as the force required 
to impart to a mass of 1 gram a velocity of 1 centimeter per second 
in 1 second. This is a very small force indeed, but it is a useful unit 
in physical work. Engineers who use the metric system usually use 
the gravitational units. 

The quantity W/g oi Formula XXXIV is sometimes considered the 
mass in slugs or geepounds. With this con(‘ept of a unit of mass, the 
system is called the British engineers' system. 


Force = mass X acceleration 

with force in pounds mass in slugs, and acceleration in feet 
per second per second. There is now coming into popular usage 
a unit of acceleration called the gee which is cibout 82.2 feet per second 
per second. Then force = mass X acceleration, with for(‘.e in pounds, 
mass in pounds, and acceleration in gees. The unit was proposed 
long ago but never became popular until recently. It appeals to the 
common sense, and every aviator knows that if he makes a turn with 
an acceleration of 5 gees he feels himself pressed five times as tightly 
to his seat as he is normally. 

160. Resolution Equations of Dynamics. In the preceding article, 
the force P of Formulas XXXIII and XXXIV was referred to as the 
effective force. It is the resultant of the force system acting on the free 
body. The acceleration of the center of gravity of the body is in the 
direction of this resultant and the magnitude of the acceleration is in 
proportion to the magnitude of this resultant. It is not necessary to 
resolve in the direction of the acceleration. Any convenient direction 
may be chosen, but the a of the formula must be the component of 
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acceleration of the center of gravity of the body in the chosen direction. 
The effective force P is the sum of the components in the chosen 
direction of all forces acting on the body. It is often convenient to 
resolve in the direction of an acceleration^ known or assumed, and in a 
direction in which there is known to be no acceleration, as was done 
in Probs. 2, 3, 7, etc., of Art. 148. In this case the sc^cond equation 
is exactly like the ones used in .statics, the right-hand member of 
Formula XXXIV being zero. The following examples and pi-oblems 
are designed to give the student some experience^ \n the use of F^mula 
XXIV. When the for(*c system under consideration is a coplgipr^pne, 
two independent resolution equations can 
always be written. 

Example 1 

Find the c’onstant horizontal force* required to 
start a 40-lb body u}) a 30° inclin(‘d plane and 
cause it to jj;o 8 ft in the first s(*cond if the 
coefficient of friction betvve(‘n the body and the 
plane is 0.3. 

Figure 286 sho\\s the fr(‘(*-body diagram. 

From the displacemiuit and time data the acceleration has b(‘en found to be 16 ft 
per sec per sec up the plane. This is indh ated in the sketch; otherwise the^ 
diagram is (‘xactly the* same as if the probhun wi'rc* one of statics. A body moving 
in a straight line has zero acceh'ration in a direction p(*rpendicular to that line. 

Resolving in a direction jierpendicular to the* plane, 



A 


40 cos 30° 


F cos 60° 


= Oy 


( 1 ) 


I 

Resolving parallel to the plane, 

/-’ cos 30° - 40 cos 60° - 0.3.V = ^ 3 ^ 7 *^ (2) 

Solving simultaneously, 

F = 70.2 lb 

V* 

Example 2 

Figure 287 shows a rectangular board 3 by 4 
ft hing(*d at the lower left corner. The board 
weighs 100 lb and is being turned about the hinge 
by the force of 71.1 lb at the upper right corner in a direction p(‘rpendicular to the 
diagonal of the board. Suppose it has been determined that at the instant the lower 
edge of the board is horizontal, the center of gravity has an acceleration w ith a com¬ 
ponent of 25 ft per sec per sec toward the hinge and a (‘omponent of 15 ft per sec per 
sec in the direction of the 71.1-lb force. Find the components, H and F, of force 
acting at the hinge at this instant. The arrows, upw^ard on the V component and 
to the left on the H component, show' the assu7ned directions, and these directions 
are taken as positive in writing the equations below. 




294 


MECHANICS 


[Art. 150 


Resolving horizontally, 

H + 0.6 X 71.1 = (0.8 X 25 + 0.6 X 15) (1) 

II = 90.1 - 42.7 = 47.4 lb. 

Resolving vertioally, 

F + 0.8 X 71.1 - 100 = ^ (0.8 X 15 - 0.6 X 25) (2) 

F = 100 - 56.88 - 9.33 = 33.8 lb. 

It is clear that had the direction of either H or V boon assumed in the opposite 
direction, the answer for the component would have come out with a negative sign 
just as was the case in statics. Also, in writing a resolution equation, it is imma¬ 
terial which direction along the axis is assumed positive, but the direction which 
is assumed positive must be positive for both the components of force and of 
acceleration, 2 .e,, components of force and of acceleration in the direction assumed 
positive are put into the equations with plus signs and the opposites carry negative 
signs. 

Problems 

1. A 60-lb mass is pulled along a horizontal plane where the coefficient of friction 

is 0.4 by a force of 40 lb at an angle of 30° with the horizontal. If the body 
starts from rest, how far does it move in the first 3 sec? Ans. 45 ft. 

2. If the body of Prob. 1 is to be pushed along by a force cjownward at 30° with the 
horizontal, what force vill be required for the same motion? Ans. 91.54 Ib. 

3 . In Example 1, reverse the direction of the horizontal force and find its maximum 
value without causing N to become negative. With this force acting to pull 
the body down the plane, what will be the accel(‘ration? 

Ans. 2g down the plane. 

4 . In Example 2, assume components of the reaction at the hinge in the directions' 
of the given components of acceleration. Find these components and find 
the magnitude and direction of the hinge reaction. Show that it is the same 
as for the example. 

6 . A 50-lb wheel rolls down an inclined plane making an angle of 30° with the 
horizontal. If it is known that the friction force between the wheel and the 
plane is 10 lb, what is the acceleration of the center of gravity of the wheel? 

Ans. 0 . 3 fir. 

6 . Find the angular acceleration and the angular velocity of the board of Example 
2 . [Start with the given normal and tangential accelerations and use Formula 
XXVIII or Eq. (3) of Art. 141 and Eq. (3) of Art. 144 ] 

Ans. 6 rad per sec per sec; vTO rad per sec. The angular acceleration is 
counterclockwise. The direction of the angular velocity cannot be determined 
from the normal acceleration. 

7. A rectangular plane 10 ft square has two edges horizontal with one at an eleva¬ 
tion 6 ft above the other. A body projected along the plane i)arallel to the 
horizontal edges is later moving at an angle of 30° with these edges. If the 
coefficient of friction between the body and the plane is 0.5, what are the com¬ 
ponents of the acceleration of the body at this instant? 

Ans. 0.4g down the plane and 0.3464^ parallel to the 10-ft edges. 
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8 . If the speed of the body at the instant described in Prob. 7 is 8 ft per sec, what 
is the radius of curvature of its path at the point in question? [Find the 
component of acceleration normal to the path and use Eq. (3) of A.rt. 141.] 

Am. 38.3 ft. 

9. A 40-lb solid cylinder has a cord attached to its curv^ed surface and wound 

several times around the circumference. The cylinder is placed on a smooth 
horizontal plane and a horizontal force of 10 lb is applied to the end of the cord. 
Find the acceleration of the center. Am, 0.25y. 

(The cylinder also turns, but that is not the present question.) 

161. Constrained Motion. A force of constant magnitude may 
produce an acceleration of constant magnitude and variable direc¬ 
tion, with velocities and displacements as expressed in Eqs. (3) and 
(6) of Art. 140, provided this force acts at every instant along the 
tangent to the path of the moving particle at that instant. In order 
that the direction may change, other forces must be developed which 
act at right angles to the direction of motion at every instant. This 
is the condition of constrained motion without friction. 

A particle which is free to move only along a given line, such as a 
bead sliding on a wire, has two constraints and one degree of freedom, 
A body which is free to move in any direction on a given surface has 
one constraint and two degrees of freedom. A particle which is free to 
move in any direction in space has no constraints and three degrees of 
freedom. A car running on a track has two constraints. If the car 
jumps the track and runs on the ground, it has one constraint. A 
body attached to a cord, the other end of which is fastened to a fixed 
point, is free to move on the surface of a sphere and has one constraint. 

When a particle running on a track changes the direction of its 
motion, the change in direction is caused by the reactions of the track. 
These reactions are the constraining forces. If there is no friction, 
these reactions are normal to the direction of the track and do not 
affect the speed of the particle. If the particle is driven by a constant 
tangential force (independent of the normal reactions), the effect of 
this force upon the magnitude of the velocity and upon the displace¬ 
ment measured along the path is exactly the same as if the motion 
were in a straight line. 

A pin wheel is an example of constrained motion with a constant 
tangential force. The rim of the wheel is constrained to move in a 
circular path. The force exerted by the explosive is always tangent 
to the motion and is practically constant. The force exerted by the 
spokes on the rim is perpendicular to the motion. 

There may also be one, two, or three constraints against angular 
motion, so that a body completely free in space has six degrees of 
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freedom. It should he noted that if the position of a body is to be 
defined by mathematical coordinates, there are required as many 
coordinates as there are degrees of freedom. The position of the body 
in Prob. 7 of Art. 150, for example, could be given by two coordinates. 
This repeats what was said before. It is just as important in dynamics 
as in statics to describe a situation with the minimum possible number 
of variables. It is a general matter of mathematical efficiency. 

162. Kinetic Energy. A force P acts on a mass m which is moving 
with a velocity v in the direction of the force. During a time interval 
dtj the displacement is ds = v dt, and the work done by the force P is 


dU Pds = Pv dt 


( 1 ) 


The force P accelerates the mass m. The magnitude of the force in 
terms of the mass m and the acceleration a (which is equal to dv/dt) 
is given by Formula XXXII. 


P = ma 



( 2 ) 


Substitution in Fjq. (1) and integration give 


dU — Pv dt — mv dv 


U = 


mv^ 

~2 


+ Cl 


(3) 

(4) 


If the integration is between the limits and Eq. (4) becomes 


mv\ mvl 
■“2 2 ^ 


(5) 


If the body starts from rest, the expression for the work done in 
changing its velocity from zero to v is 

r = ^ Formula XXXV 

In the British engineers’ system, f/ is the work in foot-pounds, v is 
the velocity in feet per second, and m is the mass in slugs or geepounds. 
1 slug = 32.174 pounds. 

W W 

Mass in slugs =: m = — = 

Formula XXXV may be written 

Wv^ 

C = Formula XXXVI 

in which W is the mass in pounds and g — 32.174. 

In the centimeter-gram-second system, m is mass in grams, v is 
velocity in centimeters per second, and U is work in eri^s. 
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In the derivation of Formula XXXV, it is not necessary that the 
force P be constant. Formula XXXV gives the total work which is 
done on the mass m in bringing its velocity up from zero to v. It also 
gives the amount of work which the mass m can perform when its 
velocity changes from v to zero. This is called the kinetic energy of 
the mass m. Since is positive whether v is positive or negative, the 
kinetic energy is independent of the direction of the motion. Kinetic 
energy, like work, involves the product of two vectors along the same 
line and is, therefore, a scalar quantity. 

Formula XXXVI expresses the kinetic energy of a body of which all 
particles have the same velocity. It is well for the student to think of v 
as the velocity of the mass center of the body. When a body has a 
rotational motion, the total kinetic energy is expressed by Formula 
XXXVI, with the velocity of its mass center used as plus an addi¬ 
tional quantity which will be discussed later. 

It should be noted that Formula XXXVI was derived from Formula 
XXXII and the definition of work. No new principle of mechanic's 
has been added. It could therefore be presumed that any problem 
solvable by the use of Formula XXXVI could have been solved by 
Formula XXXII. This is true, but in many cases the use of Formula 
XXXVI leads to much simpler solutions. 

The kinetic energy of a })ody is a scalar (quantity, yet it is perfectly 
proper to deal with the kinetic energies of the rectangular components 
of a velocity separately when that is convenient. If r of Formula 
XXXVI is the velocity relative to any observer, the formula gives the 
kinetic energy of the body relative to that observer. 

Example 1 

A car weighing 3217 lb has its Y(‘l()city ('hanged from 60 ft per see east to 20 ft 
I)er see east while it moves 200 ft. Find the A\ork done by the ear. Find the 
retarding force in pounds. 

Mass in slugs = 100. 

r/i _ U> = 50(3600 - 400) = 160,000 ft-lb 
P X 200 = 160,000 
P = 800 lb 

Problems 

1. A mass of 60 lb has its velocity ehang(*d from 20 ft per see east to 80 per sec east. 

What is the change in kinetic energy? If this change of velocity is caused by a 

constant force of 100 lb, how far does the body travel? 

Ans. Ui - Ui = 1 T 1 (6400 - 400) = 180,000 X 0.031081 = 5594 ft-lb; 

A* - 55.94 ft. 
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2. What is the kinetic energy of a cannon ball weighing 1000 1 an moving wi 
a velocity of 2700 ft per see ? If this projectile is fired from a gun 50 ft in leng h, 

what is the average resultant force ? 

Ans.U = 113,200,000 ft-lh;P = 2,265,800 lb. 
8 . If the shot of Prob. 2 strikes a target and is stopped in 5 ft, what is the average 
pressure which it exerts? 

4 . A car moving 30 ft per sec is stopped in 40 ft by four-wheel brakes. Assuming 
that the car is sliding on all wheels, what is the coefficient of friction? 

Ans. /JL = 0.35. 

5 . If a car running 15 mph can be stopped in 15 ft on a dry brick street, in what 
distance can this car be stopped when running 30 mph? 45 mph? Solve 
without writing. 

In the example and problems above, the accelerating force is calcu¬ 
lated by equating the change in kinetic energy with the work done on 
the body when the acceleration is positive, or with the work done by 
the body when the acceleration is negative. This is generally the 
better method when the distance traveled during the change of velocity 
is given. Wlien the time required to change the velocity is specified, 
Formula XXXII is usually preferable. 


Example 2 


Solve Example 1 for the retarding force in pounds by means of Formula XXXTI. 
Average velocity = —= 40 ft per sec 


200 

40 


5 sec 


20 - 60 


p = 100 (~ 8 ) 


—8 ft per sec per sec 
-800 1 b 


Problems 

6 . Solve Prob. 1 for the distance traveled by means of Formula XXXTI. 

7. A mass of 50 lb has its velocity changed from 70 ft per sec east to 10 ft per sec 
east while it moves 120 ft. Find the retarding force. Solve by work and 
energy. C’heck by force and acceleration. 

8 . A mass of 6 slugs has its velocity changed from 60 ft per sec east to 200 ft per sec 
east in 5 sec. Find the force in pounds. Solve by force and acceleration. 
Check by work and energy. 

163. Potential Energy. Energy is capacity for doing work. Kinetic 
energy is the energy of motion. Potential energy is the energy of position. 
The work which the forces acting on a body do when the body moves 
from one position to another represents the differential energy for the 
two positions. For instance, a body of W pounds mass moves from 
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position B of Fig. 288 to position which is h feet lower than B. 
Since the displacement from 5 to ^ is in the direction of the force of 
gravity, the work done by the attraction of the earth is Wh foot¬ 
pounds. The potential energy of the mass of W pounds is Wh foot¬ 
pounds greater at B than it is at 
The potential energy of the mass of W pounds 
is Wh foot-pounds greater at any point in the 
horizontal plane BC than it is at A, at a dis¬ 
tance of h feet below this plane. If the body is 
moved from C to the gravitational force does 
no work, since the displacement is normal to the 
direction of the force. The body may move 
from C to A along any curve. For a small dis¬ 
placement ds along this curve, the component 
of the force in the direction of the displacement is W sin in which 
6 is the angle which ds makes with the horizontal. 



Since 


dU = IT sin ^ ds 


ds = 

dV = 

IJ = 


dy 

sm B 

Sin 0 ^ 

W[y]l = Wh 


( 1 ) 


( 2 ) 

(3) 


If there is no friction, the work depends upon the vertical distance 
of the two positions. This is merely a statement of the fact that work 
is the product of the force multiplied by the component of the dis¬ 
placement in the direction of the force (see Art. 9). 

Besides the potential energy of 
gravitation, there are the energies of 
magnetic and electrical forces, and the 
potential energy of elastic forces, such 
as those of a bent spring or a cylinder 
of compn'ssed gas. 

When the potential energy of a body 
is reduced, this energy is changed into 
some other form. If none of the energy 
is dissipated as heat, light, or sound, or 
transferred as work on other bodies, all 
the lost potential energy goes to accelerate the body and thereby increases 
its kinetic energy. Figure 289 show’^s a mass of W pounds which is sus- 
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pended from a fixed point 0 by a cord of length r. When the mass is 
displaced to a point A and then released, it swings down to the lowest 
point C and then up to a point Z>, which is practically as far from the 
vertical on the left as the point A is on the right. At A , the energy is 
all potential. The mass is at rest. At B, part of the potential energy 
has been changed into kinetic energy, and the mass has the velocity 
which it would acquire in falling a vertical distance hi — h 2 . If the 
horizontal plane through the lowest point C is taken as the datum 
plane for the potential energy, the potential energy at A is 

Whi = Wr{\ — cos (/)) 
the potential energy at B is 

Wh2 = Wr(l - cos e) 

and the potential energy at C is zero. At the lowest point C, all the 
potential energy has been changed into kinetic energy and the velocity 
has its maximum value. This kinetic energy takes the mass uj) on the 
other side until it stops at D, where all the enc'rgy again is potential. 

If mass is given in slugs (geepounds) then weight in pounds is 
mg = 32.174m and potential energy is mgh. In absolute systems, 
weight is equal to mg dynes or poundals, and potemtial energy is mgh. 

When energy has been lost because of dissii)ative forces like friction, 
this energy must be accounted for in the energy equation. Such 
energy, of course, is not a(;tually lost but is converted into heat or into 
wave motions like sound. The full e(]uation sets up a balance of 
energy for the free body at two times /] and (2 by stai’mg: Potential 
energy at t\ plus kinetic energy at t\ minus energy dissipated during the 
interval ti to t 2 equals the potential energy at t 2 plus the kinetic energy at /a. 
In mechanics the energy converted to heat is considered as lost. In 
thermodynamics the equation is a little more ela})orate and contains 
the total heat energy of th(i free body as a separate item as well as the 
gains and losses of heat energy. 


Example 

A 40-lh body slides 20 ft down a 30® inclined plane, starting with an initial 
velocity of 8 ft per sec. If the first 6 ft of the plane was relatively smooth so that 
the friction force was only 5 lb while the remainder was rougher, offering a fric¬ 
tional resistance of 10 lb, what was the velocity of the body when it arrived at the 
bottom? Assume as the datum for potential energy a horizontal line through the 
bottom of the plane. Let v be the final velocity. 

40v2 


40 X 82 
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Problems 

1 . A mass of 64.35 lb is siispendod from a cord as in Fig. 289. The center of 
gravity of the mass is 20 ft from fixed end of the cord. The body is displaced 
until the cord makes an angle of 60° with the vertical and then released. 
Using the lowest point as the reference position for potential eiK'rgy, find the 
kinetic energy and the velocity when the cord makes an angle of 45° with the 
vertical. 

Am. Up = 376.96 ft-lb; IJ = 266.54 ft-lb; 2t;V2 = 266.54; e = 16.33 ft per sec. 

2 . Solve iVob. 1 when the cord makes an angle of 32° with the vertical and also 
wUen the cord is V(‘rtieal. 

3 . A mass of 20 lb slides 100 ft dowm a 30° smooth inclined plane. If the body 
started from rest at the top, what is the kinetic energy at the bottom, and 
what is the maximum velocity? Ans. U — 1000 ft-lb; v = 56.72 ft per sec. 

4. Solve Prob. 3 if there is a friction force of 1 lb. Ans. v — 53.81 ft per sec. 

6 . Solve Prob. 3 if the plaiu^ is smooth and the mass has an initial v(‘locity of 

20 ft per sec down the plane. Ans. v = 60.14 ft per sec. 

6 . Solve Prob. 5 if the initial velocity is 20 ft per sec paralh'l to the plane in any 

direction. 

7 . Solve Prob. 4 if th(‘ body has an initial velocity of 20 ft per sec down the plane. 

Ans. r = 1000 + 124.32 - 100 = 1024.32 ft-lb; v = 57.41 ft per sec. 

8 . Solve Prob. 4 if the body has an initial velocity of 20 ft per sec up the plane. 

Ans. r = JOOO -f 121.32 - 122.60 = 1001.7 ft-lb. 

9. A body is thrown horizontally wdth a velocity of 40 ft per sec. Whnt will be 
its velocity wh(‘n it is 20 ft below the level of the starting point? What angle 
will its resultant velocity make with the horizontal? 

10 . A body falls from rest. Find its velocity after it has fallen h ft. 

Ans = 2gh; v — \/64 348/i = 8.02\/^. 

11 . A body is thrown with a velocitv co in any din'ction. What will be its velocity 
when it is a distance h b(*low^ the initial position? Solve by w^ork and energy. 

A uri , „ 9,01. 

Ans. Wh 4 - _|_ 2gh. 

12. Solve Prob. 10 of Art. 1 18 by work and energy for the two answ(*rs given. 


164. Velocity in Terms of Displacement. For certain types of 
problems it is convenient to have equal ions expressing the relation of 
the initial and hnal velocities to the displacement and the acceleration. 
These equations are equivalent to energy equations wdth the forces 
and masses eliminated by use of the fundamental relation P = Wajg. 
Suppose a body has an initial velocity Vq and the resultant of all forces 
acting on the body in the direction of ?’o is Pj then 


Wvl 

2g 


+ Ps 


Wv^ 


where v is the final velocity and s is the displacement, both in the 
direction of the force P and the initial velocity. When the value of P 
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from Formula XXXIV is substituted in this equation, it reduces to 

— Vq = 2as (1) 

When the initial velocity is zero, Eq. (1) becomes 

— 2as (2) 

When the final velocity is zero, 

vl — —2as 

For freely falling bodies, the acceleration is g. If both h and g are 
regarded as positive downward, Eq. (1) may be written 

V- - eo = 2gh (3) 

and Eq. (2) may be written 

= 2gh v — \/^li Formula XXXVII 

Formula XXXVIT gives the velocity of a freely falling body after 
descending a distance h vertically. It is, of course, also the height to 
which a body will rise after it has been projected with a vertical 
(upward) component of velocity r, neglecting air resistance. If the 
body has also a horizontal component of velocity, this component 
remains constant except for air resistance. Only for relatively heavy 
projectiles at low velocities may air resistance ])e neglected without 
considerable error, but the problems involving air resistance are beyond 
the scope of this text. 

Formula XXXVII and the other equations in this article are con¬ 
venient for problems in which the accelerations are known rather than 
the masses of the bodies and the force systems. Such problems can be 
solved just as well by energy equations in most cases. 

Example 

A body is thrown upward with a velocity of 80 ft per sec. What will be its 
velocity when it is 20 ft above the starting point? 

Using Eq. (3) with h positive and g negative, 

t;2 = 6400 - 1287 
t; = 71.5 ft per sec 

Problems 

1 . In the example above there arc two solutions for the velocity. Explain. 

2 . A body is thrown vertically upward with a velocity of 100 ft per see. How high 
will it rise? In what time will it return to the starting point? 

Ans. h = 155.4 ft; time of ascent and return = 6.216 sec. 
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{Solve Prob. 3, 4, and 5 without writing. Use g =32 and employ the average value 
of the velocity when convenient.) 

3. A body is thrown upward with a velocity of 80 ft per sec. How long will it 
rise? What is the average velocity upward? How high will it go? 

4 . A body is thrown upward with a velocity of 80 ft per sec. What is its average 
velocity during the first second? How far does it go during the first second? 

6 . A body is thrown upward with a velocity of 40 ft per sec. What is its average 
velocity during the first second? WTiere will it be at the end of the first 
second? What is its average velocity during the first 2 seconds? Where 
will it be at the end of 2 sec? How far will it travel during the first 2 sec? 

6 . A body is thrown upward with a velocity of 160.87 ft per sec. What will be 
its velocity when it is 96.522 ft above the starting point? 

7. A body is thrown upward with a velocity of 120 ft per sec. At what point will 
the velocity be 60 ft per sec? At what point will the velocity be 150 ft per see? 

8 . In what time will a body fall 100 ft if it has an initial velocity of 60 ft per sec 
downward ? 

9. A body is projected horizontally with a speed of 40 ft per sec. What is its 
vertical velocity at the end of 2 sec? What is the direction and magnitude 
of its resultant velocity at the end of 2 sec? Wiat is the vertical displacement 
at the end of 2 sec? What is the direction and magnitude of the resultant 
displacement at the end of 2 sec? 

Ans. Vy — —64.348 ft per sec; v — 75.79 ft p('r sec at an angle of 58®08' below 
the horizontal. Resultant displacement = 102.67 ft at 38®49' below the 
horizontal. 

10. Check the magnitude' of the rc'sultant v(‘locit> in Prob. 9 by work and energy. 

11. A train is nnining over a trestle with a velocity of 40 ft per s(‘C. A lump of 

coal falls from the tc'iider and strikes the ground 30 ft below. Find the 
resultant velocity by work and energy. How long will it take for the coal to 
reach the ground? Ans. v = 59.41 ft per sec; t — 1.366 sec. 

12. A train is running over a trestle with a velocity of 40 ft per sec. A lump of coal 
is thrown horizontally at right angk's to tin* track with a velocity of 30 ft per 
sec. Find the magnitude and direction of the velocity after 2 sec. 

Ans. V = 81.5 ft per sec at 52*^10' wuth the horizontal in a vertical plane 36°62' 
with the direction of the track. 

13. A body is throwm upw'ard at an angh* of 30° w ith thi' horizontal wath a velocity 
of 150 ft per sec. Find the horizontal and vertical components after 3 sec, 

Ans. Vx = 129 90 ft })er sec; Vy = —21.52 ft per sec. 

Figure 290 shows the path of a body which is projected with an initial 

velocity Vq at an angle a with the horizontal. With y positive upward 

and g negative, the components of the velocity are 

Vx = Vq cos a 
Vy = Vo sin a — gt 

The components of the displacement are 

X = (vo cos a)t 

ot^ 

y = {vt sin a)t - ^ 


(4) 

(5) 
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When the time is given, Eqs. (4) and (5) may be used to solve the 
problem of position. When the time is not given, an equation of x in 
terms of y is better. When the value of t from Eq. (4) is substituted in 
Eq. (5), the result is 


y — X tan ol 


2vl cos‘^ a 


( 6 ) 


The horizontal distance, OC of Fig. 290, from the initial position to 
the place at which the projectile is again at the initial level, is called 
the range. If t/ = 0 in Eq. (6), 


X 

X 


0 or a; = 
v\ sin 2a 


2v^ cos a sin a 
0 


g 


( 7 ) 


Figure 290 is drawn for an initial velocity of 5g feet per second, 
cos a == 0.6, sin a = 0.8 so that = 3g and the vertical component 



Fia. 290. 


of the initial velocity is 4gf. In 4 seconds the vertical velocity is zero, 
and the projectile has reached its maximum altitude of Sg feet. In 4 
more seconds the projectile is back at the original level. In the entire 
interval of 8 seconds the horizontal displacement is 24g feet. 

In Fig. 291, the first body is thrown at an angle with the horizontal 
and the second body is dropped at the same time from a point which is 
in the line of the initial velocity of the first body. The distance which 
the projectile falls from the line of its initial velocity is exactly the 
same as in the case when the initial velofity is horizontal or is zero. 
The projectile may be regarded as moving with constant speed along 
the line of its initial velocity and falling from that line with constant 
acceleration. If the paths of the projectile and of the falling body 
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intersect, the bodies will collide. If the angle of projection is changed 
slightly, the vertical position of the projectile at every point on its 
path is changed just as much as the corresponding point on the line 



of projection was changed by the change in the angle. This is what 
is meant by the phrase ^^the rigidity of the trajectory.” 

Problems 

14. What is the range of a projectile if the initial vc'Iocity is 100 ft per sec at an 
angle of 30° with the horizontal? Ans. 260.1 ft 

16. What is the initial velocity required to throw a bas('ball 300 ft at the best angle, 
with no allowance h)r the air resistance? 

16. A projectile is tlirown horizontally. What must be its velocity in order to 

strike a target which is 100 ft lower than the initial point and 80 ft from the 
vertical line through it? Ans. Vq — 32.1 ft per sec. 

17. A projectile is thrown to pass through two rings. One ring is 80 ft higher than 
the initial point and 00 ft t'ast of it. The other ring is 10 ft higher than the 
initial point and 100 ft east of it. Find the initial velocity and the initial angle. 

Ans. vq = 70.2 ft per sec at 72°34' elevation. 

18. A 16-Ib shot h'aves the athlete’s hand 7 ft above the ground with a velocity 
of 36 ft per sec, at an angle of 45°. How far will it go horizontally. 

Ans. 46.36 ft. 

19. Find the radius of curvature of tlu' projectile of Prob. 14 at the instant when 

the velocity is horizontal. Ans. 7500/^ ft. 

20 . Check Prob. 19 by writing the equation of th(‘ path of the projectile and using 
a formula for the radius of curvature. (The formula is in Art. 141.) 

Energy equations are extremely useful in the mechanics of fluids. 
Formula XXXVII gives the velocity of the jet issuing from a large 
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tank of relatively still liquid when 'ii is the vertical depth of sub¬ 
mergence of the orifice. Figure 292 represents a thin-lipped orifice in a 
tank with the liquid level h feet above the orifice. When a small 
amount, say 1 pound, of the liquid emerges from the orifice, the liquid 
moves down in the tank so that the small quantity appears to have 
been taken from the top. The missing potential energy reappears as 
kinetic energy of the pound of liquid at the contracted vein, and its 
velocity is \/2ffh. The term \^2gh in fluid mechanics is called 
velocity head and represents the kinetic energy per pound of flowing 
fluid. With a smooth orifice in a thin plate and a liquid of low vis¬ 
cosity like water, the ideal jet velocity is very nearly attained and the 



contracted vein will have an area of about 62 per cent of that of the 
orifice. If the outlet is rounded as shown in Fig. 292,11, the jet will 
be full-sized and the velocity will be about 99 per cent of the theoretical. 

166. Connected Bodies. When the static equilibrium of connected 
bodies is considered, it is necessary only to take into account the mutual 
forces between the bodies. When the connected bodies have acceler¬ 
ations, it is necessary also to express the relations between the separate 
accelerations by equations consistent with the motion of the system. 
In statics problems, an over-all check of the solution of a system of con¬ 
nected bodies could readily be made by considering the equilibrium of 
the external forces. This procedure is correct in problems of dynamics, 
but the resolution equations must be based on the acceleration of the 
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center of gravity of the entire system and the moment equations must 
include the angular acceleration of .the entire system and the moment 
of inertia of the Avhole system of masses with respect to the center of 
gravity. Except for the simpler problems, the over-all check in 
dynamics becomes too cumbersome to be worth while. 

In the example below, it is assumed that the cord does not stretch 
and it is obvious that any downward displacement of the 12-lb mass is 
accompanied by an equal displacement of t he 20-11) mass to the right, 
i.c,j the 7iumerical values of the displacements, velocities, and acceler¬ 
ations of the two bodies are ecjual at all limes so long as the cord 
remains taut. 

Example 1 

Figure 293 shows a 20-Ib mass on a smooth horizontal plane. A cord attaehed 
to the mass runs horizontally over a smooth pulley and down to a suspcuided mass 



Fig. 293. 

of 12 lb. Assume that the cord and the pulley have m'gligibh' inass(‘s and find the 
tension in the cord and tin* aeeeh'rations of the two masses. 

Figure 293,111 shows enclosing lines around the two masses to b(* treated as 
separate free bodies. Assume that the 12 -lb mass is accelerated downward with 
an acceleration a and that the 20 -lb mass has the same acceleration to the right. 
The effectiv(* force for the 12 -lb mass is its weight miniis the tension T. The pulley, 
in the absence of mass, requires no moment for its angular acceleration so the 
tension in the horizontal part of the cord is also T. (The 20-lb weight and the 
opposite normal reaction on the 20 -lb mass are not shown in the figure.) 

For the 12-lb mass, vertical resolution, 

12 - r = ~ 

a 


(1) 
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Horizontal resolution for the 20-lb mass 


g 

Adding the two equations to eliminate 7’, 



( 2 ) 


( 3 ) 


From Eq. (3), a = 3fif/8 which, when substituted in either of the first two equations, 
gives 7’ = 7 5 lb. 

Figure 293,11 shows the problem represented as an equivalent system. It is as 
though the two masses were placed on the snmoth plane with the string taut and a 
12-lb horizontal force applied to the 12-lb mass. A horizontal resolution on this 
system gives Eq. (3). (This is not the over-all check referred to in the opening 
paragraph. For this check, the force of the pulley on the string, 10.6-lb upward 
to the right at an angle of 45° with the horizontal, plus, vectorially, the weight of the 
12 -lb mass would have to be correlated with the acceleration of the mass center of 
the two bodies. This center has a component of acceleration to the right of 15g/64 
and a component downward equal to 9<//()4.) Equivalent systems are of great 
value to experts in dynamics, but they should not be used by the beginner until 
he has thoroughly mastered basic principles. Such systems are treated briefly in 
Chap. 19. 

Problems 

1 . Solve the example above if the coefficient of friction between the 20-lb mass 
and the plane is 0.1. 

Ans. a = ^ ~ 10.054 ft per sec per sec; T = 8.25 lb. 

2 . Solve the example above if a force of 1 lb at th(‘ rirn is required to overcome 
the friction of the pulley. 

Ans. a = il(//32 = 11.060 ft per sec per sec; vortical tension = 7.875 lb; 
horizontal tension = 6.875 lb. 

3 . A 40-lb mass is placed on a plane which makes an angle of 30° with the hori¬ 

zontal. The mass is attached to a cord which runs up parallel to the plane, 
passes over a smooth, WTightless pulley, and supports a 36-lb mass on the free 
end. Find the acceleration and the tension on the cord if the plane is smooth. 
Check, Ans. a = 4(7/19 = 6.77 ft per sec per sec. T = 28.42 lb. 

4 . Solve Prob. 3 if there is a coefficient of friction of 0.1 between the plane and 

the 40-lb mass. Check. Ans. T = 30.06 lb. 

6 . A mass of 50 lb is placed on a 30° inclined plane and attached to a cord which 
runs up the plane, passes over a smooth, weightless pulley, and supports a 
mass of 10 lb. Starting from rest, what distance will the 50-lb mass slide 
down the plane in 3 sec if the plane is smooth ? 

6 . If the system of Prob. 5 moves 27 ft in 3 sec from rest, what is the coefficient 
of friction between the 50-lb mass and the plane? 

Ans. Friction =« 3.81 lb; ^ = 0.088. 

7 . Solve Prob. 6 by work and energy. Ans. Friction = 102.89/27 = 3.81 lb. 
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8 . A 20-lb mass is placed on a plane which makes an angle of 20° with the hori¬ 

zontal. The mass is attached to a cord which runs up the plane, passes over 
a smooth, weightless pulley, and supports a mass of 12 lb on the free end. 
Starting from rest, the system moves 18 ft during the urst 3 sec. Find the 
coefficient of friction between the plane and the 20-lb mass. == 0.063. 

9. Check Prob. 8 by work and energy. 

10. Figure 294 shows a cord which runs over a pulley and supports a mass of 6 lb 
on one end and a mass of 4 lb on the other. If the pulley is weightless and 
frictioiiless and if the cord is weightless, what velocity 
will the system acquire in 4 sec after starting from 
rest? What distance will it travel in the 4 sec? What 
is the ttmsion in the cord? What is the total loud on 
the pulley? If this load is less than 10 lb, explain the 
discrepancy? 

Figure 294 represents the Atwood machine, which 
is sometimes used to demonstrate the laws of 
acceleration and to determine g approximately. 

The machine is subject to errors which result from 
the friction and from the mass of the pulley. 

These errors may be determined experimentally 
and corrections made. Error caused by the vary¬ 
ing length of cord on the two sides may be 
avoided by having the cord continuous as is 
shown in the figure. The total mass of the cord must be added to 
the mass of the two suspended bodies to get the mass which is 
accelerated. 

Example 2 



Figure 295 shows a 60-lb mass on 



acceleration of the 40-lb mass 2a, the 
a, are 


horizontal plane whore the cof4ficient of 
friction is 0.25, a two-pulley system, and 
a pendent mass of 40 lb. Assume both 
pulleys and the cord to bo of negligible 
mass and th(^ pulleys to be frictionless. 
Find the tensions in the cord and the 
accelerations of the two masses. From 
the velocity ratio, the acceleration of the 
60-11) mass is one-half that of the 40-lb 
mass. Let a equal the acceleration of the 
60-lb mass. Calling the downward 
equations for the two unknowns, T and 


40 - T = 


2T - 15 = 


40(2a) 

9 

60a 


( 1 ) 


( 2 ) 
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Problems 

11. Solve Example 2 for the accelerations and tensions while the bodies are coming 
to rest after the 60-lb body has been given an initial velocity to the left and 
the 40-lb body a corresponding velocity upward. 

12. Neglect the mass and friction of the pulleys of Fig. 290 and the mass and stiff¬ 
ness of the rope, and find the tension in th(‘ rope and the 
accelerations of the bodies when W = 160 lb and P = 100 lb. 

Ams. T= 85.71 lb. 

166. Miscellaneous Problems 

A mass of 100 Ib is moving on a horizontal plane with a veloc¬ 
ity of 60 ft per sec. What is the coefficient of friction 
required to stop the body in 150 ft ? Solve by work and energy 
and check by force and acceleration. 

Solve and check Prob. 1 if the mass is brought to rest in 5 S('c. 
Which is the better method when time is given? Which is the 
better method when displacement is giv(‘n? 

An inclined plane 50 ft long has its lower end at the top of a wall 
which IS 40 ft high. The plane* makes an angle of 45° with the 
horizontal. When a body slides down from the top of the 
plane, how far from the wall will it strike the ground? Solve 
for a smooth plane and also for a coefficient of friction of 0.2 

Arts. X = 28.51 ft; x — 27.05 ft. 

4. A body projected with a velocity of 24 ft per S(‘c northward on a smooth sheet 
of ice crosses the east-west line from which it was projected 6 s(*c later at a 
point 108 ft east of the starting point. Assume that the change of velocity 
was due entirely to a wind acting on a 32.16-lb mass and find the magnitude 
and direction of the wind force and the net work done by the wind on the body. 

Am. 10 Ib south 36°52' east; work done 648 ft-Ib. 

6 . A ball is thrown with a velocity of 61 32 ft jier sec at an angle of 30° with the* 
horizontal. What will be tlu* location of center of curvature of its trajectory 
1 sec later? Ans. 55.6 ft horizontally and 80 ft b(‘low the point of release. 

6 . A cord passed over a fixed cylinder hangs vertically on both sides. A 12-lb 

mass is attached to one end and a 1-lb mass to the other. It is found that the 
12-Ib mass moved downward uniformly aftiT being started. What aee(‘l(‘ration 
is to be expect(*d if 2 lb is removed from the 4-lb mass and added to the 12-lb 
mass? Ana. fy/3. 

7. Solve F]xample 1 of Art. 155 if the pulley is replaeed by a fixed cylinder with a 
coefficient of friction of 0.3 between the cord and the cylinder. 

8. In Fig. 200, neglect the mass of the wheel and lu'glect friction and find the 

accelerations and tensions when P = 10 lb, IF = 40 lb, a = 3 in., and 
7* « 24 in. Ans. Mass P accelerates at 8^/17 ft per sec per sec. 

9. Neglect friction and rotating mass and find the accelerations and tensions in 
the cords of Fig. 201 when P = 10 lb, IF = 100 lb, ai = 3 in., a 2 = 4 in., and 
r = 20 in. 

10. A small car running without friction down a 30° inclined plane has a horizontal 
top upon which a load rides down the plane. Find the necessary coefficient 
of friction between the car and the load to keep the load in place during the 
motion. Ans, 0.577. 



W 


Fig. 296. 
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11. A V-shapod trough with 90° bfdween the sides is used as a conveyor down which 
concrete cylinders slide. How long will be required for a cylinder to slide 10 ft 
from rest when the trough is inclined at 30° with the horizontal if the coefficient 
of friction is 0.2? 

12. Sand grains of the same size and shape fall from a sieve which is 2 ft in diam¬ 
eter. Under the su^ve a fan blast is adjusted to give the lighter grains an 
acceleration of 8 ft per sec per sec. The heavier grains are l.G times as dense 
as the lighter. How far below^ and down-wind from the center of the sieve 
must a separator be placed to divide the grams into two homogeneous piles? 
(Neglect occlusion and other minor effects.) Ans. x -- 4.33 ft; y = 21.33ft. 

13. A 40-lb body on light smooth rollers runs down an inclined plane of slope 3 
vertical on 4 horizontal. It drags behind it a 150-lb bofly under W'hich the 
coefficient of friction is If the cord connecting th(^ two bodies is hori¬ 
zontal, what tension does it sustain? 

14. A body starts from ri'st and slides dowm a 30° inclined plane. For the first 
30 ft the plane is relatively smooth and offers a friction resistance of 0 lb. The 
remainder of the plane is very rough and the friction force is 16 lb. Find the 
distance to stop and the time for the complete motion if the body weighs 24 lb. 

16. A body starts from rest, slides 18 ft down a smooth 30° inclined roof, and falls 
to the ground 12 ft lielow. Find the horizontal distance from the edge of the 
roof to the striking point. Ans. 11.9 ft. 

16. In Fig. 293, suppose th(' cord from the 20-lb mass is not liorizontal but the 
pulley is raisi'd so that this cord makc's an angle of 30° with th(' horizontal at 
an instiint \n hen the 20-Ib mass has a velocity of 8 ft per sec. Find the tension 
in till* cord and the accelerations of tlie two bodies at this instant. (The two 
accel(‘ratioiis are not equal. The proper relation between them can be found 
by calculus.) 
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167. Torque and Angular Acceleration. When a rigid body has an 
angular motion, every particle of that body at any instant during the 
motion has an acceleration, and this acceleration is produced by forces 
applied to the particle by its neighbors in accordance with Formula 
XXXIV. The external force system acting on the body, therefore, 
must be resolvable into a large number of components so that there 
exists a component to account for the acceleration of each part of the 
body. The actual external force system may be relatively simple with 
forces applied to the body at only a few points, but a system of internal 
stresses is induced in the body so that each particle is subjected to the 
force required for it to remain in its position relative to the other par¬ 
ticles of the body, (Of course if the internal stress at any point or 
points exceeds the rupture strength of the mate¬ 
rial, the body breaks into two or more pieces and 
ceases to behave as a single rigid body.) 

Figure 297 represents a particle of mass dm of a 
rigid body rotating about the center 0. The 
tangential velocity of the particle is V and 
the acceleration of the particle in the tangential 
direction is ra, where a is the angular accelera¬ 
tion of the whole rigid body. Assuming the 
external force system acting on the body to he. resolved into the com¬ 
ponents required to account for the accelerations of the various par¬ 
ticles of the body, there is a component at this element of mass, in the 
tangential direction, 

dP = ra dm> (1) 



The moment of this component of force with respect to 0 is 


dT = rV dm (2) 

The total moment required to produce an angular acceleration a in a 
body made up of elements dm is 

T = a j r^dm -= la Formula XXXVIII 
312 
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In this formula T represents the torque, which is the name usually 
given to moment about an axis of revolution. The letter I of the 
formula represents the moment of inertia of the body with respect to 
the axis about which the moment T is taken. The formula applies 
as written to the cgs system and to the foot-poundal-second system. 
It applies also to the British engineers^ system if m is expressed in 
geepounds ft^ If k is the radius of gyration of the bod}" in feet and W 
is its mass in pounds, Formula XXXVHI becomes 

T = Formula XXXIX 

a 

The product Wk'^ of Formula XXXTX is the moment of inertia of the 
body in pounds feet^. If this factor is represented by I, the formula 
becomes 

7’ = — Formula XL 

g 

With units of feet, seconds, and pounds (force), the only difference 
between the proper usage of Formulas XXXVIII and XL is that in 
using Formula XXXVIII the moment of inertia in pounds feet^ is 
divided by g before inserting it into the formula whereas, in using 
Formula XL, dividing by g is considered part of the operation of using 
the formula. Formula XL is the better one to memorize, as it con¬ 
stantly keeps reminding the student not to leave out the g. 

Example 1 

A wheel 4 ft in diameter wei^jilis 322 lb. The radius of gyration is 1.8 ft. What 
torque in foot-pounds will give the rim of this wheel a velocity of 24 ft per sec from 
rest in 4 sec? 

Linear acceleration = G ft per sec per sec. Angular acceleration = 3 rad per 
sec per sec. I = 10 X = 32.4 approximately, geepounds feet^. 

Torque = 32.4 X 3 = 97.2 Ib-ft 


Problems 

1. A homogeneous solid cylinder is 4 ft in diameter and weighs 240 lb. A rope 
to which a pull of 60 lb is applied is wound several times around the cylinder 
and fastened to it. What is the torque, if the diamtder of the rope is neglected? 
What is the angular acceleration? What is the angular velocity 3 sec after it is 
32 rad per sec? What is the angle traveled in the 3 sec? 

Ans. r = 120 ft-lb; a = 8.044 radians per sec per sec; w = 56.132 rad per sec; 
e = 132.198 rad. 
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2. A pulley 5 ft in diameter weighs 300 lb and has a radius of gyration of 2 ft. 
When the pulley is running 240 rpm, a pressure of 250 lb is applied to the rim by 
a brake. The coefficient of friction is 0.2. Find the negative acceleration, the 

time required to stop the pulley, 
and the number of revolutions 
traveled. 

Ans. t — 7.409 sec; d == 14.998 rev. 
3. A uniform bar AB (Fig. 298) is 6 ft 
long, weighs 12 lb, and is hinged at the 
left end A . What is the moment about 
the hingc‘ when the bar makes an angle 
of 30° with the horizontal? What is 
the angular acceleration? 

Ann. a — 6.966 rad per sec per sec. 
4. Solve Prob. 3 for the horizontal position of the bar. 

Ans. a. = 8.044 rad per sec per sec. 

Example 2 

Solve Prob. 1 if a mass of 60 lb is hung on the free end of the rope, as shown in 
Fig. 299. 

Since some of the pull of gravity on the 60-lb mass is 
required to accelerate the mass, the tension in the rope is 
less than 60 lb. If B represents the tension in the rope, 
the effective force in the 60-lb mass is 60 — P. When this 
mass is treated as a free body with linear acceleration a, 

Formida XXXIV gives 

fiO 

GO — P — ma = — a (1) 

9 


The torque on the cylinder is 2P. 


Ta 240 X 4 

ZJf — - “ —- TT'cT' * 

g 17 X 2 


(2) 



From Formula XL 

480 
9 

Substituting a = 2a in Kq. (3) and eliminating/Mjetwxen Eqs. (3) and (4), 
_ 9 


6 


= 5.362 rad per sec per sec 


P = 40 lb 


Problems 

6. A pulley 5 ft in diameter weighs 875 lb. Its radius of gyration is 2 ft. A rope 
wound around the rim carries a mass of 240 lb on the free end. Find the 
acceleration and the tension on the rope if there is no friction. 

Ans. Tension = 168 lb; a = 0.12^ radians per sec per sec. 
6 . A brake pushes against the rim of the pulley of Prob. 5 with a force of 200 lb. 
The coefficient of friction is 0.2. Find the acceleration and the tension in the 
rope. Ans. T = 180 lb; a = g/10. 

168. Moment Equations of Dynamics. Formula XL is of the 
utmost importance in applied mechanics. Without its use, every 
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problem involving accelerated angular motion of sizable masses 
requires the use of integral calculus for its solution. With the formula, 
the integral elements of the problem are incorporated in thf' moment 
of inertia of the mass of the body. 

The formula is a moment formula exactly analogous to the moment 
eejuation of statics. In statics, the sum of the moments of all the 
forces of the system acting on the free body with respect to any chosen 
axis is equated to zero. In dynamics the moment is computed in 
exactly the same way but instead of being equated io zeio it is equated 
to the product of the moment of inertia (in jjroper units) of the body 
with respect to the axis of moments and the angular acceleration of the 
body. Of course, if the angular acceleration happens to be zero, the 
equation is exactly the same as for statics. 

There is another diffenmee between the equations of moments in 
statics and dynamics, and a highly important one. In statics, any 
axis could be used. In plane dynamics there are never more than two 
axes for which Formula XL (in any of its various forms) may be used. 
The derivation in Art. 157 was for an axis of rotation, ix., point 0 was 
a fixed center or an instantaneous 
center. The formula is also properly 
used when the axis is through the 
mass center, whether or not this is 
the center of rotation.^ Figure 300 
represents a body which is free to 
rotate in the plane of the paper about 
an axis through 0. The center of 
mass is located at C at a distance Fkj. 300. 

f from the axis. A force P parallel 

to the plane of the paper intersects the plane through the axis and the 
(•(‘liter of mass at a distance r' from 0, 'Lhe angle between the force 
P and the line OC is The force P is the resultant of all the forces 
(except the hinge reaction) which act on the body parallel to the plane 
of the jiapcr. 

Let m equal the mass of the body and Ir its moment of inertia with 
respect to its mass center. The hinge reaction is represented by the 
component Q in the direction C to 0 and the component N perpendic¬ 
ular to CO. The moment of P with respect to 0 is Pr' sin <j>. The 

’ Wh(‘n the distance from the mass center to the instantaneous center is a 
variable, nse of the formula with an axis through the instantaneous center is not 
correct except for small oscillations. Proof of this proposition can be found 
m more advanced texts. 
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moment of inertia of the body with respect to the axis through 0 is 
Substituting these values in Formula XL, there results 


Solving for a, 


Pr' sin </) 


(L + mf^)a 


g{Pr' sin^) 
Ic + mf^ 


( 1 ) 

( 2 ) 


The tangential acceleration of llie center of mass C is 

g{Pr' sin (t>)f 
“ (P + 


(3) 


(This acceleration is in a direction opposite to the arrow shown for N,) 
Resolving on an axis perpendicular to OC (with the direction of the 
acceleration assumed positive), 


P <i> — N 


mg{Pr' sin </>)f 
g(Ic + mf-) 


(4) 


From Eq. (4), 


N = P sin <^) — 


(P sin (t>) mfr' 
(le + mf^) 


(5) 


The moment of the force P of Fig. 300 about the mass center C is 
(P sin (f)) (r' — f) and the moment of N is Nf, both clockwise as seen 
in the figure. The moment of Q about this axis is zero, so that the 
moment of the system is 

Nf + (P bin <t>){r' -f) (fi) 

When the value of N from Eq. (5) is substituted in Eq. (G), a is found 
to be the same as a of Eq. (2). 

The magnitude of the angular acceleration is the same for either 
center and Formula XL gives a correct equation regardless of which of 
the two centers is used. (To an observer moving along with any point 
on a body but not rotating with it, that point seems to be a stationary 
center and the body appears to have the same angular velocity and the 
same angular acceleration regardless of which point is so observed.) 
Formula XL is the formula for writing moment equations for free 
bodies which are acted on by force systems not in equilibrium. For 
such systems, the axis of moments must he either through the mass center 
of the body or through the {instantaneous or fixed) center of rotation. If 
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the body has zero angular acceleration, the right-hand member of the 
formula is zero, but only the mass center axis may be used since the 
center of rotation is at infinity. 

The student should not consider any of the equations above to be 
formulas to be remembered and to be used merely by substituting data 
and solving It is usually more trouble to reduce the system of forces 
acting on the body (exidusive of the hinge r^^action) to the single force 
P than it is to carry out the idea involved: Take moments about either 
the center of rotation or the center of gravity (accordint; to convenience) as 
in statics, and set the moment equal to the moment' >f ’uertia of the body 
(with respect to the center used) multiplied by its c.ngular acceleration. 
Never use any center other tho>n one of these two. Nev( r use ayi instantane¬ 
ous center if its distance from the center of gravity is changing. 


Example 1 

Figure 30i shows an 800-lb car being pulled along a horizontal plane by a 200-lb 
horizontal force 3 ft above the plane. The wheel base is 4 ft and the center of 
mass is 2 ft above the plane and midway between the axl(*s. Assume the wheels 
to be of negligible mass and neglect all 
friction and rolling resistance. I md 
the vertical reactions under the axles. 

It is assumed that the wheels remain 
in contact with the plane, f.e., (1) the 
center of mass moves in a straight hori¬ 
zontal line and has no acceleration 
vertically, and (2) there is no angular 
motion so the angular acceleration is 
zero. (These assumptions here seem simple and obvious, but it is important that 
the student understand that they are assumptions. If R\ and li^ turn out to be 
positive, the assumptions are justified. If either of thcun is negative, then either 
(a) the solution is in error or (h) some additional restraint must be provided, such 
as an upper rail to hold the wheel down or a magnetized rail for it to run on.) 

There are three unknowns, /?i, Uiy and a, the linear acceleration of the center of 
gravity (assumed to the right). 

The three independent equations are 


200fb 



A horizontal resolution 


A vertical resolution. 
Moments about mass center. 


200 = 


800a 


R’l — 800 = 0 


JcCL 


200 X 1 4- 21?2 - 2/2i - — = 0 
9 


( 1 ) 

( 2 ) 

(3) 


Solving the equations, a 


Kgy Ri = 360 lb, and == 450 lb. 
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The type of problem presented above is often found in texts with a 
solution depending on the device of adding to the actual system of 
forces a fictitious force '^acting'' through the center of gravity and 
equal numerically to the resultant of the actual force system but in the 
opposite direction. This fictitious force is variously called the inertia 
force^ the reversed effective force, the force of acceleration, D'Alembert’s 
force, etc., and the force system modified by the addition of the ficti¬ 
tious force is sometimes called dynamic equilibrium. The procedure 
is somewhat illogical and perhaps a little mystical. It yields correct 
answers for unknowns such as Ri and R 2 of the example above but 
gives zero for the acceleration. The procedure is not difficult to carry 
out in cases where the body has no angular acceleration, but when 
there is angular acceleration the fictitious force must not be placed at 
the center of gravity but must pass through a different point or must 
be accompanied by an additional fiction whi(‘h may be called the 
reversed effective torque. Finding the proper lo(‘ation of the fictitious 
force or computing the concomitant fictitious torque is usually more 
laborious than is a correct, logical solution of the problem. The addi¬ 
tion of the fictitious force can be logically justified only by assuming 
an accelerating frame of reference. This proc('dure is discussed briefly 
in a later chapter. The student is well advised to adhere strictly to 
the basic principles and to reserve the use of fictitious forces until he 
comes to problems involving kinematics so difficult that the use of 
moving frames of reference becomes advisable. 

Problems 

1. Assume the rear wheels of the ear of Example 1 to he locked and to slide along 
the plane with a coefheient of friction of 0.5; find the acceleration while the 
car is being pulled to the right by the 200-lb force. 

Arts. 1U = 280 lb; a = 0,075r/ to the right. 

2. Solve Prob. 1 if the front wheels are locked and the rear wheels run freely, 

assuming the same coefheient of friction, the same horizontal pull, and motion 
still to the right. Ans. R 2 — 000 lb; a == 0.1257 to the left. 

3. Assume the conditions of Prob. 1 and find the distance required for the body to 

come to rest if the 200-lb force is removed when the body is moving to the right 
with a velocity of 35.2 ft per sec. Ans. 96.28 ft. 

4. A body moving down a plane with a slope of 3 vertically on 4 horizontally is 

provided with a slider at the front and a frictionless roller at the rear. The 
center of mass is 2 ft from the plane and on a line bisecting the 3-ft distance 
between the slider and the roller. Find the acceleration of the body as it 
moves down the plane if the coefficient of friction is 0.6. Ans. O. 367 . 

6 . Solve Prob. 4 with the positions of the slider and roller reversed. 

6 . Solve Prob. 4 if the body is given an initial velocity up the plane. 
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7. The body of Prob. 4 is placed on a horizontal plane with the slider at the right. 
A horizontal cord is attached to the body 1 ft above the plane and extended to 
the right over a light, smooth pulley and down to a suspended body with a 
mass one-half that of the body on the plane. Find the tension in the cord 
when the suspended mass is moving downward, assuming a coefficient of 
friction of 0.6 between the slider and the plane. (There arc four unknowns, 
the tension in the cord, the acceleration, w hich is the same for both bodies, and 
the two reactions. Three independent equations are available from the body 
on the plane and one from the suspended body.) 

Arm. T — 0.425W, W being the mass on the plane. 

8 . Solve Prob. 7 when the body on the plane is slowing down after having been 
given an initial velocity to the left. 

Example 2 

Figure 302 represents a wh(‘('l rolling dowm an inclined plane. V indicates the 
velocity of the center of the w’lieel and B the point of contact with the plane. 
B is also the instantaneous ccuiter if there is no slipping. The curved arrow is the 
angular velocity, with angular acceleration in the same 
s(*nse. Find th(* components of the reaction at B if the 
wffieel weighs 100 Ih, has a radius of 2 ft, and a radius of 
gyration wdth respect to its center of 1.5 ft, when it is on 
a 30° inclined plane where the coefficient of friction is 0.3 
and wffiere the rolling resistance is m'gligible. 

The unknowns are the magnitude and direction of the 
force acting on the whec'l at B, the linear acceleration of the 
center of tlie \\ heel down the plane, the angular accelera- Fkj. 302. 

tion, the linear velocity of the center of the wheel, and the 

angular velocity—a total of six. The linear velocity of the wheel down the plane, 
while a function of the former acceleration and the time, is unrelated to the linear 
acceleration in this direction at this instant. The angular velocity of the wheel is 
r(‘lated to the acc(‘lerations of all parts of the wdiecd ex(cpi the center. The linear 
and angular velocity, under the assumption to bo made, may be ncglect(‘d. The 
answers to the problem would be the same wdiether the w'heel W’en' rolling up the 
plane or down, or wlu'ther it had just been released and had acquired no velocity. 

Assume that there is no slipping Ixdw^een the wheel and the plane at B. Under 
this assumption B is an instantaneous center but the friction force at B is not 
necessarily the normal force multiplied by the coefficient of friction. 

Let W = mass of the wheel in pounds, also its waaght (known), 
a = acceleration of the center dowm the plane, 
a = angular acceh'ration of the wdiei*!, 

N = normal force at B acting tow^ard the center of the wffieel, 

F — friction force at B acting (on the wheel) up the plane. 

There are available for solution two independent equations of resolution and one 
of moments. The second equation of moments is not independent but may be 
used as a check on the work. With the center assumed at 0, there is also the 
kinematics equation a = ra. 

Moment of inertia of the wheel about the center: nik'^ = 225 Ib-ft^ 

Moment of inertia about rnd^ = 225 -f 400 = 625 Ib-ft^ 
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■ Taking moments about point B, 

Wr8mm°^^ 100 

g 

From Eq. (1), 

a=ra a=2a 


625« 

ff 



( 1 ) 

( 2 ) 


Resolving parallel to the plane, 


From Eq. (3), 


W sin 30° 



50 




F = 18 lb 


(3) 


Resolving normal to the plane, 

W cos 30° - = 0 N = 8().() lb (4) 

Since F < 0.3.V, the assumption of no slipping is justified. Taking moments 
about the center of mass for a check, 



18 X 2 = 


g ^ 2b 


(dieck 


(5) 


Problems 

9. Solve Example 2 if the coefficient of rolling friction between the plane and the 
wheel is 0.02 ft. (In this case N does not act at B but through a point 0.02 ft 
in the direction of rolling from B. Equation (4) should be written first, and 
Eq. (1) becomes Wr sin 30° — 1.73 = Ihot/g- The answer for a is slightly 
less and for F slightly more than before.) 

10. Solve Prob. 9, assuming the wheel to be rolling up the plane. 

11. An empty oil drum 1.5 ft in diameter with a weight of 40 lb and a radius of 
gyration of 0.707 ft (with respect to the center) is blown along a horizontal 
surface by a wind. Neglect rolling resistance and assume the wind force as 
30 lb acting upward at 20° with the horizontal and along a line below and 
0.2 ft from the central axis of the drum. Find the acceleration and find the 
components of force exertc'd on the drum by the horizontal surface. 

12. In Fig. 207, as.sumc the larger diameter as 4 ft, the smaller diameter as 1.5 ft, 
W as 400 lb and the radiiis of gyration of the reel (and flanges) as 1 ft with 
respect to the center. Neglect the rolling resistance and find P to give the 
center an acceleration of 4 ft per sec per sec. 

13. Solve Prob. 12 with the reel on an inclined plane as shown in Pig. 102. 

14. In Fig. 145, assume the 400-lb body to be a solid homogeneous cylinder, neglect 
friction and inertia of the pulleys, and find W to give the cylinder an accelera¬ 
tion of 0.25(7 up the plane. 

In Example 2, the friction force at the point of contact was 18 lb 
and the normal force at this point was 86.6 lb. This is possible if the 
coefficient of friction is greater than 18/86.6. With a small coeffi- 
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cient of friction, the friction force could be only 86.6 times the coeffi¬ 
cient and there would be some slipping at the point of contact. The 
resultant force down the plane would be 100 sin 30° — 86.()/4 = JOOa/^. 
The moment about the center of the wheel would be the friction force 
times the radius of the wheel, and the angular acceleration can be 
found from this. The instantaneous center is not at the point of 
contact under this condition but is below the plane at a distance 
whicdi can be determined by the equation a = ra, where r is the 
distance from the instantaneous center to the center of wheel. 

Problems 

16. Solve Example 2 if the eoeflicieTit of friction between the wheel and the plane 
is 0.15. 

16. Locate the instantaneous center for the wheel in Prob. 15, and ch(‘X‘k the 
problem by moments about this center. 

17. In Prob. 12, find the necessary coefficient of friction for true rolling. 

18. Solve Prob. 12 if the cable comes off at the bottom of the drum and find the 
coefficient of friction required for true rolling. 

169. Centrifugal Force. When a particle rotates about an axis, the 
acceleration toward the axis which results from the change of direction is 

a = — = rco- 
r 

The force which causes acceleration is ma, and the force which causes 
this acceleration in a mass dm is {v‘^dm)/r, or ror dm. The force on 
the particle which causes change in direction is toward the axis. 
Regarding the particle as the free body, the applied force is centripetal. 
The force which the rotating particle exerts on the body or surface 
which constrains it to follow the curved path is directed away from the 
axis. This reaction, therefore, is centrifugal. 

The word centrifugal is compounded of two Latin words meaning to 
fly away from the center, and the word centripetal from two Latin 
words meaning to put (or push) toward the center. In the literature 
of mechanics, these words have not always been employed with clear, 
consistent, and unambiguous meanings; but when applied to the forces 
acting on a particle, they nearly always have the meanings indicated 
above. When applied to a sizable body, the word centripetal is usually 
taken to mean the sum of the components of all forces acting on the 
body in the direction from center of gravity to center of turning, and 
this is the preferred meaning. Referring to Fig. 300, the centripetal 
force for the system shown is Q — P cos <t>, and the centrifugal force is 
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P cos (f> - Q. Neither, in this case, is a single definite force. If the 
force P in this figure were zero, the force Q which the pin at 0 exerts 
on the body would be the centripetal force and the equal and opposite 
reaction of the body on the pin at this point would be the centrifugal 
force. 

When the frame of reference used for the study of a problem in 
dynamics is rotating with uniform velocity, some difficulties of kine¬ 
matics are avoided by applying to the body a fictitious outward (from 
the center of rotation of the frame) force component. This component 
is nearly always called the centrifugal force. In the simplest type of 
rotational problem, all parts of the body under study rotate about an 
axis with uniform angular velocity. If a rotating frame of reference 
for this body is adopted with its axis coinciding with the axis of rota¬ 
tion and angular velocity of the frame equal to the angular velocity of 
the body, the body is at rest with respect to the frame. With the 
addition of a proper set of centrifugal forces to the body, the problem 
becomes a problem of statics. If the student expects ever to solve 

anything beyond this simplest type 
of problem, he should refrain from 
using the fictitious centrifugal force 
and should omit this ^Torce’' from 
his froe-body diagrams. The dia¬ 
grams then show no forces except 
gravity and the contact forces 
exerted by other bodies. 

Figure 303 represents a body 
rotating about an axis which passes 
through 0 and which is perpendic¬ 
ular to the plane of the paper. An 
element of mass dm, is subjected to a force which keeps it in its path 
around 0. This force is directed toward 0 and is 

dP = dm (!) 

A resolution parallel to the X axis of these infinitestimal components 
acting on the whole body gives 

dPx = cos 6 dm = (j)-x dm (2) 

P^ == 0 )^ jX dm — ojhnx (3) 

In a similar manner, the component parallel to the Y axis is found to be 

Py = ca^my (4) 
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The resultant force is 

P = Formula XLI 

r 


]f the mass m in Formula XLI is f^iven in slugs (32.174 pounds), the 
radius r in feet, and the velocity in feet per second, the resultant force 
is in pounds. 

The formula may be written 

^ 32.174^" 32.174 


in which W is the mass in pounds, P is force in pounds, and the other 
units are feet and seconds. 

(Formula XLI applies to the cgs system and to the fps system to give 
dynes and poundals, respectively.) 

When any body is rotating about an axis with an angular velocity w, 
a centripetal resolution equation can always be set up by equating the 
sum of all force components acting on the body in the direction from 
the center of mass to the center of rotation to the product IFfco‘Vf/ or to 
Wv^/gfy V being the tangential velocity of the mass center. This is the 
meaning of Formula XLI. This procedure is a correct one in all cases, 
regardless of the complexity of the force system, the direction of rota¬ 
tion, and whether the body has or has not an angular acceleration. 
This result is simply a special case of the proposition of Art. 145, which 
states that the product of the entire mass multiplied by the accelera¬ 
tion of its center of gravity is equal to the sum of the produ(*ts of the 
elements of mass of the body multiplied each by its acceleration. It 
has been separately derived here because of its extreme importance in 
applied mechanics. 

Example 1 


If the body of Fig. 300 at any instant has an angular velocity co, with O as the 
center, 


Q — P cos 0 


Wf^ 

9 


Example 2 

A light stiff rod attached to a horizontal shaft rotating with uniform velocity 
extends perpendicularly from the shaft and carries a mass of 64.35 Ib with its 
center of mass 5 ft from the center of the shaft. The velocity of the center of 
gravity of the mass is 20 ft per sec. Find the tension in the rod when it is hori¬ 
zontal, when it is vertical above the shaft, and when it is at an angle of 30° above 
the horizontal. 
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' The resultant of the tension in the rod and the force of gravity is toward the 
center of the shaft and is 


Wv^ _ ^35 W 

fg 32.174 ^ 5 


400 

b 


= 160 1b 


When the rod is horizontal the tension is 160 lb. When it is vertical above the 
axis, the effective force downward is 160 lb, of which 64.35 lb is from the weight of 
the body. If the tension is represented by Q, 


Q -f 64.35 = 160 

Q = 05.65 lb 


When the rod is vertical downward the weight increases the tension. 


Q = 64.35 + 160 = 224.35 lb 


At 30° above the horizontal, 


Q + 64.35 sin 30° 160 

Q = 127.83 lb 


Problems 


1. The mass of the example makes 1 rev per sec about a vertical axis. Find the 
tension in the rod at each position. Ans. P=2X5X4X 9.87 = 394.8 lb. 

2. A mass of 20 lb is whirled in a vertical plane at the end of a rod 4 ft long with a 
uniform speed of 16 ft per sec. Find the tension at the top and at the bottom. 

3. The mass and rod of Prob. 2 are stationary vertically above the axis and arc 
allowed to fall, turning freely about a hinge at the (md of the rod. Considering 
the combined mass concentrated at the center of gravity, find the tension at 
the bottom of the path. 


Ans. P = 
P = 


-X?: 

g 4 
= go lb 

4 


2^2 


= 20 X 8 


Q - 100. 


20^2 

g 


320 


4, Solve Prob. 3 if the mass has a velocity of 12 ft ])er s(*c. at the top. 


Ans. 


Wv^ 


= w( 


144 

\^g 


+ 8 


Wv^ 


^20 I 


144 


+ 16 


)= 


102.38 lb 


fir X 4 4 V ^ 

Q = 122.38 1b. 

6. Solve Prob. 3 for the tension when the rod is horizontal and when it is 30° ludow 
the horizontal. Ans. Q — 40 lb; Q — 70 lb. 

6 . Show that the tension in Prob. 3 is independent of the length of the rod. 


When a vehicle rolling on the ground travels in a curved path there 
are, neglecting windage, only the force of gravity and the forces 
exerted by the ground acting on it. The ground forces can be resolved 
into normal forces perpendicular to the ground surface and friction 
forces parallel to the surface. The force diagram for Prob. 7 below 
should show the weight of the boy and the bicycle acting downward 
at the center of gravity, the normal forces of the ground upward under 
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the wheels, and the friction forces at the bottoms of the wheels acting 
toward the center of curvature. For a practical solution of the 
problem, the entire mass may be assumed at the center of gravity. 
Under this assumption, the moment of inertia about the center of 
gravity is zero and, by Formula XL, the moment of all forces acting 
must have zero moment with respect to this point. Total normal force 
under the wheels is equal to the weight of the boy and the })icycle 
because there is no upward acceleration. (For this problem the 
bicycle may be considered the same as a unicyclo.) The friction force 
under the wheel is the only force toward the center and must account 
for the acceleration toward the center. The equation of moments 
about the center gives tlie angle required. Do not resort to the use 
of the fictitious ''centrifugal force. 

Problems 

7. A boy on a bicycle makes a turn on a level street with a speed of 20 ft per sec. 
If the radius measured to the center of gravity of the boy and the bicycle is 
40 ft, how much must he lean from the vertical and what must be the mini¬ 
mum coefficient of friction between the wheels and the ground? 

Ana. \rW] 0.31.* 

8. How fast can the boy of Prob. 7 increase his speed if the normal force under 
the rear whec'l is O.G of the weight and the (*oefncient of friction under that 
wheel is 0.5? (Assume that the centripetal force is still evenly divided 
between the wheels.) 

Ans. 8 ft per sec per sec, and less as his speed increases. 

9. A truck makes a turn of 200-ft radius on a level road. The normal force under 
the inner wheels is zero. Th(‘ total normal force equals the weight. Moments 
of all forces about the center of gravity equal zero. Making no allowance for 
the yielding of tires and springs, hnd the speed at which the truck wull upset 
and find the coefficient of friction between the road and the tires required to 
justify the assumption of upsetting, 

10. If the distance' betwx'cn the rails of a track is 5().5 in., how much must the outer 

rail be elevated for a curve' of 800-ft radius in order that the resultant force 
may be neirmal at a spe'ed of 30 mph? Aris. 4.25 in. 

11. A dynamo armature weighing 400 lb runs at 1200 rpm. If its center of gravity 
is 0.03 in. from its axis, what is the maximum ve'rtical pull upward on the 
bearings, and what is the maximum horizontal force on the bearings? 

Ans. 00.8 lb; 490.8 lb. 

* This solution neglects (a) the fact that the mass is not actually concentrated 
at a point, (h) a minute effect on the angle due to the gyroscopic effect of the 
rotating wheels, sprocket, etc., and (c) the still more minute effect of the rotation 
of the earth. This third effect would be greatest at the pole, and the student can 
easily find what it would be there by considering that the angular velocity 
would be 27r rad per day more or less than the 0.5 rad per sec of the problem 
as given. 
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12. A small 4-lb ball is hung from a point by a string so that the distance from the 
point to the center of the ball is 5 ft. If the ball is set moving in a horizontal 
circle of 6-ft diameter, what is its velocity and what is the tension in the string ? 

A ns. ?2 y/ff ; 5 lb. 

(The vertical component of the tension balances the weight. The horizontal 
component is the centripetal force.) 

13. If it is necessary to move the top end of the string around in a circle of 1-in. 

radius in order to maintain steady motion of the ball of Prob. 12, what is the 
wind resistance on the ball? Ans. H 2 lb. 


160. Kinetic Energy of Rotation. Figure 304 shows an clement 
of mass dm at a distance r from an axis through 
0. If this element rotates about the axis with an 
angular velocity its linear velocity is rco and 
its kinetic energy is 

r-co- dm 



dU = 


( 1 ) 


The kinetic energy of tlie entire l)ody rotating 
with angular velocity w about the axis through 0 is the integral of 
Eq. (1). 


U 




dm - ‘j 


Formula XLII 


If the kinetic energy is in foot-pounds, J = in which m is the 
mass in geepounds (slugs) and k is the radius of gyration in feet. 
The formula may be written 

U — X Formula XLII I 

32.1/4 2 


in which W is the mass in pounds and U is the energy in foot-pounds. 


Problems 


1. A wheel 4 ft in diameter weighs 321.7 Ib and has a radius of gyration of 1,8 ft. 
What is the kinetic energy in foot-pounds when the rim of the wheel is moving 
with a speed of 48 ft per sec? 


Ans. U 


10 X 3.24 X 576 
2 


9331.2 ft-lb. 


2. The wheel of Prob. 1 is given a rim velocity of 48 ft per sec in 8 sec by means of a 
small cord wound around it. What is the tension in the cord? What is the 
distance traveled from rest? What is the total work done by the cord? 

Ans. P = 48.6 lb; s = 192 ft; U = 9331.2 ft-lb. 

3. A homogeneous solid cylinder 4 ft. in diameter and weighing 600 lb revolves on 
its axis at the rate of 2 rev per sec. Find the kinetic energy in foot-pounds. 


Ans. U 


600 X 2 X 16 X 9.8696 
32.174 X 2 


- 2945 ft-lb. 
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4. A homogeneous holJow cylinder has an outside diameter of 4 ft and an inside 
diameter of 3 ft. It weighs 400 lb and rotates on its axis at the rate of 300 rpm. 
Find its kinetic energy in foot-pounds. Ann. V ^ 19,172 ft-lb. 

6 . Find the kinetic energy of the pulley of Prob. 2 of Art. i57. Find the distance 
required to stop the pulley by means of the work done. Compare with the 
answer. 

6. A homogeneous solid cylinder, which is 4 ft in diameter and weighs 400 lb, 
rotates on frictionless bearings. A rope wound round the cylinder supports 
a mass of 120 lb on the frec^ end (Fig. 282). Find the angular velo(‘ity of the 
cylinder and the linear velocity of the rope after the mass has moved 60 ft 
from rest. 


. 800^2 , 120e2 

Ans. -f - - = 7200 


1280^2 
“ 2(7 ' 


= 7200 


CO = 19.0 rad p(‘r sec; v = 38.0 ft per sec. 

7 A uniform rod is G ft in length and is hinged at A. The rod is placed in the 
position of unstable (‘(piilibriurn and 
then released. Find its velocity 
when it reaches the horizontal posi¬ 
tion of Fig. 305. 

A vs. Velocit y of B is 21.06 ft p r sec. 

8 Solve Prob. 7 for the vt'locity when 
the rod is 30° below tlu' horizontal 
and when the rod is vertical down¬ 
ward . 

Ans. 4.91 rad per sec; 5.67 rad per sec. 

161. Rotation and Translation. 

In the derivation of Formula XLTT 
of Art. 1()0, O in Fig. 304 was the 
center of rotation of the body and 
had no velocity (relative to the frame of nderence for the body). The 
point 0 was not necessarily at the center of gravity of th(‘ body but 
could just as well, so far as the derivation is concerned, be a fixed hinge 
exerting forces on the body or an instantaneous center such as point B 
of Fig. 302. If there is no slipping at B between the Avheel and the 
plane of Fig. 302, the kinetic energy of the whe(4 is expressed by 
Formula XLII by substituting the angular velocity of the wheel and 
its moment of inertia (in geepounds feet 2 ) with respect to the point B 
in the formula. If Formula XLIII is to be used, the radius of gyra¬ 
tion must be with respect to point B. 

When it is more convenient, the moment of inertia of a rolling wheel 
can be expressed by adding the ‘Tvinetic energy of translation,’' 
mv^/2g, with m the mass in pounds and r the velocity of the center in 
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feet per second, to the kinetic energy or rotation, Iox^/2g, with I in 
pounds feet^ with respect to an axis through the mass center parallel to 
the axis of rotation at the instantaneous center. This proposition is 
called Koenig^s principle. In the simple deriva¬ 
tion which follows, I is in geepounds feet 
squared, and m is in geepounds. 

Figure 283 shows a cylindrical body of radius 
r, which is rolling with velocity y on a plane 
surface. The angular velocity of the body is w 
and the instantaneous linear velocity of any 
element of mass of the body is r'co, where r' is 
the distance of the element from the instantane¬ 
ous center B. Formula XLII gives the result 
of summing up the kinetic energies of all the elements of mass 



Fia. 283. {Repeated.) 



(1) 

h == Ic + mr- 

(2) 

Substituting this value of /& in P]q. (1), 


(/r + mr^)w^ 

^ 2 

(3) 


The linear velocity of the center is rco = and when this substitution 
is made Eq. (4) becomes 


U = 





(4) 


The derivation was simplified by using a cylindrical body rolling on 
a plane surface, but the proposition is true for more general cases and 
may be used for a body of any shape if OB is constant. 

The student should keep Eq. (4) in mind as an idea rather than as a 
formula. If he thinks of it as a formula he should visualize the 
denominators as 2g so as to avoid the danger of omitting the g in com¬ 
puting I and m. If I and m are computed in pounds mass units, the 
energy will be in foot poundals when g is omitted from the formulas. 

If r is the radius from the axis through the center of mass of the 
cylinder to the line of contact with the plane surface, v — ro), and Eq. 
(4) may be written 


_ /fco^ mr’^ot)^ 


(5) 


U = 


mco^ 


{hi -4- r^) 




/co2 

2 


( 6 ) 
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in which K is the radius of gyration with respect to the axis through 
the center of gravity, and k is the radius of gyration with respect to the 
line of contact with the surface. These equations show that the energy 
computed from the linear velocity of the center of mass and the 
angular velocity about that center is the same as the energy computed 
from the angular velocity about the lino of contact. When there is 
no line of contact or when slippage is taking place at the line of contact, 
the true instantaneous center must be used for the axis of moment of 
inertia in Formulas XLII and XLIII. 

Problems 

1. A hornogenooiis solid cylinder is \ ft in diameter and weighs 240 lb. It is 
rolling at a speed of 60 ft per sec. Find the kinetic energy of translation, the 
kinetic energy of rotation, and the total kinetic energy. 

Ans. 13,427 ft-lb; 6713 ft-lb; 20,140 ft-lb. 

2. When a homogeneous cylinder is rolling without slipping on a surface, show 
that the kinetic energy of rotation is one-half the kinetic energy of translation. 

3. A homogeneous solid cylinder rolls down an inclined plane which makes an 

angle of 20° with the horizontal. What velocity will it acquire while moving 
100 ft from rest? What velocity would it acquire if it were to slide down the 
plane wdth no friction? Ans. 38.3 ft per sec; 46.9 ft per sec. 

4. In Prob. 3, what is the average velocity when the cylinder rolls down the plane? 

What is the time of descent? Ans. t = 5.22 sec. 

6 . The outside diameter of a hollow cylinder is 4 ft and th(‘ inside diameter is 3.9 ft. 
The cylinder rolls 100 ft down a plane which makes an angle of 10° with the 
horizontal. P’ind the fiiuil velocity. Ans. 23.78 ft-per sec. 

6 . A homogeneous solid cylinder, which is 4 ft in diameter and weighs 600 lb, rolls 

on a plane surface with a velocity of 20 ft per sec. Find the kinetic energy in 
foot-pounds, regarding the axis as moving 20 ft jicr sec and the cylinder as 
rotating on its axis at the rate of 10 rad per sec. Also find the kinetic energy, 
regarding the cylinder as rotating about the axis of contact with the surface with 
an angular velocity of 10 rad per sec. Ans. U = 5594.6 ft-lb. 

7. A bar of length I is rotating with angular velocity co about an axis through one 
end perpendicular to its length. Find its kinetic energy. 

8. Solve Prob. 7 from the condition that the center of gravity of the bar has a 

linear velocity of /aj/2 and the bar rotates about the center with an angular 
velocity of w rad per sec. Ans. U — IF/W/Cgr. 

9. A car weighing 200 lb has a radius of gyration of 2 ft with respect to the vertical 

axis through its center of gravity. The car moves with a velocity of 40 ft per 
sec on a straight track. If no energy is lost in friction, what is its velocity when 
it runs onto a curve of 10-ft radius? Ans. 39.2 ft per sec. 

162. Dynamic Balance. When the elements of mass constituting a 
rotating device supported by bearings are so arranged that the reac¬ 
tions at the bearings are the same when the device is rotating as they 



330 


MECHANICS 


[Art. 162 


are when it is stationary, the device is said to be in dynamic balance or 
running balance. When such a device is not in dynamic balance, the 
bearing reactions are called the static reactions when the device is not 
rotating and the additional forces which the bearings must exert when 
the device is rotating are called the dynamic reactions. For dynamic 
balance the centrifugal forces exerted by the elements of mass on the 
axis of rotation must constitute a system in static equilibrium. The 
rotor of Prob. 11, Art. 159, although only 0.03 inches off center, is 
badly out of balance and produces, at the speed given, a dynamic force 
of nearly 500 pounds. If its speed were increased to 6000 revolutions 
per minute, the dynamic reactions would be over 6 tons. 

Figure 306,1 represents a rotating shaft with one type of unbalance. 
When the shaft is rotated at a velocity of co radians per second, the 
centrifugal force exerted on the shaft by the mass W' is P' = W'horig, 
and that exerted by IF is P = Wao)^l(j. The system of centrifugal 
forces, P' and P, cannot possibly be in equilibrium since the two forces 
are opposite and not along the same line. 



If the two eccentric masses of Fig. 306,1 are so proportioned that 
W'h = Wa, the forces P' and P of Fig. 306,11 are equal and constitute 
a couple. The shaft is then in static balance and will not turn from 
any position under the influence of gravity even though the bearings 
are entirely frictionless, but dynamically it is in a state of ^‘couple 
unbalance^^ and requires at least two counterweights^^ for running 
balance. If the two products are not equal, the forces P' and P of 
Fig. 306,11 are unequal and have a resultant which lies somewhere to 
the right of P or to the left of P'. This resultant may easily fall out¬ 
side the bearings-so that it will not be practical to produce running 
balance by a single counterweight. In either case, dynamic balance 
can be produced by two counterweights, one in each of two planes, 
selected at convenience, perpendicular to the shaft. 
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Suppose the shaft of Fig. 306 is to be put in running balance by a 
mass M at a distance n from the center of the shaft in a plane near the 
mass W and a second mass M' at a distance n' from the center of the 
shaft and in a plane between the left bearing and TF'. (To avoid 
negative values, let n be upward as seen in the figure and n' downward.) 
I^et V be the distance from the left balance plane to IF' and a' the 
distance from the left balance plane to IF. Let c be the distance 
between the two balance planes. Let Q be the centrifugal force, at 
any shaft speed, of M and Q' be the centrifugal force of TlfAssume 
that the system of centrifugal forces exerted by the four masses is in 
equilibrium, that is, that the dynamic forces of the bearings are zero. 
Taking moments about an axis in the left balance plane perpendicular 
to the plane containing the four mass centers, 


+ Qc = Pa' 


Expressing the forces in terms of their factors, 

Mneoi^ ^ IFaa'g)^ 

g (J 9 


( 1 ) 

( 2 ) 


From an inspection of Eq. (2) it is obvious that .9 and can be canceled 
out and might as well have been left out. The significance of cancel¬ 
ing out g and is that it is immaterial what units are used so long 
as the same units are used for all like (juantities, and that if balance is 
effected for one speed the shaft is in balance at all speeds. 

Solving Eq. ( 2 ) for ilfn, 

_ IFaa' - W'bb' 


The product Mn is a vector quantity called, usually, the counterbalance. 
M or n may be chosen at will and the other quantity selected to give 
the proper product. TFa and IF '6 are vector quantities like Mn and 
are called unbalances. Instead of adding the counterbalance Mn in 
the chosen plane, mass may be removed from the opposite side of the 
rotor so that the product of the mass removed times its distance from 
the axis equals Mn. This leads naturally to a concept of an unbalance 
in this plane. It has become customary to speak of an unbalance in a 
given plane, but the expression is ambiguous unless it is stated or 
understood where the cognate plane is located or unless it is specifically 
stated that the plane designated is the unique plane in which a single 
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counterbalance will effect dynamic balance for the whole rotating 
mass. 

When one of the required counterbalances has been determined, the 
other may be determined by using any other axis or by simply making 
the other counterbalance of the proper amount to produce static 
balance. It is well to determine the second counterbalance by 
moments of the centrifugal forces and to check by gravity moments 
about the axis of the rotor. When dynamic balance has been secured, 
the rotor is always in static balance but the converse statement is 
true only when the rotor is a thin disk. 

The statement made above as to the significance of canceling is 
strictly correct only for a perfectly rigid body. No body is perfectly 
rigid, and when a set of counterbalances has been added to a rotor, 
the centrifugal forces bend the rotor so that the distance terms of the 
unbalances and counterbalances are changed. At high speeds, small 
changes in these distances cause large changes in the forces. A shaft 
or rotor of low rigidity balanced for a particular speed may be notice¬ 
ably out of balance at other speeds, unless the (‘counterbalances are 
exactly opposite to and symmetrical with the unbalances, an arrange¬ 
ment which is not usually practical. 

The outline above was based on a pair of unbalances lying in a plane 
containing the axis of the shaft. If, in Fig, 306, the mass W is not at 
180° (or 0°) around the shaft from mass If', the counterbalance as 
stated in Eq. (3) is not correct. In such a situation two sets of balanc¬ 
ing equations have to be written and solved. Each unbalance is 
resolved into two components, one in each of a pair of perpendicular 
planes through the axis of the shaft. Each of these planes is balanced 
in the manner indicated above to find two counterbalances at right 
angles to each other in each of the selected planes perpendicular to the 
shaft. Finally, the two counterbalances in each of these balance 
planes are added vectorially to give the single counterbalance, magnb 
tude and direction, needed in that plane. 

When a body designed to rotate has large off-center masses of known 
size and location such as the cheeks and crankpins of a crankshaft, 
it is not difficult to add to the design a set of suitable counterbalances, 
but since there are always errors in manufacture, the final product is 
not likely to be in good dynamic balance unless subjected to a final 
balancing operation. Since the residual unbalance is never known, 
this final process consists of mounting the body in suitable floating 
bearings, spinning it, and measuring in some way the forces or motions 
resulting at the bearings or elsewhere. There are a number of 
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machines of different designs for this purpose, some of them so nearly 
automatic that an operator of no particular skill and no knowledge of 
the principles involved can balance rotors at a cost of a few cents each. 
On the other hand there are difficult cases, especially where there are 
more than two bearings along with heating effects, which baffle the 
most expert engineers. “Perfect balance,like any other perfect 
thing, is an ideal never fully attained. 

Example 1 

In Fiji;. 300, suppose IT' = 3 lb, 6 = 4 in., W — 2 lb, and a == 3 in., and suppose 
it is 20 in. along the shaft from one mass to the other. Find the counterweights 
necessary for dynamic balance if they are to be in planes perpendicular to the 
shaft 4 in. outside the unbalances. Omitting g and and taking masses in 
pounds and distances in inches, W'h = 12 and Wa — 0. Let be the left coun¬ 
terbalance, assumed below the shaft, and Y be the right counterbalance, assumed 
above the shaft. 


28F 4* 4 X 12 24 X 6 7 = 3H lb-in. 

28A 4 4 X 6 = 24 X 12 A = 94? lb-in. 

A" 4 6 = 4 12. Static balance. Check. 

The right counterweight is 3J^/6 = lb, and the left counterweight is 

9 ?^ 


t) 


= l^^lb 


Example 2 

In Prob. 11 of Art. 159, the shaft is 60 in. long from center to center of the 
bearings. Suppose tlu‘ center of mass of every section of the rotor to be the same 
distance from the axis of tlie shaft as that of every other section and the center 
of mass of the whole armature to be 32 in. from the left bearing. With this dis¬ 
position, the whole mass is equivalent to a point mass 32 in. from the left bearing 
and 0.03 in. from the axis. As.sume that static balance has been secured by adding 
2.4 lb of lead inside a collar located 10 in. from the right bearing. The center of 
gravity of the lead is 5 in. from the axis. Find the reactions of the bearings when 
the armature is making 1200 rpm. 


H, 


490.8^1 Ih^ 

Fig. 307. 


60 


3a 


490 8^ 


The centrifugal force of the mass of the armature is 490.8 lb. The centrifugal 
force of the 2.4 lb of lead is also 490.8 lb. In Fig. 307, these centrifugal forces are 
horizontal. The horizontal reactions of the bearings are H\ and By moments 
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about the vertical lines through the bearings, Hi is found to be 147.2 lb in one 
direction and H 2 is found to be an equal force in the opposite direction. When 
the center of gravity is below the axis, the centrifugal force adds 147.2 lb to the 
load on the left bearing and subtracts the same amount from the load on the right 
bearing. 

Problems 

1. Find the reactions of the bearings of the above example when the center of 

gravity of the armature is directly below the axis. Ans. 334.3 lb; 68.1 lb. 

2. Solve Prob. 1 when the center of gravity of th(‘ armature is directly above the 
axis of the shaft. 

3. Assum(‘ the 2.4-lb counterweight rennoved from the rotor of h^xample 2 and find 
the counterweights required 5 in. from the axis in planes 10 in. from the right 
hearing and 8 in. from the left bearing. 

4. In Example 1 assume W'h to remain in the plane of 
the paper and Wa to be turned 90° on the shaft 
toward the observer. With other data as in Example 
1, find the proper counterbalances. 

5. The fraiiH'Work of Fig. 308 is to be rotated about the 
vertical axis. Find the lengths x and y for dynamic 
balance, assuming all bars to weigh 2 lb per foot of 
length. In taking moments, integrate the moments 
of the centrifugal forces of the elements of the inclined 
bar. The total centrifugal force of this bar is the 
same as though the mass were concentrated at its 
midpoint, but the resultant centrifugal force has a 

moment arm of 2 ft with respect to an axis at the top of th(‘ bar. Finally check 
the problem by determining that the frame is in static balance. 

163. Center of Percussion. A body frec^ to fiirn about a hinge 
(either a fixed center or an instantaneous center) has a point beyond 
the mass center on the line connecting the mass center and the hinge 
called the center of 'percussion. A force through this point produces 
moments about the hinge and about the mass center proportional to 
the moments of inertia of the body with respect to these two points. 
If the force is normal to the line through the hinge and the mass center 
it produces no additional force at the hinge. Traditionally, in speak¬ 
ing of this property, the hinge has been called the center of suspension. 
The center of percussion is not a fixed point in the body but is at a 
position depending on the center of suspension and moves off to infinity 
as the center of suspension approaches the center of mass. Since a 
force applied at the center of percussion produces no force at the 
center of suspension, there need be no actual restraint at that point 
to keep it in position when an impulse is applied at the center of per¬ 
cussion. A body placed on a smooth plane and struck by a blow 
parallel to the plane begins its motion by turning about an instantane- 
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ous center corresponding to a center of percussion on the line of 
action of the blow. 

In addition to the interesting practical aspects of the center of per¬ 
cussion such as the desirability of holding a baseball bat, club, or any 
striking tool at the center of suspension corresponding to the center 
of percussion which is to deliver the blow, or the suitability of the 


center of percussion as the place to 
locate the wheels of a two-wheeled 
vehicle, the point has some important 
applications in analysis. Some of these 
will be noted in connection with moving 
reference frames for problems of 
dynamics. Of more immediate impor¬ 
tance is the proposition: T'hc resultant of 
all the forces acting on a rigid body passes 
through the center of percussion corre¬ 
sponding to the center of rotation of the 
body. The student may use this prop¬ 
osition as a check on his solutions. 

To locate the center of percussion, 
suppose a body such as the bar of Fig. 
309 is suspended from a hinge and 
subjected to a sudden horizontal force. 
Let P be the force applied to the body, a 
the acceleration of the center of mass, 
and N the component of the hinge 



Fig. 309. 


reaction opposite the direction of P. Then Formula XXXI gives 


P — N — ma 

If X = 0, 

P — ma 

If the force P acts at a distance I from the axis, its torque is PI, 
Formula XXXIl, 

PI = Ta 


( 1 ) 

( 2 ) 

By 

(3) 


When the angular acceleration is a, the linear acceleration of the center 
of mass is fa. When P — wfa is substituted in Eq. (3), the result is 


mfal — la 
mfl = / = mk- 



(4) 

(5) 

( 0 ) 
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Equation (6) states that the center of percussion is located at a 
distance from the axis equal to the square of the radius of gyration 
with respect to the axis divided by the distance from the axis to the 
center of gravity. 

Problems 


1. A uniform rod of length L is supported by an axis through one end perpendicular 
to its length. Find the center of percussion. 


Ans. I — 


L2/3 

L72 


^ from the support. 


2 . hind the center of percussion of a uniform rod suspended by an axis at one-third 
the length from the end. 

Ans. Center of percussion is at end of rod 2L/3 from support. 

3. Find the center of percussion of a uniform rod suspended on an axis at one- 
fourth of the length from the end. 

Ans. I = 7L/12; center of percussion is L/Q from opposite end. 

4. Derive the expression for the location of the center of percussion by the formula 
T = lot, using Eq. (3) and also moment about th(' center = La. 

5. Locate the center of percussion of a homogeneous disk of radius a for an axis of 

suspension at the periphery. Ans. %a. 

6. Find the center of percussion of a disk with the axis of suspension off the disk 
at a distance h from the center. 

7. Using Fig. 300 and the value for N of Eq. (5) of Art. 158, show that the resultant 
of all forces passes through the center of percussion. 


164. Application to Miscellaneous Problems. Many problems of 
dynamics, as applied to engineering, comprise a set of initial condi¬ 
tions from which are to be deduced or predicted another set of condi¬ 
tions after a lapse of time during Avhich some sort of action takes place. 
Such problems nearly always require an assumpHon as to what will 
take place and an analysis of the validity of that assumption. Some¬ 
times the action to be expected is so obvious that only one assumption 

can reasonably be made, but in other 
cases more than one possibility exists 
and each must be tried until a solution 
has been found which is wholly consist¬ 
ent. The several phases of action often 
have to be considered as a succession 
of related problems. 

Example 1 



Fig. 310. A uniform slender bar of length I is hinged 

at one end. The bar is placed vertically 
above the hinge and turns from the vertical position without friction. Find the 
hinge reaction when it has reached the horizontal position as shown in Fig. 310,1. 
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The component Q depends upon the velocity, and this can best be found by an 
energy equation 


2 2 


Q 


W /2 

1^/ = 7^2 X ^ 

g 3 

^ ^ 3 
g / 


w 1 

Q = 7ara)2 = — X 

g 2 

2 ^ r/ 2 ^ / 2 


The component N is independent of the velocity but depends on the acceleration. 
The angular acceleration can be found by taking moments about the pin. 


T - 

j ir/’ 

39 

^ 2 

11 



^ w 3(7 3^ 

a — fa ^ 

2 ^ 2/ ■" 4 


- li" - 


g (J A 4: 


Problems 

1. The bar of Fig. 310 starts from rest vertically above the hinge and falls 60° 
to the position shown in Fig. 311. Fmd the 
components of the hinge reaction. 

Arts. Q = lF/4; N = 0.21G31F. 

2. Solve Prob. 1 when the bar is 30° below the 
horizontal. 

3. Solve Prob. 1 when the bar is hanging 
vertically downward. 

Ans. Q = 4 IF; N = 0. 

4. Find the hinge n'actions for h^ample 2 of 
Art. 157. 

Arts. Reaction = 280 lb vertically upward. 

6. A homogeneous solid cylinder of radius r rolls down a 20° inclined plane. The 
friction is sufficient to prevent sliding. Find its acceleration in radians per 
second per second and the acceleration of its axis in feet per second per second. 
Solve' by considering the cylinder to be rotating about its line of contact with 
the plane. 

. 2(7 sin 20° 7.34 , 

Ans. ot = - —-= — rad per sec per sec 

3r r ^ 

a = 7.34 ft per sec per sec 

6. A truck with a wheel base of 10 ft and the center of gravity midway between 
the wheels and 4 ft from the road is proceeding down a sloi>e of 5 vertically on 
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12 horizoatally when the rear- wheel brakes are set to skid the rear wheels. 
If the truck is going at 20 ft per sec and the coefficient of friction is 0.6, how 

far does it go in the next 4 sec? Ans.l^^ ft. 

7. A motorcyclist with all the power he can use is climbing a hill of slope 6 verti¬ 
cally on 12 horizontally. If the coefficient of friction under the driving (rear) 
wheel is 0.8, the wheel base is 5 ft and the center of gravity of machme, and the 
rider is 2 ft above the road and 1.5 ft forward from the rear axle, how fast can 
he accelerate? 

8 . A hand truck with wheels in front and legs at the rear 4 ft away has a load 
-center 1.5 ft back of the wheels and 1 ft above tlie floor. It is given a forward 
velocity of 8 ft per sec and corner to rest by friction Ix'tween the legs and the 
floor. Assume the coeifleient as 0.25 and negl(‘ct the mass and rolling resist¬ 
ance of the wheels. Find the distance required to stop. 

A ns. 10.67 ft (if g is 32). 

9. A 24-lb gasoline-powered toy automobile is constrained to run in a circle of 
12-ft radius by means of a cord fastened to the top of a stake 5 ft high. The 
car drives on all four wheels and the coefficient of friction between wheels and 
road is 0.4. When it attains a speed of 24 ft per sec it can go no faster because 
the wheels are slipping. Find the wind resistance. (Assume g as 32 ft per 
sec per sec.) Ans. 3.6 lb. 

10. A wheel and axle, together weighing 192 lb, were placed on a pair of 30*^ inclined 
rails and rolled 18 ft in 36 sec, rolling on the axle which was 3 in. in diameter. 
Neglect rolling resistance and find the moment of inertia of the body. 

11 . Show that when a small circle rolls on a larger one, either internally or exter¬ 
nally, the velocity of the center of the smaller circle in its path is ro), where r 
is the radius of the small circle and w its angular velocity. (Divide the total 
length of the path by the number of revolutions of the small circle per rotation.) 

12. Show that when a solid homogeneous sphere rolls without slipping on a plane 
surface the kinetic energy of rotation is 0.4 of the kinetic energy of translation. 

13. Make use of the results of Probs. 11 and 12 to find the height above the bottom 
of the loop from which a ball 1 in. in diameter will roll down and around a 
6-in. diameter ‘‘loop the loop” with sufficient velocity to maintain a pressure 
equal to one-half the weight of the ball against the race as it passes over the 
top. (Work with pounds, inches, and seconds.) 

Ans. 8.125 in. to center of ball. 

14. If the ball of Prob. 13 weighed 2 lb, what were the normal and friction forces 

between it and the race when the center of the ball was moving vertically 
upward? Ans. N = 5.875 lb; F = 0.5561b. 

16. A hollow inverted cone 3 ft high and 8 ft in diameter is arranged to rotate 
about its axis (vertical). If the coefficient of friction between the cone and a 
small body inside halfway up the slope is 0.25, what are the maximum and 
minimum speeds of rotation possible without dislodging the body ? 

Ans. 03 = V8ff/]3, 

16. A racing car goes around a turn banked at 30° with the horizontal. If the 
radius of curvature is 300 ft and the coefficient of friction is 0.4, find the 
skidding speed. 

17. A cone 5 in. high and 12 in. in diameter is rotated about its vertical axis at 
4 rad per sec. What must be the coefficient of friction to enable a small body 
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to ride around on the cone halfway down the slope? (Res«i>lve in directions 
parallel and normal to the slope using the components of the centripetal 
acceleration in these directions. Avoid fictitious forces.) 

18. A small body is riding around 1.5 ft from the center of a horizontal turntable 
with an angular velocity of 2 rad per sec. If the coefficient of friction is 
find (a) the maximum angular acceleration of the table possible without dis¬ 
lodging the body, and (6) the maximum vertical linear acceleration of the 
table downward without dislodging. (I.et ^ = 32 ft per see per sec.) 

Ans, (a) 5.33 rad per sec per sec; (b) 12.8 ft per sec per sec. 

19. A 40-lb disk 4 ft in diameter is attached to a light bar in the plane of the disk 
and extending to a hinge 5 ft from the center of the uisk. Draw a sketch 
with the center of the disk 4 ft to the left of and 3 ft above the hinge. The 
device is being turned by a cord attached to the bar, pas^ung around the disk, 
and coming off tangentially to the right at the top. If the tension in the cord 
is 140 lb and the velocity of rotation is 4 rad per sec, what are the components 
of the hinge reaction? 

A ns. Parallel to the bar, 36.6 lb; normal to the bar, 48 lb. 

20. The light rod of the device of Prob. 19 is replaced by a slender rod weighing 
40 lb. The disk is placed directly above the hinge and a cord is attached to 
the mid-point of the rod (1.5 ft above the hinge). This cord extends hori¬ 
zontally to the right, over a light smooth pulley and down to a suspended mass 
of 60 lb. If the disk is released what will be the tension in the cord and the 
reaction at the hinge an instant later, assuming the disk has not moved appre¬ 
ciably and has not acquired an appreciable velocity? (Because of the right 
angle between the cord and the rod, the acceleration of the suspended mass 
is the same as the tangential acceleration of the mid-point of the rod. In 
making the horizontal resohition, the sum of the horizontal forces can be 
equated to the sum of the two 

masses, bar and disk, each multi¬ 
plied by the acceleration of its 
center.) 

21. Figure 312 shows a slender 16-lb 
bar 6 ft long attached by two pins 
to a 24-lb disk 4 ft in diameter. Pin 
a is attached to the disk at its 
periphery and passes through a 
smooth hole in the rod. Pin b is 
rigidly attached to the disk and fits 
in a smooth rectangular notch at the 
end of the bar. Neglect all friction. 

Find W to give the disk and bar an 

angular acceleration of 6 rad per sec per sec when the bar is in the position 
shown. If the bar is pulled down to the vertical position and released, what 
will be the force components at a, 6, and c as it passes the horizontal position 
shown? 

22. Solve Prob. 21 if the cord is not attached to the disk but passes over the 
disk and is attached to the mid-point of the bar. Neglect friction between the 
cord and the disk. 
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28. The device in Fig. 313 is released from the position shown. Find the reaction 

at the hinge when the bar arrives at the 
vertical position. Ans, 6.4 lb to the right. 
24. A wheel weighing 12 lb has a radius of 1 ft 
and a radius of gyration of 0.707 ft. Its 
axle, of radius 0.13 ft, is placed in bearings 
with a coefficient of friction of 5 ^ 2 - A 
cord passed over the wheel has suspended 
masses 8 lb on one side and 12 lb on the 
other. Find the angular acceleration, assuming the cord does not slip on the 
wheel. Ans, 4gf/43. 

26. A homogeneous solid cylinder 2 ft in diameter is given an angular velocity of 
36 rad per sec and placed with its axis horizontal on a horizontal plane wher(» 
the coefficient of friction is 0.24. If the cylinder started without translational 
velocity, what was its velocity when slipping ceased? Ans. 12 ft per sec. 

26. In Prob. 25 find the time until slipping ceases, and the displacement during 
this time. Find the energy dissipated by friction and check the probhun by 
an energy balance. 

27. A 16-lb disk 3 ft in diameter is mounted to turn freely about its center in a 

vertical plane. A slender 48-lb bar 3 ft long turns freely in a vertical plane 
about a hinge 2.5 ft horizontally from the center of the disk. The disk carries 
at its edge a small smooth pm on which the bar rests in a position of unstable 
equilibrium. The disk is started slightly with the pin at its edg(‘ moving 

downward toward the hinge at the lower end of the bar, and the bar follows 

the pin downward sweeping across the front of th(‘ disk. Find the two angular 
velocities as the bar passes through the horizontal position {g = 32). 

Ans. 2.84, 4.26 rad per sec per sec. 

28. Find the components of the reactions at the two hinges of Prob. 27 as the bar 
passes through the horizontal position. (Let g = 32.) 

Ans. Disk, V = 42.9, H -= (). bar, T" = 13.1 (downward), H = 40.9. 

29. Suppose 6 of Fig. 149 (page 141) to be 4 ft and the bar AB io be a slender 

uniform bar 3 ft long weighing 12 lb. Let the mass P be 40 lb and find the 
tension in the cord and the components of the hinge reaction as the bar AB 
passes through the horizontal position after having been released from the 
vertical position with B downward. (The velocity of P at this point is zero 
so that all the kinetic (uuTgy is in the bar. The acceleration of B toward A is 
3a)2, but this is not the acceleration of P, The acceleration of P is the second 
derivative with respect to time of the distance BC when 9^0). 

Ans. 3828 lb tension in the cord. 


Example 2 

A mass of 25 lb slides down a rod in a vertical plane. The path of the center of 
gravity of the mass follows the curve dy = x^. If the mass starts from rest at 
2 / = 12 and slides without friction, what is the total reaction of the rod when 
2/ = (See Art. 141.) 


dy _ 2x 
dx 3 
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<iy ^ 4 
dx 3 

27 


dx^ 3 

o = y ? - 
^ 27 ^ 2 “ 

P 


18 


= 12 


32 

3 


3 


2(7 a a 

Q - 76.8 + 25 X 0.6 = 91.81b 
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Problems 

30 . In the example above, find the total pressure at the lowest point. 

^7?.s. y = 400 4- 25 = 425 lb. 

31 . A mass of TI^ lb slides down a frietionless rod in a vertical plane from y ~ 34.5 ft 
to ^ — 4.5 ft. The rod is b(mt into the form of a rectangular hyperbola 
xy — 27. Find the total normal pressure. 

Am. Q « 1.92Tf + 0.8Tf = 2.72TF 
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MOMENTUM 

166. Impulse and Momentum, Rate of change of momentum is 
proportional to the impressed force and takes place in the direction of the 
straight line in which the force acts. This is Newton’s second law of 
motion. It is expressed mathematically by 

P dt = k d(mv) (1) 

Assuming, as is usually the case with engineering problems, that the 
mass of the body under study is constant, and selecting units so that 
the nroportionality constant k is unity. Eq. (1) becomes 

P dt — m dv (2) 

j P dt = m j dv (3) 

j P dt = m{v2 — Vi) (4) 

The term mf dv or the quantity mv is called momentum. The term 
fP dt is called the impulse of the force. When the force is constant 
during a time t the impulse is Pt. Equation (3) shows that the change 
of momentum is proportional to the impulse. The change in momen¬ 
tum is equal to the impulse in any system in which force = ma. If 
the force is in pounds, the mass in Eq. (4) must be given in slugs. If 
the force is in dynes, the mass is in grams. If the mass is in pounds, 
the force is in poundals, 

j P dt — ^ {v2 — ^i) (5) 

in which P is the force in pounds, W is the mass in pounds, v is the 
velocity in feet per second, and g = 32.174. 

When an impulse is given by a blow, as when an object is struck by a 
hammer, the force is large and the time is very short. Such an impulse 
is frequently called an instantaneous impulse. Sudden impulse is a 
better name. Suppose that a ball moving with a velocity of 100 feet 
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per second strikes a wall and bounds back with a velocity of nearly 
100 feet per second. Suppose that the compression of the ball amounts 
to 0.5 inch. If the force were uniform during the time of contact, the 
average velocity would be 50 feet per second while the ball is coming to 
rest. The time required to bring the ball to rest would be 

Via I ^ 

= M200 sec 

The entire time of contact would be about }ioo second. If the pres¬ 
sure varies as the displacement, instead of being uniform, the motion 
during contact is simple harmonic. The time required to complete 
a semicircle of i^^-inch radius at a speed of 100 feet per second is 
7r/2400 = 0.0013 second. When a hammer strikes an anvil, the 
deformation is much smaller and the time of contact is less. In 
general, the duration of a so-called instantaneous impulse is a few 
ten-thousandths of a second. 

It is sometimes stated that an instantaneous impulse is completed 
before the body which is struck starts to move. This statement is 
incorrect. The full velocity is attained at the end of the impulse. 
The time, however, is so short that the actual displacement is small. 
In the case of a galvanometer needle, which is actuated by the dis¬ 
charge of a condenser, the needle has attained its maximum velocity 
at the time when the current becomes negligible. The deflection, on 
the other hand, is so small that the moment arm of the impulse is 
practically constant throughout the entire impulse. 

Momentum is the product of a scalar (mass) and a vector (velocity) 
and is therefore a vector (luantity and has direction as well as magni¬ 
tude. It must not be confused with kinetic energy, which is a radi¬ 
cally different kind of quantity. It is true that a body cannot have one 
without the other, but a small body with high speed can have much 
more kinetic energy than a large body with low speed which has a 
larger momentum. In a collision, the body with the large momentum 
is the dominant one. Momentum is an extremely useful concept in 
analytical mechanics, especially in fluid mechanics, as it often facili¬ 
tates the writing of exact equations in situations where a detailed 
account of the forces and times involved is impossible. 

Momentum is the most fundamental quantity of mechanics (and 
possibly of the universe). It is always completely conserved and 
never changes forms as does energy. While the momentum of a body 
may seem to have been created or destroyed by force and time, a 
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ctossT" view will reveal that momentum has merely been transferred 
from one body or system to another. 


Problems 

1 . A mass of 64.348 lb has its velocity changed from 10 ft per sec east to 40 ft per 

sec east in 5 sec. Find the impulse. Ans. 60 lb-sec. 

2 . Solve Prob. 1 if the velocity changes from 10 ft per sec east to 40 ft per sec west. 

Ans. 100 lb-sec. 

3. A force varies directly as the square of the time and is 2 lb when the time is 
1 sec. Find the impulse during the interval from 1 to 4 sec. 

Ans. Impulse = 42 lb-sec. 


166. Action and Reaction. When force acts on a body, the force 
must come from some other body. As stated by Newton^s third law, 
action and reaction are equal. The force exerted by the second body 
on the first body is equal and opposite to the force exerted by the first 
body on the second body. Since the forces are equal, the impulses 
are equal, and, consequently, the change of momentum of one body is 
equal and opposite to the change of momentum of the other. 

In Fig. 314, A and B are two bodies. 
Suppose that A exerts a force on B by means 
of a spring which forms a part of A. The 
change of momentum of A toward the left is 
equal and opposite to the change of momen¬ 
tum of B toward the right. Suppose that A with the attached 
spring weighs 5 pounds and B weighs 4 pounds, and suppose that 
both are stationary. When the spring is released, suppose that B 
receives a velocity of 10 feet per second toward the right. Its change 
of momentum is 40, At the same time, A receives a velocity of 8 feet 
per second toward the left. Its change of momentum is —40. The 
total change of momentum of the two bodies considered as a single 
system is zero. It is impossible to change the total momentum of 
two bodies by means of any force exerted between them. Any change 
in the momentum of a body is at the expense of an equal and opposite 
change in the momentum of some other body or bodies. When a man 
jumps upward into the air, he kicks the earth in the opposite direction 
with equal momentum. While he is in the air, the attraction of 
gravity draws him toward the earth and, likewise, draws the earth 
toward him. Considered as one body, the center of gravity of the 
earth and the man moves on unchanged. 

If mi is the mass of one body and v\ is its velocity, m 2 is the mass of a 
second body and v% is its velocity, and if a force acts between the 
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bodies which changes the velocity of mi from vi to v\ and changes the 
velocity of mt from to 4, 

rriiVi + m2*>2 = mi»4 + niiv.^ (1) 

Since m and v occur in each term of Eq. (1) and force is not a factor, 
any units of mass and velocity may be used. 

Example 

A mass of 20 lb moving east 30 ft per sec overtakes a mass of 12 lb moving east 
10 ft per sec. After collision, the bodies move together witli the same velocity. 
Find that velocity. 

The total momentum east is 

20 X 30 = 600 
12 X 10 =" 120 
7^ 

The total mass is 32 lb. If v is the final velocity, 

32t; = 720 

V = 22.5 ft per sec east 

Problems 

1 . A man weighing 150 lb jumps horizontally with a speed of 10 ft per sec from a 

boat weighing 200 lb. If the boat was initially at rest and if the friction of the 
water is neglected, with what velocity does the boat move in the opposite 
direction? Ans, 7.5 ft per sec. 

2 . A man weighing 150 lb starts from rest on a small barge, acquires a velocity of 
24 ft per sec with reference to the ground in 3 sec, and jumps off. If the barge 
weighs 1200 lb, what is its final velocity with respect to the ground? How far 
does the man run with respect to the ground? How far with respect to the 
barge? 

3. A shot weighing 10 lb is fired from a gun weighing 800 Ib. The velocity of the 
shot relative to the earth is 1200 ft per sec. Find the velocity of the gun’s 
recoil. Find the kinetic energy of the shot and of the gun. 

Ans. V — 15 ft per sec; kinetic energy of shot = 223,780 ft-lb; kinetic energy of 
gun =* 2797 ft-lb. 

4. When a shot is fired from a gun, show that the kinetic energy of the shot is to the 
kinetic energy of the gun as the weight of the gun is to the weight of the shot. 

5. A 4-lb mass moving east 60 ft per sec meets a 5-lb mass moving west 20 ft per 
sec. After collision, the 5-lb mass moves east 20 ft per sec. By means of the 
total momentum find the velocity of the 4-lb mass. Ans. v = 10 ft per sec east. 

6. If the 5-lb mass of Prob. 5 moves east 40 ft per sec after collision, what is the 

velocity of the 4-lb mass? Ans. v = 15 ft per sec west. 

7. The bodies of Prob. 5 collide obliquely. After collision the 5-lb mass moves 
northeast with a velocity of 30 ft per sec. What is the velocity of the 4-lb 
mass? 

Ans. The 4-lb mass has a velocity component east of 8.48 ft per sec and a 
component south of 26.51 ft per sec. 
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167. Collision of Inelastic Bodies. When inelastic bodies collide, 
they remain together after collision and move with the same velocity. 
If mi and m 2 are the masses, Vi and V 2 their respective velocities before 
collision, and v is their common velocity after collision, the momentum 
equation is 

miVi + m2V2 = (mi + m2)v ( 1 ) 

When inelastic bodies collide and adhere, the total momentum of the 
two (vector sum) is conserved and becomes the momentum of the 
combined mass. If the paths of the two bodies are collinear, the 
center of mass of the combined body will follow that line. If the paths 
are parallel but not collinear, the center of gravity of the combined 
mass will follow a parallel path between the two original paths and the 
combined mass will have an angular velocity. In any case there will 
be a loss of kinetic energy (converted to heat) and this loss is referred 
to as an impact loss. 

Problems 

1 . A mass of 50 lb moving east 24 ft per sec overtakes a mass of 30 lb moving east 

16 ft per sec. After collision the bodies move together. Find their common 
velocity. Ans. 21 ft per sec. 

2 . In Prob. 1, what part of the kinetic energy is lost? Ans. 3.29 per cent. 

3. Solve Probs. 1 and 2 if the 30-lb mass is moving west instead of east. 

Ans. 9 ft per sec; 82.2 per cent. 

4. A gun is hung in a horizontal position on a vertical support which is hinged at 

the top as shown in Fig. 315. The gun and 
support weigh 800 lb and their center of 
gnavity is 12 ft below the hinge. When a 10- 
lb shot is fired from the gun, the reaction 
swings the support through an arc of 45°. 
Find the velocity of the shot. 

Ans. V = 1203 ft per sec. 
6. A soft wood block weighing 5 lb is suspended 
by vertical cords 5 ft in length. A bullet 
weighing 0.02 lb is fired horizontally into the 
block and remains embedded in it. The block 
swings through a vertical angle of 35°. Find 
the velocity of the bullet. 

6. A 10-lb body moving east at 20 ft per sec collides with a 5-lb body moving west 
at 25 ft per sec and north at 15 ft per sec. If the bodies adhere, what is their 
final velocity? Ans. 7.07 ft per sec north 45° east. 

168. Collision of Elastic Bodies. When two elastic bodies collide, 
both bodies suffer a change of form. Their centers of mass continue 
to approach each other for a little time and both bodies are compressed 
at the surface of contact. If one of the bodies is fixed so as to be 
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practically stationary, the other body will come to rest and then 
rebound. If both bodies are free to move, there comes a time when 
each is stationary relative to the other, and both are moving with the 
same velocity relative to the earth. Figure 316 represents three 
stages of the collision of two bodies. In Fig. 316,1, the bodies are 
moving toward each other at the beginning of contact. In Fig. 316,11, 
the centers O 3 and O 2 are nearest to each other. The bodies are 
stationary relative to each other and are moving with a velocity v 
relative to the earth. It is assumed that the momentum of mi is the 
greater, the common velocity is, therefore, toward the right. The 
interval from the beginning of collision to the 
condition of Fig. 316,11 is called the compres¬ 
sion stage of the collision. The common 
velocity at the end of the compression stage 
is found in the same way as if the bodies were 
inelastic. 

After the bodies have reached the end of 
the compression stage, their elasticity causes 
them to separate. The interval from the 
end of the compression stage to the time 
when the bodies cease to be in contact with 
each other is called the restitution stage. 

Figure 316,111 shows the bodies at the end 
of the restitution stage. ill 

If the bodies are perfectly elastic, the 
impulse during restitution is equal to the 
impulse during compression and the change 
of momentum of each body during restitution is equal to the change 
during compression. With imperfectly elastic bodies the change of 
momentum during restitution is less than the change during com¬ 
pression. The ratio of the impulse during restitution of the impulse 
during compression is called the coefficient of restitution. When the 
bodies are perfectly elastic, the coefficient of restitution is unity. The 
coefficient of restitution is represented by the letter e. 

Since the masses of the bodies do not change as a result of the 
collision, the change of velocity of either body during the compression 
stage divided into the change of velocity of the same body during the 
restitution stage equals e. The original definition of e by Newton 
was the ratio of the velocity of departure of the two bodies to their velocity 
of approach, both measured along a line perpendicular to the common 
tangent at the point of collision. The coefficient of restitution is an 
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experimental factor for any two bodies, depending upon their shapes 
and materials. It is not independent of the striking velocity but can 
be assumed so for small velocities. 

Problems 

1 . A body is thrown against a fixed wall with a speed of 50 ft per sec and rebounds 
with a speed of 38 ft per sec. Find the coefficient of restitution. A ns. e = 0.76. 

2 . A ball is dropped 16 ft upon a horizontal surface and rebounds 9 ft. Find the 

coefficient of restitution. Ans e = 0 75. 

3 . A body is dropped 12 ft on a horizontal surface. If the coefficient restitution 
is 0 8, how high will it rise? 

4 . A body strikes a perfectly smooth plane uith a velocity of 50 ft per sec at an 

angle of 30° with the plane. If the 
coefficient of restitution is 0.8, what will 
be its velocity when it leaves the plane? 
Ans. V — 47.7 ft per sec at 24°47' with 
the plane. 

5 . What must be the coefficient of friction 
betwe(*ii the body and the plane of Prob. 
4 so that the angle of incidence will equal 
the angle of reflection? (The vertical 
impulse multiplied by the coefficient of 
friction equals the horizontal impulse if 
slipping takes place during the entire time 
of contact ) Ans 0.193. 

The behavior of a pair of elastic 
bodies during collision is best studied 
by a numerical example rather than 
by the use of literal formulas. Figure 
317,1 represents a mass of 25 pounds 
moving east with a velocity of 40 feet 
per second, which is overtaking a mass 
of 15 pounds moving east with a veloc¬ 
ity of 20 feet per second. Figure 317,11 shows the two bodies at the 
end of the compression stage. It may be assumed that the bodies 
are photographed and that the plate is shifted vertically between 
exposures. The initial momentum is 

25 X 40 + 15 X 20 = 1300. 

Vc = = 32.5 ft per sec 

As a condition of the problem, it will be assumed that the coefficient 
of restitution is 0.8. The change of velocity of the 25-pound mass 


^off _^ 20 n . 

per sec. per sec 



per sec pers^c. 



Fig. 317. 
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during compression is 32.5 - 40 = -7.5 feet per second. The 
change of velocity of this mass during restitution is 

0.8 ( — 7.5) = — 6 ft per sec 

The final velocity of the 25-pound mass is 

V = 32.5 — 6 = 26.5 ft per sec east 

The change of velocity of the 15-pound mass during compression is 
12.5 feet per second. Its change during restitution is 10 feet per 
second. The final velocity of the 15-pound mass is 

= 32.5 + 10 = 42.5 ft per sec east 
The results may be checked by means of the final momentum, 

25 X 26.5 = 662.5 

15 X 42.5 _ = 637.5 

Total momentum ~ 1300 

Problems 

6. A mass of 40 lb moving east 30 ft per sec overtakes a mass of 20 lb moving 
east 15 ft per sec. The coeflicient of restitution is 0.8. Find the common 
velocity at the end of the compression. P'ind the final velocity of each mass. 
Check the final momenta. Ans. 25 ft per sec; 21 ft per sec; 33 ft per sec. 

7. Solve Prob. 6 if the initial velocity of the 20-lb mass is 15 per sec west. 

Ans, Check is 40 X 30 - 20 X 15 = 40 X 3 -h 20 X 39. 

8. A mass of 20 lb moving east 40 ft per sec meets a mass of 5 lb moving west 
80 ft per sec. After collision the 5-lb mass moves east 88 ft per sec. Find the 
velocity of the 20-lb mass and the coefl'cient of restitution. 

9. A mass of 10 lb moving east 30 ft per sec meets a mass of 10 lb moving west 
12 ft per sec. After collison the mass which was moving east 30 ft per see is 
moving west 12 ft per sec. Find the coefficient of restitution. Check by New¬ 
ton's definition of the coefficient of restitution. 

10. If two perfectly elastic bodies of equal mass collide, show that they exchange 
velocities. 

11. Wliat per cent of the total energy is lost in Prob. 1? What per cent is lost in 

Prob. 2? A ns. 42.24 per cent; 43.75 per cent. 

12. WTiat per cent of the total energy is lost in Problem 7? Ans. 24.0 per cent. 

13. A baseball moving 100 ft per sec is struck by a bat moving 60 ft per sec in the 
opposite direction. If the bat weighs six times as much as the ball and the 
coefficient of restitution is 0.9, with what velocity will the ball leave the bat? 

Ans. 160.6 ft per sec. 

(In the remainder of the problems in this list, use g — 32.) 

14. A 4-lb body with unknown velocity struck an 8-lb body and stopped dead. 

The bodies were on a horizontal plane where the coefficient of friction was 0.25. 
If the 8-lb body was displaced 4 ft, what was the coefficient of restitution and 
the initial velocity of the 4-lb body? « 0.5. 
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1®. A 6-lb ball suspended as a pendulum 4 ft long was released froirij^ portion 
where its cord was taut and horiaontal. It swung downward t^ugh 90°, 
struck a 5-lb block, and knocked it from the edge of a table 4 ft hn. If the 
block struck the floor 7 ft from the table edge, what was the ^efficient of 
restitution? 

16. A ping-pong ball rolled off a table 4 ft high, struck the floor 8 ftJfcm the table, 

and moved 12 ft farther on the first bounce. Find the value omhe coefficient 
of restitution. mAns, e « 0.75. 

17. If the ball of Prob. 16 continued to bounce on a horizontal floor, show that 
each bounce took it e times the pi ceding one, neglecting air re^stance. If the 
ball rolled from the table, is it reasonable to neglect friction ftetween the ball 
and the floor? 

18. A 20-lb mass sliding on a horizontal floor has a velocity of 20 ft per sec. It 
slides 9 ft, strikes a similar body weighing 32 lb, and adheres. How far will 
the two bodies go before coming to rest, if jn = 0.25 for both bqdies? 

19 . A 6-lb block on a smooth horizontal table is attached to a cord which runs 

horizontally through a hole in a 24-lb block at rest on the same table, then 
over a small smooth pulley and down to a suspended block weighing 10 lb. 
The clearance between the blocks on the table is 2.5 ft. If the 6-lb block is 
released, how far will it move in the first second if it adheres to the 24-lb block 
on striking? A ns. 5.5 ft. 

20. A 24-lb shot propelled by a 4-lb powder charge is given a muzzle velocity of 
1600 ft per sec from a gun tube weighing 800 lb. Assume the forward com¬ 
ponent of velocity of the gas (all the powder) to be 6p00 ft per sec and find 
the velocity of recoil. 

21 . A muzzle brake is a device which catches most of the blast of a gun and directs 

the gases toward the rear. Solve Prob. 19, assuming a muzzh' brake catches 
all the gas and discharges it toward the rear at an angle of 30° with the axis 
of the tube and a velocity of 6000 ft per sec. Ans. 22 ft per sec. 

22 . An 8-lb body with unknown velocity strikes squarely against a 4-lb body on a 
horizontal plane. The 4-lb body was initially at rest and was driven 12.25 ft 
by the blow. The 8-lb body went on in the same din‘ction ft before 
coming to rest. If the coefficient of friction was 0.25 for both bodies, what 
was the coefficient of restitution? Check by finding the initial velocity of the 
12-lb body and comparing the velocity of approach with the velocity of 
departure. 


O 

V., 


Fig. 318. 


V 


169. Moment of Momentum. If a body of mass m is moving with 
V linear velocity p, its momentum is mv. If O 
(Fig. 318) is an axis perpendicular to the plane 
of the paper and if r is the length of the line 
perpendicular to this axis and to the line of 
motion of the mass m, the product of the 
momentum of m multiplied by the length r is the 
moment of momentum of m with respect to the axis. When a body is 
rotating about an axis, the linear velocity of an element dm at a dis¬ 
tance t; from the axis is given by the equation 


V = ro) 


(1) 
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The momentum of this element is ru> dm, and the moment of momen¬ 
tum with fcspect to the axis of rotation is dm. The total moment 
of momentum is 

\ M I dm = ul (2) 

\ * 

The moment of momentum with respect to an axis of a body which is 
rotating about that axis is the product of the moment of irertia of the 
body multiplied by its angular velocity. A comparison of moment of 
momentum with momentum shows that moment ot meitia replaces 
mass, and angular velocity replaces linear velocity. 

To change the momentum of a body, force must he applied from an 
outside body. Likewise, to change the moment of momentum of a 
body, torque must be applied from some outside body or system of 
bodies. From Formula XXXVIII, 


dco 

(3) 

3 

II 

3 

1 ! 

(4) 

If the torque is constant, 

11 

e 

(5) 


The product Tt may be called the torque impulse. The vector quantity 
I CO, moment of momentum, is also called angular momentum and some¬ 



times spin momentum. The three terms all have exactly the same 
meaning. When the quantity is represented by a vector, the vector 
is drawn parallel tO the axis of rotation and the right-hand screw 
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convention is usually used for its direction. The moment of momen¬ 
tum of a rotating body may be changed only by the application of 
torque impulse (or by removing from or adding to the body elements 
having moment of momentum). The angular velocity may be 
changed by changing the configuration of the body in such a way as to 
alter its moment of inertia. Figure 319 shows a frame arranged to 
rotate about a vertical axis. The frame carries two equal bodies 
A and B, These bodies are connected to cords which run over pulleys 
and are attached to the sleeve F on the vertical shaft. Suppose that 
the frame is rotating with an angular velocity co when A and B are 
in the positions shown in the figure. If the sleeve F is now pulled 
down by some outside force, or by its own weight, and draws A and B 
in toward the axis, the moment of inertia of the system is reduced. 

Forces which exert no torque on a system cannot change the moment 
of momentum. When these forces do work, however, they must 
change the kinetic energy. When the bodies of Fig. 319 are drawn 
toward the axis, the moment of inertia is reduced and the angular 
velocity is correspondingly increased. Since the energy varies as the 
square of the angular velocity, there is an increase in the total kinetic 
energy, which comes from the work done on the sleeve. 

Example 

A frame similar to Fig. 319 carries two spheres, each of which weighs G4.348 lb 
and has a radius of gyration of 0.5 ft. The frame weighs 96,522 lb and has a 
radius of gyration of 1 ft. When the masses are each 2 ft from the axis the system 
has an angular velocity of 8 rad per sec. The sleeve is released and the centrifugal 
force from A and B lifts it until the spheres are stopped with each center 3 ft from 
the axis of the vertical shaft. If there is no friction loss, what is the angular 
velocity? 

The moment of inertia, in slugs feet squared, is 

72 = 3 X 1 + 4 X 0.25 + 4 X 4 = 20 
/3 = 4 + 4X9 = 40 
20 X 8 = 40co3 

W8 = 4 rad per sec 

The kinetic energy is 

90 

r/2 = y X 64 = 640 ft-lb 

40 

^ X 16 = 320 ft-lb 

To find the maximum weight of the sleeve in order that it can be lifted by the 
centrifugal force, 

W == mfa>2 » 4 X 2 X 64 » 512 lb 
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in which W is the weight which is balanced at 2 ft. At 3 ft from the axis 
TF « 4 X 3 X 16 = 192 lb 


Problems 

1 . Solve the example above when the spheres are pulled in till their centers are 

each 1 ft from the axis. Find the additional pull on the sleeve if it weighs 
192 lb. Ans, oji = 20 rad per sec; Ui = 1600 ft-lb; pull ~ 1408 lb. 

2 . A circular disk 2 ft in diameter and weighing 4 lb rotat(:‘S about a vertical axis 

with an angular velocity of 6 rad per sec. A second disk 1 ft in diameter and 
weighing 16 lb is coaxial with the first disk. This second disk is dropped a 
short distance upon the first disk and adheres to it. If the second disk is 
initially stationary, what is the common velocity of the two when they rotate 
together? Ans. o) =* 3 rad per sec. 

3 . Solve Prob. 2 if the axis of the second disk is 6 in. from the axis of rotation. 

4 . Solve Prob. 2 if the second disk has an initial velocity of 10 rad per sec in the 
same direction as the first disk. 

6. If the 164b disk of Prob. 2 is slightly dished so that it is in contact with the 
lower disk only at its periphery and the coefficient of friction between the disks 
is 0.4, what is the time from the beginning of the drop until the two disks are 
turning together? 

The sudden downward impulse of the upper disk on the lower at the instant of 
contact is equal to the weight of the upper disk multiplied by the time of falling, 
so that the height from which it is dropped makes no difference. The average 
vertical impulse is 16 lb. The torqxie impulse from friction is 


(16 X 0.4 X 0.b)t = 


16 X (0.5)2 ^ 

2g 


t = 


1.875 


sec 


Check the res\ilt by a consideration of the torque and change of velocity of the 
4-lb disk. 

6 . Solve Prob. 5 if the disks are assumed flat with uniform pressure all over the 
area of contact. 

7 . In Prob. 2, suppose the 16-lb disk to be mounted on a frictionless shaft and to be 
brought edge to edge against the rotating 4-lb disk and held until slipping ceases. 
What then would be the velocities of the two disks? 

An8. 4-lb disk, 3 rad per sec; 16-lb disk, 6 rad per sec. 


170. Force of Steady Streams. In any situation where a steady 
stream impinges against a body, stationary or moving uniformly, the 
equation di = dv integrates into 


Force X time = mass X change of velocity 

i.e., the force is constant and the time may be any desired finite time. 
The mass is the mass which had its velocity changed during that time 
and the change of velocity means the change in the velocity component 
in the direction of the force. The proposition is especially useful in 



354 


MECHANICS 


[Abt. 170 


fluid flow. When a stream of fluid strikes a flat plate as in Fig. 320 
it spreads out and goes off in all directions with nearly the same velocity 
with which it struck, but the velocity in the direction of flow is com¬ 
pletely stopped if the plate is not moving. The intensity of pressure 
is highest at the point directly in front of the middle of the stream and 
diminishes outward from that point in a manner difficult to determine, 
but the total pressure can be determined very simply from the equation 
Ft = Mv. 

Example 


Salt water weighing 64.4 lb per cu ft is squirted from a nozzle squarely against a 
large flat plate. If the velocity of the jet is 100 ft per sec and its cross-section area 
is 0.1 sq ft, what is the pressure against the plate? 


T X , 1 100 X 0.1 X 64.4 

Let ^ = 1 sec: M =--: v = 100. 

Q 


F == 20 X 100 = 2000 Ib 


(The result seems astonishingly large. The velocity is not unusual in ordinary 
streams from fire hoses, but the area is fifty times that of a large fire stream.) 



Fig. 320. Fig. 321. 


If the stream strikes a curved surface which changes its direction 
180°, as shown in Fig. 321, the change in velocity is the outgoing 
velocity minus the incoming velocity, and since the incoming velocity 
is positive and the outgoing one is negative, this amounts to a change 
in the direction of the outgoing velocity equal to the numerical sum 
of the velocities. With the directions taken as indicated above, the 
equation gives the force which the surface exerts on the stream to 
change its direction. The force which the stream exerts on the sur¬ 
face is, of course, equal and opposite. If the stream of the example is 
reversed instead of being merely stopped, the change of velocity would 
be 200 and the force 4000 pounds. It is not possible to have the exit 
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velocity equal to the entrance velocity. Friction slows the stream 
down and it comes out with a larger cross section and a slower velocity, 
but the exit velocity can easily exceed 90 per cent of the entrance 
velocity under good conditions. 

Figure 322 shows the cross section of one 
bucket of a Pelton wheel. The stream strikes 
the splitter and divides, each portion having its 
direction changed nearly 180°. A series of 
buckets is arranged around the wheel so that all 
the stream goes into one or another of the 
buckets. The greatest efficiency is attained 
when the buckets move at one-half the velocity of the oncoming 
stream. 

Problems 

1 . Solve the example if the plate is moving at 50 ft per sec in the direction of the 

stream. A ns. F = 500 lb. 

2. Suppose the stream of the example is comphdely riwersed by a bucket as in Fig. 

322 with the outgoing velocity the same as the ingoing, relative to the bucket. 
Find the force exerted on the bucket as it moves 50 ft per sec in the direction 
of the stream. Ans. 1000 lb. 

3 . Find the average tangential force on the wheel of which the bucket of Prob. 2 

is typical. Ans, F — 2000 lb. 

4. The tangential force on the wheel times the peripheral velocity is the power^ or 
rate of doing work. Compare the powc'r of the wheel of Prob. 3 with the kinetic 
energy of the water entering in 1 sec to show that under the assumptions made 
the efficiency is 100 per cent. 

6. Solve Probs. 2 and 3 and find the efficiency if the exit velocity from the buckets is 
80 per cent of the entering velocity. Ans. 900 lb; 1800 lb; 90 per cent. 

6. A chain is held by one end with the other end just touching a horizontal plane. 
If the chain is released from this position, what will be the maximum pressure on 
the plane during the chain’s fall? Ans. Twuce the w^eight. 

This result can be checked by dropping the chain on a small platform scale set at 
twice the weight of the chain. Just as the last link strikes, the poise can be seen 
to rise slightly. (It is necessary to hold the lower end slightly above the plat¬ 
form to compensate for the height of the pile of chain the last link strikes.) 

171. Rotation Caused by Eccentric Impulse. If a body is given an 
impulse by a force acting along a line passing through the center of 
gravity, there is no moment about the center of gravity. The body 
then has no torque impulse and the velocity imparted by the impulse 
is purely linear. If exactly the same impulse is given the body along 
a line not passing through the center of gravity, the center of gravity 
of the body will be given the same linear velocity as before and there 
will be also an angular velocity which can be found by Eq. (5) of Art. 
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169 just as though the body had been hinged at the center of gravity. 
The work done by the impulse is greater than in the first case since the 
motion of the jxiint at which the impulse was applied moved, during 
the impulse, the same distance the center of gravity moved plus an 
angle multiplied by the distance from the center of gravity to the point. 


Example 1 

'A slender rod 3 ft long weighing 8.05 lb was placed on a smooth floor and struck 
a horizontal blow perpendicular to the bar, which imjmrted to the center of the 
bar a velocity of 12 ft per sec. If the blow was at one end of the bar, what was the 
impulse and what angular velocity was imparted to the bar? 


Impulse = 


8.05 X 12 


3 lb-sec 


Torque impulse = 3 X 1.5 = 4.5 Ib-ft-sec 

. - 8.05 X 32 . 

4.5 — —re — Qi oj = 24 rad per sec. 

rzg ^ 


Example 2 

The bar of Example 1 is hinged at its mid-point and placed in the horizontal 
position. A small ball with a mass of 0.5 lb is dropped 4 ft onto the end of the bar 
and rebounds 1 ft. Kind the angular velocity imparted to the bar and find the 
coefficient of restitution. 

Velocity at the end of the fall (just before striking), taking gr =* 32 ft per sec 
per sec, = 16 ft per sec 
Velocity upward after r(‘bound = 8 ft per sec 
Change of velocity = 24 ft per sec 

Impulse of bar on ball = 

g 

T, . , f I , 24 X 0.5 X 1.5 8 X 32u, 

rorque impulse of ball on bar = —--= ——- 

y ^2g 

From which co *= 3 rad per sec. 

Downward velocity of the end of th(* bar after restitution = 1.5co = 4.5 
Upward velocity of the ball after restitution = 8.0 

Velocity of departure == 12.5 

12 5 

Velocity of approach = 16 ft per sec; « = — 0.781 


Example 3 

If the ball of Example 2 adheres to the bar instead of rebounding, what will be 
the common velocity? 

Solution 1: The bar of Example 2 was initially at rest. Therefore, the final 
velocity, 3, « (1 4- a>c = 3/1.781 rad per sec. 

Solution 2: The linear momentum of the ball just before striking multiplied by 
its distance from the hinge is its moment of momentum with respect to the hinge, 
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and this quantity is equated to the angular momentum of the bar and the ball 
combined. 


Moment of inertia of bar and ball, in pounds feet squared, 


+06X1.5. 


= 7.125 


Moment of momentum of ball, in pounds feet sqiiared per second, 

= 0.5 X 16 X 1.5 - 12 


12 3 

Angular velocity after impact = t before. 

i.lZo J./ol 

Solution 3: The bar and the ball may be con.sidered a single free body before as 
well as after getting together. Before getting together, the weight of the bar is 
balanced by the upward reaction at the hinge. The gravity force on the ball has 
a moment about the hinge equal to 0.5 X 1.5 Ib-ft. The time of fall is 4 ft divided 
by average velocity — fi — 0.5 sec. Equating the torque impulse to the moment 

7.125c(> 

of momentum, 0.5 X 0.75 =- 

' n 


Problems 

{Let g = 32.) 

1. A slender 6-lb bar 2 ft long is hinged at the right end and rests in a horizontal 
position on a support near the left end. The left end is struck from below by a 
.small hammer weighing 3 lb and moving at 8 ft per sec. If the coefficient of 
restitution is 0.5, how high will the bar rise becore dropping back to place and 
what will the components of the hinge reaction be just after restitution? 

Ans. h - 0.54 ft; V == 1.5 lb; H = 2.43 lb. 

2. A wheel weighing 8 lb has a radius of gyration of 1.732 ft. It is mounted to turn 

freely in a vertical plane, and a small 4-lb ball of soft clay is dropped 2 ft into 
a cup on the periphery of the wheel at the same height as the center of the 
wheel and 2 ft from this center. If the ball adheres, through what angle will 
the wheel turn before reversing? Ans. 203°34'. 

3. A machine gun fires 150 bullets per minute into a heavy block mounted on 
frictionless rollers, and the block is h(‘ld in place by a spring balance. What 
will be the reading on the spring balance if tin* bullets weigh 0.03 lb each and 
strike the block with a velocity of 2700 ft per sec? (Assume the block heavy 
enough to damp out the irregularities in the reading.) 

4. A large wooden disk is mounted to turn freely on a central shaft and the stream 
of bullets from the gun of Prob. 3 is shot through the disk at a point 2 ft from the 
center, with the path of the bullets at right angles to the radii at the points 
struck and at an angle of 30° with the shaft. What velocity will be imparted 
to the disk in 4 sec if the disk has a moment of inertia of 160 Ib-ft* and the bullets 
slow down to 1200 ft per sec as they pass through? (Assume the direction of 
the bullets unchanged as they go through.) Account for all the kinetic energy 
of the bullets. 

6. A sphere is given a translational velocity of 12 ft per sec without angular 
velocity on a horizontal plane where the coefficient of friction is 0.2. Find how 
long the ball will take to acquire an angular velocity sufficient to make the point 
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of contact with the plane the instantaneous center. (This is known as the 
“bowling ball problem/’) Ans. t = 12/0.7^. 

6 . An airplane weighing 6000 lb with a radius of gyration of 9 ft with respect to a 
vertical axis through its center is flying at 600 ft per sec and fires a stream of 
bullets as in Prob. 3 forward from a gun 6 ft from the center of the plane. Find 
how much the plane is slowed down and how much deflected in 10 sec. 

7. A machine spindle running between two driven pulleys is clutched alternately 
to one and the other. The two pulleys run in opposite directions with the 
same speed w. Find the amount of energy dissipated by the clutches for each 
reversal of the spindle. Ans. Four times the kinetic energy of the spindle. 



CHAPTER 18 


HARMONIC VIBRATION 

172. Periodic Motion. A periodic motion is a motion which repeats 
itself exactly after a certain interval of time. This time interval is 
called the period of the motion and such a motion is loosely called 
vibration^ whether it is linear or angular. Angular periodic motion is 
properly called oscillation. The projection onto a line (such as a 
diameter) of uniform circular motion is called simple harmonic motion^ 
or sometimes just harmonic motion. In speaking of such motion a 
vibration is sometimes used as synonymous with a complete period, 



but in better usage a vibration is one-half a complete period, or the 
motion between any two instantaneous stops which the moving point 
or body makes as it goes back and forth. Simple harmonic motion 
is of great importance in engineering work, first because it is the type 
of motion produced by an ordinary spring acting on a mass and 
second because more complex periodic motions are usually composed 
of two or more simple harmonic motions of different periods and 
amplitudes. 

173. Components of Circular Motion. P'igure 323 represents a 
particle which is moving on the circumference of a circle of radius r 
with an angular velocity co. Its linear velocity is rw. The time 

3.59 
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required for the particle to move from A on the X axis to any point B is 
represented by and the angle AOB is co^ radians. 

The coordinates of B are a; = r cos y = r sin (at. The velocity 
components are 


dx 

Ua; = -7- = —rco sm (at 
at 


Vv = 


dy 

di 


r(a cos (at 


( 1 ) 

( 2 ) 


The components of the acceleration are found by differentiating the 
velocity components. 


d‘^x 

d-y 

dl^ 




dvx 

dt 

dvy 

dt 


— rca^ cos (at 


— rca“ sin cat 


(3) 

(4) 


When t = 0, cos oj/ = 1 and = — rco^; sin (at = 0] ay = 0. The 
resultant acceleration when ^ = 0 (at of Fig. 323) is — rco^. It is 
along the X axis toward the center O. When t = x/2 ay — — r(a‘^ and 
a* = 0. At this position, then, the resultant acceleration is down¬ 
ward toward 0. 



At any position, such as B of Fig. 324, the acceleration is the result¬ 
ant of a* and ay. The acceleration vector diagram is shown in Fig. 
324,11. The resultant acceleration is The tangent of the angle <t> 

which the resultant makes with a* is — = tan (at. Consequently, 

cos 7 
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the acceleration at any point B of Fig. 324,1 is along the line BO, which 
passes through the center of the circle. Since and ay are negative in 
the first quadrant, the resultant acceleration is downward toward the 
left. The resultant acceleration is always directed toward the center 
of the circle. 

If V is the linear velocity of the point B, 

V , 

w — - ro)- = — 

r r 

This result is the same as Formula XXVIII, the expression for the 
acceleration toward the center of curvature of a point moving along a 
curve. If the coordinates of the moving point B are factored out of 
Eqs. (3) and (4) and replaced by the symbols x and y, these equations 
become 

a* = —oy-x (5) 

Oy = -oy"y ( 6 ) 

Either the x or y component of uniform motion around a circle is, 
by definition, a simple harmonic motion. Equations (5) and (G) show 
that for such a motion the acceleration is opposite to the displacement 
and is directly proportional in magnitude to the displacement. Simple 
harmonic motion is caused by a force which acts on a mass and tends 
to restore it to a position of equilibrium when the intensity of the 
restoring force is proportional to the displacement of the mass from its 
equilibrium position. Such a force is exerted by a simple linear spring. 

In the discussion above, it was assumed that time was measured 
from the instant when the body was at point A in Fig. 323. Equally 
simple expressions would have resulted if time had been measured from 
the instant the body passed the lowest point of the circle. This change 
would have given expressions for displacement and acceleration on X in 
terms of sines instead of cosines. If it is desired to measure time 
from some other instant, such as the time when the body passed point 
B, it can be done conveniently by letting the arc AB be symbolized by 
The coordinates of the moving point then become x — r cos (w/ + ff) 
and y = r sin {oyt + 0), 

174. Force of a Spring. The deformation of a spring or other 
elastic body is proportional to the force. Figure 325 shows a helical 
spring which is stretched a definite amount d when a load of 1 pound 
is hung on the lower end. A load of 2 pounds would produce an 
elongation of 2d. The forces on the spring are downward and the 
elongation is downward. The force with which the spring acts on the 
loads is upward, opposite to the deformation. 
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When a body is attached to a spring, there is some position at which 
it remains at rest. In this position, either the force of the spring is 
zero or the resultant of the force of the spring and the other forces is 
zero. Figure 326 represents a body on a flat strap spring. The plane 
of the paper is supposed to be horizontal in Fig. 326,1. The weight 
of the body tends to bend the spring in a vertical direction but not in 
a horizontal direction. Equilibrium exists, therefore, when the spring 
viewed from above appears straight. If the body is displaced hori- 



Fig. 325. 


o 




k 'p\ 


Side 

11 

Fig. 326. 



zontally either way from the position of equilibrium, the spring tends 
to move it back to that position with a force proportional to the 
displacement. Stated mathematically, 

P = -Kx (1) 

in Fig. 325, if y is measured from the position of equilibrium of the 
mass hanging on the spring, the resultant of gravity and the spring 
force is a force restoring the mass to the position of equilibrium and 

P = -Ky (2) 

In both these equations, P represents the force acting on the mass 
when it is displaced any distance from the equilibrium point and K is 
the external force required to hold the mass at unit distance from the 
equilibrium position. If the mass is not subjected to any otheriorce, 
its acceleration at any place will be exactly that stated in Eqs. (5) 
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and (6) of Art. 173. The resulting motions will be simple harmonic, 
as will be seen from the more complete analysis following. 

Problems 

1 . A springboard is deflected 7 in. downward by a load of 140 lb on the free end. 

What is the value of A? Ans, 240 lb per ft. 

2 . What is the deflection of the springboard of Prob. 1 when a boy weighing 120 lb 

stands on the free end? Ans, O.o ft. 

3 . The springboard of Prob. 2 with the boy on the end is moving up and down with 

a maximum deflection of 1 ft. Neglecting the mass of the board and assuming 
the boy to stand rigid, find the acceleration at the top and bottom points of the 
path. Ans. g upward at the bottom and down at the top. 




Fig. 327. 


4 . Figure 327,1 shows a mass on a smooth horizontal plane attached to a horizontal 
spring of a natural length of 1 ft. The constant of the spring is 24 lb per ft 
and the mass weighs 72 lb. If the mass is drawn hack and released, what will 
be its acceleration when the spring has a length of 5 ft? Ans. 2g/S. 

6. In Fig, 327,11, a cord is attached to the mass on the plane and run horizontally 
over a light, smooth pulley and down to a suspended mass of 60 lb. What is the 
total length of the spring when the system is in equilibrium? What will be the 
tension in the cord at the instant the spring has a total length of 8 ft after the 
60-lb mass has been pulled down and released? Ans. 5.5 ft; 87.28 lb. 





Fig. 328. 


6 . Figure 328 shows two springs attached to fixed points A and C, which are at the 
same level and are 10 ft apart. The natural length of each spring is 3 ft and a 
force of 60 lb stretches each spring 1 ft. A body B is fastened to the free ends 
of these springs. Wliat is the resultant force on the body when it is displaced 
1 ft Jrom the position of equilibrium, and when it is displaced x ft from that 
positton? Ans. P « 120 lb. 
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7 . The two springs of Fig. 328 are replaced by a single spring of 6 ft natural length. 
A force of 30 lb stretches this spring 1 ft. The body is attached 4 ft from the 
left end of the stretched spring. What force will displace the body 1 ft in the 
direction of the length of the spring? What would be the constant if the body 
were attached 2 ft from the end of the stretched spring? 

Ans. P = 125 lb; K - 187.5 lb. 

8 . Show that if a fraction c of its length is cut off from a uniform coil spring of 
constant K the constant of this part of the spring will be K/c. 

9. A spring of constant 60 lb per ft is arranged with an initial stretch like the 

spring of Prob. 7. How far from the end to the point of attachment which 
gives a constant of 320 lb per ft? Ans. One-fourth of the length. 


176. Potential Energy of a Spring. The work done by a force is 
the average force multiplied by the displacement. When the force 
varies as the displacement, the average force is the mean of the initial 
and final forces. If K is the force which produces unit deformation 
in a spring and Si is the initial deformation, the initial force is Ksi. 
If S 2 is the final deformation, the final force is Ks 2 . The average force 

for the displacement from Si to S 2 is — 


TT _ — Si) _ K(4 - si) 

^ ~ 2 2 


( 1 ) 


Equation (1) gives the increase of potential energy. 

Work is often represented by the area 
of a diagram in which force is the ordinate 
and deformation or displacement is the 
abscissa. Figure 329 is the work diagram 
for a spring. The diagram is a trape¬ 
zoid. The parallel sides are Ksi and Ks 2 , 
and the distance between the sides is 
^^2 “ Si. If the initial displacement is 
zero, the diagram is a triangle and the total work is Ks^l2. 

Problems 

1 . In Prob. 1 of Art. 174, what is the work done in deflecting the board 6 in ? 
Solve without the formula. 

2 . In Prob. 1 of Art 174, what is the work done in deflecting the board 1 ft? What 
is the work of the last 6 in of the foot? (Wstruct the work diagram to the 
scale of 1 in. = 50 lb and 1 in. — 0.25 ft. 

176. Velocity Produced by Elastic Force. When the force is pro¬ 
portional to the displacement, as in the case of a spring, the expression 
for the force is 



P = -Kx 


(1) 
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in which P is the force exerted by the spring, x is the displacement, 
and K is the force when the displacement is unity. The sign is nega¬ 
tive because the direction of the force exerted by the spring is opposite 
to the direction of the displacement. If a body of mass m is attached 



to the spring, as in Fig. 330, the acceleration of this body is given by 
Formula XXV, 

— Kx — ma (2) 

Since acceleration along the X axis is d'^x/dP^ Eq. (2) may be written 

-Kx-mj;? (3) 


A differential equation of the form d'^x/dP = a function of x is solved 
by first multiplying l)oth sides by dx. 

, 7 d-x dx d-x ... 

— Ax dx — m dx - 7 -, = rnri --r- (4) 

dt- dl dt 


Since dx/dt = r, d^^x/dt ~ dv, and Ecj. (4) may be written 

— Kx dx — mv dv 


From the integration of Eq. (5), 

Ax- _ mv'^ ^ 
“2-^ 


(5) 

( 6 ) 


in which C\ is an integration constant. 

In Fig. 330,1, the mass m is in its position of equilibrium with equal 
tension on each of the two springs. In Fig. 330,11, the body has been 
displaced a distance r toward the right and is assumed to be stationary. 
If let free at this point, the body will move to the position of equilib¬ 
rium of Fig. 330,1 and will continue to move to a distance r on the 
left of that position. When x = r, v = 0, Substitution of these 
values of x and v in Eq. (6) gives 


Cl = 


Ar2 

2 


(7) 
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When this value of Ci is substituted in Eq. (6), the final equation is 

mv^ Kr^ Kx^ 

“■“2 2 ^ 

Equation (8) was derived from the equation Force = ma. If the 
right-hand member of the equation represents energy in foot-pounds, 
the mass in the left-hand member must be in geepounds. The equa¬ 
tion is usually written with the mass in pounds and becomes 

K 

" 75 “ = 77 Formula XLIV 

2g 2 

At the position of maximum deflection, at which x = r and the 
velocity is zero, the body is at positive elongation. The distance r is 
called the amplitude. 

Formula XLIV could have been derived directly from the relation 
of the potential to the kinetic energy, without the use of integration, 
^[he integration method here given is general, however, and may be 
applied to any problem in which the effective force is a function of the 
displacement. It is advisable, therefore, to use the method in this 
case w^here it may be checked in order that it may be employed with 
confidence in other cases where the physical relations are not so 
obvious. In numerical problems involving velocity produced by the 
action of simple linear springs, it is better for the student not to use 
the formula but to work out the energy relations directly. 


Example 

A spring suspended from a fixed support is elongated 4 ft when a mass of 24 lb is 
hung on it. The spring is stretched an additional 3 ft and then released. What 
will be the maximum velocity of the Iwdy? What will be the velocity when the 
l^dy is 1 ft from the position of equilibrium? What will be the velocity when the 
body is 2 ft from the position of equilibrium? 

This may be solved by means of the energy relations without direct use of 
Formula XLIV. The maximum velocity is at the position of zero potential 
energy, which is at the position of equilibrium. To stretch the spring 3 ft requires 
a pull of 18 lb. The average pull is 9 lb and the displacement is 3 ft. Potential 
energy at elongation of 3 ft is 9 X 3 = 27 ft-lb. All this energy is transferred into 
kinetic energy as the body returns to the equilibrium position. 

24f;2 Q 

^ - 27 r* ^ X 32.174 
2g 4 
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In coming back from 3 ft to 1 ft, the average force is 12 lb and the work done on 
the body by the spring is 12 X 2 - 24 ft-lb. 




= 24 


V = V64.348 = 8.022 ft per sec 


In returning 1 ft from the maximum displacement, 

Work = X 1 = 16 ft-lb 


V = 6.342 ft. per sec 


Problems 

1, Solve the example above by means of Formula XLIV. 

2. Solve the example above if the load of 24 lb stretches the spring 3 ft instead of 

4 ft. Ans. 9.824 ft per sec; 9.203 ft per sec; 7.323 ft per sec. 

3, A mass of 20 lb rests on a smooth horizontal plane attached to a pair of springs 
as in Fig. 330. The body is at equilibrium at a point A on the plane. It is 
displaced 4 ft from A by a force of 32 lb and then released. Find the maximum 
velocity. Find the velocity when it is 0.5 ft from A . 

Ans, 14.35 ft per sec; 14.24 ft per sec. 

4. Solve Prob. 3 if the coefficient of friction between the mass and the plane is 0.2. 

Ans. Maximum velocity = 12.56 ft per sec. 

6. In Prob. 4, what is the velocity when the mass has returned to A from a point 
4 ft to the right of A? Ans. 12.43 ft per sec. 

6 . In Prob. 5, how far will the body swing to the left of A ? How far will it swing 

to the right of A on the return? How far to the left of A the next time? How 
far to the right the next time? Ans. First time 3 ft to the left. 

7. In Prob. 6, how much potential energy was stored in the spring when the body 
was stationary with a displacement of 4 ft toward the right? When the body 
finally comes to rest account numerically for this energy. 

177. Vibration from Elastic Force. From Eq. (8) of Art. 176, 

which applies to the force of a spring or to any force which is propor¬ 
tional to the displacement and is opposite to the direction of the dis¬ 
placement, the velocity is 


2/2 = ^ x2) (1) 

m 
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If time is measured from positive elongation, where a? = r, then 
C 2 = sin"*^ 1 sin C 2 = 1 


c. = ^ (5) 



"“Equation (8) gives the displacement of the mass in terms of the 
time which has elapsed since it was at positive elongation. If time 
were measured from the position of zero displacement, the equation 
would be 



If if in Eq. (8) is expressed in pounds force, then m must be given in 
slugs. If W is the mass in pounds, 

W 

^ 32 174 

Equation (8) gives the displacement in terms of the mass, the constant 
of the spring, and the interval which has elapsed since the body was at 


positive elongation. 

When X ■■ 

= r, ^ = 

= 0; when a: = 0, 



cos 

Ml 

\m 

= 0 


hence when x = 0, 






\ m 

TT 

2 


(10) 


t = 

TT [m 

2\K 

II 

(11) 

Equation (11) gives 

the time 

from 

positive elongation to 

zero dis- 


placement, which is one-half the time of a single vibration. The time 
of a single vibration, from positive elongation to negative elongation, 
or from zero displacement to positive elongation and back again to 
zero displacement, is given by 
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The time of a complete period, from any point to the same point in the 
same direction, is 



The number of complete periods executed in a unit of time is called 
the frequency of the vibration, which is 


. VKg 
*' VW 


(14) 


Equations (8) and (9) are identical with the coordinates of point B 
in the circle of Fig. 324 if the angular velocity w of the line OB is 
replaced by The expression y/K/m or y/Kg/W is called the 

circular frequency of the vibration and is sometimes written Wn or o)c, 
the subscript referring to the natural or characteristic frequency of the 
vibration. The type of vibration discussed above is called free vibra¬ 
tion, as it represents the motion of a mass actuated by a spring without 
other varying forces, to distinguish it from forced vibrations produced 
by external periodic forces which set up vibrations at frequencies other 
than the natural ones. 

The whole of the analysis above has served simply to prove that the 
motion of a body actuated by a simple spring, with or without the 
addition of a constant for(‘e, is simple harmonic 
motion, or the projection of uniform circular 
motion upon a diameter. Every simple 
harmonic motion can be referred to a circle 
drawn with the center at the point of maximum 
velocity and a radius equal to the amplitude of 
the vibration. Such a reference circle is a 
mnemonic device which can and should be used 
by the student to determine the times of com¬ 
plete or partial cycles of harmonic motion. 

Figure 331 represents a circle of radius r. The angle between the 
horizontal diameter and the radius OB is \/Klm t radians. The 
projection of OB on the horizontal diameter is 




which is Eq. (8). If the point B moves around the circumference of a 
circle with a uniform angular velocity of y/Kjm radians per second, 
the projection of J8 on a diameter of the circle corresponds with the 
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position of a body which vibrates back and forth along this diameter 
under the action of a force —Kx, In Fig. 332, Aj B, C, D, E, etc., are 
equidistant points on the circumference of a circle. If a point moves 
on this circle with uniform speed, it passes from one of these points to 
the next one in the same interval of time. The points B\ C\ D\ 
etc., are the projections of the points B, C, Z), etc., on the horizontal 
diameter of the circle. A body, which is vibrating along the straight 
line AAf, passes from A to B', from B' to C\ from C' to i)', etc., in 
equal time intervals. 

To use the reference circle, first locate the point of maximum velocity 
(the center). This is the point where the body has no acceleration. 



At this point the forces acting on the body are in equilibrium. Then 
find the amplitude of the motion by an energy equation or otherwise. 
At maximum elongation all the energy of the system is in the spring. 
The circle can now be drawn. The maximum velocity of the body 
can be found by an energy equation if there are enough data for the 
solution of the problem. The maximum velocity is the velocity at 
which the reference point moves around the reference circle. To time 
the motion from any point to any other, project the two points on the 
path onto the reference circle and compute the arc length between the 
two projected points. This length divided by the maximum velocity 
gives the time required. 

For the time of a complete period, the circumference of the reference 
circle is divided by the maximum velocity. If the amplitude of the 
motion is increased, the total energy of the system is increased in 
proportion to the square of the amplitude and the maximum velocity is 
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increased in proportion to the amplitude. The time for a complete 
period is unchanged. Vibration resulting from a force proportional 
to the displacement is isochronous, ; 


Example 

Find the time of a complete vibration of the 20-lb mass of Prob. 3 of Art. 176. 
Find the position and velocity 0.3 sec after positive elongation. Find the time 
required to return 3 ft from positive elongation. 

The amplitude is 4 ft and the circumference of the reference circle is 25.1328 ft. 
The maximum velocity was found to be 14.35 ft per sec. 


tc — 


25.1328 


14.35 


- = 1.751 sec 


Tn 0.3 sec the distance traveled on the reference circle is 4.305 ft, which equals 
1.07625 rad, or 6r40'. 

X = 4 cos 61°40' = 4 X 0.4746 = 1.898 ft 
v = 4 sin 61°40' = 14.35 X 0.8801 = 12.63 ft per sec 

At a displacement of 1 ft, the cosine of the angle between OA and OB of Fig. 331 
is 0.25. The angle = 75°31' = 1.3180 rad. Distance on the circumference 
== 5.2721 ft. 

Time = = 0.3C7 sec 

14.00 

Problems 

1 . Find the time of a complete vibration of ^he 24-lb mass of the example of Art. 
176. From this answer find the time to return 1.5 ft from positive elongation. 

Arts. 2.215 sec; 0.369 sec. 

2 . In Prob. 1, how far will the mass rise from the bottom of its path in 0.5 sec? 

Ans, 2.546 ft. 

3 . Solve Prob. 1 for the time of a complete vibration by Eq. (13). 

4 . Solve the example above for the time of a complete vibration by Eq. (13). 

6. A body sliding on a smooth horizontal plane at 6 ft per sec strikes a spring and is 
brought to rest in a distance of 4 ft. Find the time to stop. Ann. ‘jr/3 sec. 
6. If the body of Prob. 5 is a freight car weighing 40 tons and the spring is the 
bumper sometimes used to stop such cars, find the constant and the maximum 
force, assuming the bumper to have the characteristics of a simple spring. 

Am. 11.2 tons; 2.8 tons per ft. 

178. Sudden Loads. When a load is applied to an elastic body, the 
force exerted on the elastic body may be much greater than the weight 
of the load. Figure 333 represents a helical spring on which is placed 
a mass of m pounds. Figure 333,1 shows the natural length of the 
spring. In Fig. 333,11, the mass m is attached to the spring but is held 
up by the support B so that none of its weight comes on the spring. 
If the support B is lowered slowly until all the weight comes on the 
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spring, the condition of Fig. 333,111 is reached. The mass comes to 
rest when the spring is stretched a distance d. If K pounds is sufficient 
to stretch the spring 1 foot, 





Fig. 333. 


The work done by gravity on the mass m while it moves a distance of d 
feet is 


U = md = 


'K 


( 2 ) 


The work done by the mass on the spring, or the potential energy 
acquired by the spring, is 


V 


0 + m 





2 


(3) 
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Equation (3) represents only half the work of Eq. (2). It is necessary 
to account for the remainder. At the beginning of the descent, the 
entire weight of the body rested on the support B. As the body was 
lowered, the spring took an increasingly greater proportion until it 
finally carried the entire load and the reaction of the support became 
zero. The work done on the support B was 

Equation (4) accounts for the remaining half of the energy. 

If the support B is suddenly removed when there is no tension in the 
spring, the motion is that shown in Fig. 333,IV. No work is done on 
the support and all the energy is stored in the spring. If is the total 
elongation of the spring, the average tension is Kdi/2 and the potential 
energy of the spring is Kd\/2. The work of gravity on the mass is md\. 
Equating the work and energy, 

md, = ^ (5) 

= ~ ( 6 ) 

A comparison with Eq. (1) shows that the elongation when the load is 
‘‘suddenly applied’’ is twice as great as when the load is gradually 
applied. When a load is suddenly applied to a spring or other elastic 
body in which the stress is proportional to the deformation, the deform¬ 
ation is twice as great as that due to the weight of the load. Since the 
force is proportional to the deformation, it follows that the force is 
likewise twice as great as the weight of the load. This fact is expressed 
by the statement “Impact load is twice the static load.” 

Since the tension in the spring at the bottom of its path in Fig. 
333,IV is twice the weight of the body, the resultant force upward in 
that position is m pounds. The body will move upward to the position 
of Fig. 333,11 and will continue to vibrate for a long time. It will 
finally come to rest in the position of Fig. 333,111. 

In Fig. 333,V, the body is suspended from the spring by an inelastic 
cord which permits it to fall a distance h before it brings any tension on 
the spring. If d^ is the distance which the spring is stretched, the work 
of gravity on the mass is m(/i+ ^ 2 ), and the work done on the spring is 
Kd\/2. 


^ Kd\ 
m{h + (^ 2 ) = 


(7) 
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When a load falls upon an elastic body, the deformation is greater than 
twice the deformation caused by the weight of the load. The body 
will vibrate according to the laws of a simple harmonic motion from 
the position of no deformation of the elastic body down to the lowest 
point and back again. After it reaches the position at which there is 
no deformation of the elastic body, the load will continue to move as a 
projectile which is thrown straight upward. After reaching the start¬ 
ing point, it will fall and repeat the cycle. 


1 . 


Problems 

A force of 10 lb stretches a given spring 6 in. How much is this spring stretched 
whOU a mass of 40 lb is hung on it so that the load is gradually applied ? 

How much is the spring of Prob. 1 stretched if the mass of 40 lb is put on sud¬ 
denly? What is the tension at the lowest point? What is the time required 
to reach the lowest point? 

The 40-lb mass of Prob. 1 falls on the spring from a height of 1 ft. How much is 
the spring compressed? Ans. 4.828 ft. 

In Prob. 3, what is the entire time required for the mass to fall, compress the 
spring, and return to its original position? 

At the position of equilibrium, the spring is compressed 2 ft. The amplitude of 
the vibration below this point is 2.828 ft. Conse¬ 
quently, the radius of the circle of reference is 2.828 ft. 
The angle B of Fig. 334 is given by the equation 



cos 0 == 


2 

2.828 
= 45 *^ 


If the entire vibration were a simple harmonic motion, 
the time of the complete period would be tc = 1.566 sec. 
The time required to traverse 270® of the reference 
circle is 1.174 sec. The time required to fall 1 ft is 
0.249 sec. The entire time is 1.174 -j- 0.498 ~ 1.672 sec. 

5. A 40-lb body starts from rest and slides down a 30® inclined plane against a 
friction force of 10 lb. After sliding 6 ft it strikes a spring designed to stop the 
body. If the spring has a constant of 20 lb per ft and itself has a negligible 
mass, find the time and distance to stop after contact with the spring. 

Ans. Body stops in 3 ft; maxim um velo city is '\/37i25gr when the spring is com¬ 
pressed 0.5 ft; time = 1.4l7r/\/3.125g. 

6 . Find the distance the body of Prob. 5 will return up the plane and the time for the 

return. Ans. 3 ft; tt ^/2/g sec. 

7. Where will the body of Prob. 5 finally come to rest? 

Ans. 7 ft down from its original starting point at the end of its second downward 
movement. 

8 . Check Prob, 7 by equating the change of potential energy to the total loss to 
friction plus the final potential energy of the spring. 

9 . A 10-lb mass is at rest on top of a spring whose constant is 20 lb per ft when a 
second 10-lb mass dropped from above strikes the first mass with a velocity of 
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8 ft per sec and adheres. Find how far the combined mass will go down before 
stopping and the time to arrive. 

Ans. Center of reference circle is 0.5 ft below initial position of first 10-lb mass; 
radius of reference circle is 0.863 ft; arc of circle for required time is 90*^ + 35®27'; 
t =» 0.794 sec. 

179. Damped Vibrations. Free vibrations do not persist forever 
because energy is dissipated by the air resistance and by an effect called 
elastic hysteresis in the springs which participate in the vibration. 
There may also be ordinary friction forces exerted by surfaces along 
which the vibrating body slides. As energy is gradually lost from the 
system, the maximum velocity of the motion decreases. The ampli¬ 
tude also decreases but not always in the same ratio, so that the time of 
the complete cycle with some types of damping is not exactly the same 
as the time for the ideal frictionless system. Problems 4 to 6 of Art. 
176 and Probs. 5 to 7 of Art. 178 dealt with vibrations resisted by 
constant friction forces. With this kind of friction, the time of vibra¬ 
tion is the same as for the same system without friction. Suppose such 
a vibration to he initiated by moving the body some distance x away 
from the position where the spring force is zero. As the body moves 
back from this position, the restoring force is Kx — F, where F is the 
force of friction. The basic equation of the motion is then 

-(/Cx -F) = (1) 


The body is in equilibrium at the point where the spring force equals 
the friction force, or a distance F/K from the point where the spring 
force is zero. In Eq. (1), let x = x' + {E/K) and Eq. (1) becomes 


—Kx^ = m 


d'^x' 

dF 


( 2 ) 


Equation (2) is identical with Eq. (3) of Art. 175 except that x is 
replaced by x\ The two equations are identical since the x of the one 
and the x' of the other are the distance of the body from the position of 
equilibrium. The total distance the body will travel during the first 
vibration is 2x' and this motion can be followed by a point moving 
uniformly along a semicircle of radius x' at a velocity equal to the 
maximum velocity of the body during this vibration. But for the next 
vibration, the position of maximum velocity will be at a distance F/K 
on the opposite side of the position of zero spring force. The center of 
the next reference semicircle is at this new position and the radius is 
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— 2{FfK), The time of any vibration is the same as that of the 
first. The succession of reference semicircles forms the pseudospiral 
shown in Fig. 335,1. Figure 335,11 shows the displacement of the 
body from the position of zero spring force plotted against time in units 
of one-quarter cycle. The motion is not difficult to visualize or to 
calculate exactly, but there is no simple mathematical expression for 
the displacement as a function of time. The motion ends abruptly the 
first time the body stops anywhere between the two centers of maxi¬ 
mum velocity, since in this region the force of the spring is not sufficient 
to overcome the friction force. 

If the damping force is proportional to the velocity of the body 
instead of constant, it can be shown that the reference figure is a true 
spiral and that, ideally, the motion would never cease. In this case 


X 



there is a simple mathematical function to express the displacement¬ 
time relation. This kind of damping is called viscous damping, and it 
represents the effect of internal hysteresis nearly enough to make the 
equation for the motion of practical use in engineering. If the resist¬ 
ance constant, or the resisting force at unit velocity, is represented by 
c, the equation of vibration with viscous damping is 

X = cos - — (3) 

2m ^ 

if time is measured from the instant when the body was at a distance A 
from the position of equilibrium and at positive elongation. In this 
expression K Is the spring constant, m is the mass of the body (in proper 
units), and t is the time. The appearance of — under the radical 
sign indicates that the total time of a cycle with this kind of damping is 
a little greater than that for an undamped system with the same mass 
and spring. 
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Problems 

1. A mass of 50 lb is attached to two horizontal springs as in Fig. 330 and placed 
on a horizontal table where the coefficient of friction is 0.2. The constant of 
each of the springs is 20 lb per ft and there is enough initial tension so that the 
springs do not buckle and get out of line during the motion. If the body is 
displaced 4 ft from the position where the two spring forces are equal and there 
released, where will the body finally come to rest and what time will elapse 
before this happens? 

Ans. Stops where spring forces are equal after 4x \/bjQ ace. 

2 . Check Prob. 1 by comparing the original potential energy in the springs with the 
friction force multiplied by the total distance of sliding. 

3 . A body hanging from a spring runs up and down between vertical guides. If 
the region in which the body will remain at rest is 0.5 in. long, how many vibra¬ 
tions will the body make before coming to rest when it is released at a point 2 in. 
from the middle of the region of rest? 

180, Forced Vibrations. A mass which is free to move, even though 
its motion >s impeded by friction or attachments like springs, can, obvi¬ 
ously, be forced to move in any desired manner if suitable forces are 
applied to it. If the motion pro¬ 
duced by the applied forces is a peri¬ 
odic motion, it is called a forced 
vibration. When the forced vibration 
is to be a simple harmonic vibration, 
it is not difficult to determine what kind of force is necessary, provided 
the motion of the mass is impeded only by a simple, linear spring. 

Figure 336 shows a mass m, on a smooth horizontal table, attached 
to a spring of constant K. It is desired to move the mass in the direc¬ 
tion of the spring with a simple harmonic motion of amplitude R and 
an arbitrary circular frequency of oj. The double-ended arrow above 
the mass marked F{t) symbolizes some kind of back-and-forth force 
which varies in some as yet unknown way with time and which is to be 
applied to the mass to produce the motion 

X — R cos 0)1 (1) 

The velocity of the required motion at any time is found by differ¬ 
entiating Eq. (1). 

dx 

-j- = —R(j) sin o)t (2) 


F(^) 



Fig. 336. 


The acceleration is found by differentiating again, and 

r> 2 . 

= —/ca>2 COS o)i 

ar 


(3) 
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The effective force acting on the mass at time t is 

F{t) — Kx = F{i) — KR cos (j)t (4) 

Putting the expression for the force from Eq. (4) and for the accelera¬ 
tion from Eq. (3) into the equation Force = mass X acceleration gives 

F{t) — KR cos cot — — mRo)^ cos cat (5) 


It cannot be determined from this analysis whether any other expres¬ 
sion for F{t) would do, but it is obvious that if F{t) = F cos cot, a simple 
relation between F and the other elements of Eq. (5) is obtained. 
Making this substitution for F(t) and canceling cos cat, there results 


F = KR - mRca^- 


(to 


Solving Eq. (6) for R and substituting in Eq. (1)* gives 


_ F cos cot 
K — mca^ 


(7) 


The force F cos cat is called a sinusoidal force, and such a force applied 
to simple spring-mass systems produces simple harmonic or sinusoidal 
motions. This type of force and consequent motion arises from rotat¬ 
ing machinery, vibrating bodies, and electromagnets carrying alter¬ 
nating currents. Equation (7) is a formula for finding the amplitudes 
resulting from such forces or the required maximum intensity of such 
forces to produce vibrations of specified amplitudes. The equation 
can be made to appear simpler by letting F/K — Xs, the static deflec¬ 
tion or distance the maximum value of ine force would extend the 
spring, and letting M/K = coc, the characteristic circular frequency of 
the free vibration of the mass on the spring without outside forces. 
With these substitutions, Eq. (7) becomes 


Xe cos cat 
1 — {co/cOcy 


Formula XLV 


When the frequency of the applied force coincides with the natural 
frequency of the system to which it is applied, the denominator in Eq. 
(7) or in Formula XLV becomes zero, which seems to imply that the 
amplitude of the motion would be infinity. A more common-sense 
interpretation would be that a vibration of any desired amplitude at 
this frequency, once started, can be maintained without any outside 
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force. Actually, no system can be devised without some damping 
effects and to keep the amplitude constant a small amount of energy 
must be put into the system to make up the damping losses. The 
condition at which the denominator of Formula XLV is zero is called 
resonance^ and in this condition a very large amplitude can be main¬ 
tained with an extremely small sinusoidal force. 


The factor 


1 


of Formula XLV is called the amplifying 


1 — (cj/cOc)^ 

factor since it is a factor by which the static deflection (which would 
result from a simple application to the system of the maximum force) 
must be multiplied to predict the amplitude of the motion resulting 



Fig. 337. 


from the sinusoidal force. Figure 337 shows the amplifying factor 
plotted against the frequency ratio. This curve is known as the 
resonance curve. Beyond the point where the frequency ratio is unity, 
the maximum displacement due to the sinusoidal force is in the opposite 
direction from the force. This part of the curve is plotted, for con¬ 
venience, with the sign reversed. The solid curve extends to infinity 
at resonance. The other curve shows what would actually happen if 
the spring-mass system were damped so that each free vibration would 
have an amplitude 80 per cent as great as the preceding one. The 
equation for the dotted curve is somewhat more complicated than that 
for the solid one. 

In order that the student may have a better understanding of 
Formula XLV, he should do the two following exercises: 
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1. Repeat the derivation, assuming instead of Eq. (1) the desired motion to be 
X ™ R sin 

2. Assume that the external force is to be applied to the mass of Fig. 336 by an 
additional spring, and draw a figure like Fig. 336 with the additional spring between 
the mass and a support at the left, (a) Let the constant of this additional spring 
be K' and determine (in terms of m, fv, and w) the value of K' needed to cause the 
mass to (ixecute free vibrations at the circular frequency w under the combined 
action of the two springs. (6) Find the amplitude R of this vibration to cause 
the maximum force exerted by the additional spring to be F. (r) Substitute this 
value of R in the equation x = R cos o>t or x = R sin a><. 

Problems 

1 . A mass of 8.04 lb, mounted on a spring with a constant of 9 lb per ft, has within 
it a small rotor turning at 120 rpm. If the eccentricity of this motor sets up a 
disturbing force of 1 oz, what will be the magnitude of the resulting vibration? 

Arts. 0.92 in. 

2. Find what spring constant would be needed in Prob. 1 to reduce the vibration 
to 0.002 in. 


181. Torsional Vibrations. In many practical engineering cases 
bodies are restrained in their angular motions by shafts, rods, springs, 
or other elastic restraints tending to restore them to their positions of 
equilibrium with torques which are proportional to their angular dis¬ 
placements. All that has been said about linear vibrations is properly 
applicable to such torsional systems and all equations may be trans¬ 
lated into torsional equations by substituting moments of inertia for 
mass and angular velocities and accelerations for their linear counter¬ 
parts. If K is the torque required to displace the body 1 radian from 
its position of equilibrium and the body on the elastic rod or spring is 
twisted through an angle from the position of equilibrium, the work 
done is Kfi‘^/2. This work is stored up as elastic energy. If the body 
is released and permitted to rotate back to the position at which its 
displacement from the position of equilibrium is the change in elastic 
energy is the first member of the eejuation 


2 2 2 


Formula XLVI 


The second member of Formula XLVI is the kinetic energy of rotation. 
If the torque K is expressed in pound-feet, the moment of inertia I is 
the mass in slugs multiplied by the square of the radius of gyration in 
feet. 

W 

g 


I = 
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Formula XLVI for angular motion corresponds with Formula XLIV 
for linear motion. The formula states that the sum of the potential 
and kinetic energy is constant and is equal to the potential energy at 
the maximum displacement. 


Problems 

1, A homogeneous solid cylinder 1 ft in diameter and weighing 20 lb is suspended 
with its axis vertical by means of a J^-in. steel rod 10 ft in length (Fig. 338). 
A force of 3 lb at the end of an arm 1 ft long is capable of twisting this rod 



through 1 rad. The cylinder is rotated through an angle of 180® and then 
released. Find its maximum angular velocity. 

20 11 *^5 

.4ns. A" = 3 / = 32 j ;74 ^ 4 ^ 2 “ 32.T74 H = K\e 0 

2.6 

05* = 3 X 9.87 4- g2~l74 ^ ~ 19.52 rad per sec 

2 . Solve Prob. 1 if the initial displacement is 90°. 

Ans. Maximum w = 9.76 rad per sec. 

8 . Solve Prob. 1 for the velocity after the cylinder has returned 135° from the 
maximum displacement. Ans, w = 18.90 rad per sec. 

4 . Find the time of a complete period of the system shown in Fig. 338 with the two 
3-lb masses included in the system. Solve by assuming the masses pulled 
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down 1 ft and released. Then find the velocity of one of the masses pn return 
and divide this velocity into 2ir, the circumference of the reference circle. 

182. Period of Oscillation. Formula XLVI is mathematically iden¬ 
tical with Formula XLIV for the linear velocity caused by a force which 
varies as the displacement. 

If the circular motion of a point which moves with the angular 
velocity of Formula XLVI is developed into linear motion, as shown 
in Fig. 339, this developed motion is simple harmonic. If a sheet of 
paper is placed on a cylinder which has this motion and a pencil is 



Fig. 339. Fig. 340. 


moved with constant speed parallel to the axis, the pencil mark is the 
sine curve of Fig. 340. 

Since the angular motion of a body subjected to torque which varies 
as the angular displacement is a simple harmonic motion, it may be 
studied by means of a circle of reference. The radius of this circle of 



Fig. 341. 


reference is the angular amplitude /3 expressed in 
radians (Fig. 341). A point may be considered as 
moving in the circumference of this circle with a 
linear velocity which is equal to the maximum 
angular velocity of the vibrating mass. The time of 
a complete period is the time required for this point 
to make one complete revolution around the circle of 
reference. The angular velocity at any instant is the 


component along the diameter of the circle of this maximum velocity in 


its circumference. 


The time of a complete linear vibration is 
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in which m is the mass in slugs and K is the force required to cause 
unit displacement. For angular vibration, 


tc = 27r 



( 2 ) 


in which K is the torque which will cause unit angular displacement 
and / is the moment of inertia. If the torque is in pound-feet, the 
moment of inertia is the product of the mass in slugs multiplied by the 
square of the radius of gyration in feet. Equation (2) may be written 


tc = 27r 




Wk^ 

32.174S: 


(3) 


in which W is the mass in pounds and k is the radius of gyration in feet. 


Problems 

1 . Find the time of vibration of the cylinder of Prob. 1 of Art. 181 by means of the 
reference circle. Check by Eq. (3). The radius of the reference circle is the 
amplitude in radians which is tt. The circumference is 2%^. 

. , 2 X 9.87 , _,, 

Ans. U = -1^52“ = 1-011 • 

2. A homogeneous .solid cylinder is 2 ft in diameter and weighs 04.348 lb. It is 
suspended with its axis vertical by means of a steel rod and makes 100 complete 
vibrations in 240 sec. What torque in pound-feet will twist this rod 1 rev? 

Ans. K = 6.854 Ib-ft; T * 43.06 Ib-ft. 

183. The Gravity Pendulum. A body which is free to rotate 
through a small angle about a horizontal axis under the action of its 
own weight is a pendulum. The axis 0 of Fig. 342 
is called the axis of suspension. If m is the mass of 
the pendulum in slugs, the weight in pounds is mg. 

If f is the distance of the center of gravity below the 
axis of suspension, the work required to displace the 
pendulum a small angle 6 from its position of equilib¬ 
rium is mgr12 (see Art. 73), which can be equated 
to /oa)^/2, where co is the maximum angular velocity 
of the pendulum on its swing back through the 
equilibrium position and lo is the moment of inertia 
in pounds feet squared. The maximum displacement 
of any point distant I from 0 (along an arc) is 16 and 
the circumference of the reference circle for this point 
is 2Trl6. The maximum velocity of this point during the swing is col. 
From the energy equation, co = 6 \mgr/Io. Dividing the circum- 
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ference of the reference circle by the maximum velocity, thfe time for 
a complete period is seen to be 



Since / = 

1-1077 ( 2 ) 

in which k is the radius of gyration with respect to the axis of suspen¬ 
sion and f is the distance from the axis of suspension to the center of 
gravity. 

The ideal simple pendulum consists of a point mass suspended from 
a weightless cord. In this case the length of the cord I is identical with 
k and f, so that Eq. (2) becomes 

1 . - 2 , ( 3 ) 

It can be seen from this equation that a simple pendulum extending 
from the same point of suspension down to the center of percussion of 
a physical pendulum will have the same period of vibration. 

Problems 

1 . A uniform rod 6 ft long rotates about an axis througli one end perpendicular 
to its length- Find the time of one complete vibration. 

Ans. = 6V3 = 12; f = 3; = 27r = 2.216 sec. 

2 . Find the time of vibration of the rod of Prob. 1 with respect to an axis per¬ 
pendicular to its length 2 ft from one end. Ans. tc == 2.216 sec. 

3 . A rectangular board of uniform thickness and density is 3 ft long and 1 ft wide. 
The board vibrates as a pendulum about an axis perpendicular to its plane 
through the middle of one 1-ft edge. Find the time of vibration. 

Ans. tc = 1.589 sec. 

4 . Find the time of vibration of a thin rod 20 in. long about an axis perpendicular 
to its length 4 in. from one end. Use inch units with g = 386. 

Ans. tc ^ 1.087 sec. 

6. A thin rod 18 in. long vibrates about an axis perpendicular to its length. Find 
the value of k^/f when the axis is at the end, 2 in. from the end, 4 in. from the 
end, 6 in. from the end, and 8 in. from the end. 

Ans. k^/f = 12 in., 10.857 in., 10.40 in., 12 in., 28 in. 
6. A flywheel is 4 ft in diameter and has its center of mass at the axis. The wheel 
vibrates as a pendulum about a knife-edge under the rim at 23 in. from the axis 
(Fig. 343). The wheel makes 100 complete cycles in 196 sec. Find its 
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radius of gyration with respect to the knife-edge and with respect to the axis 
through the center of gravity. Ans. k *= 29.39 in.; 18.30 in. 



7. A uniform bar of length / vibrates as a pendulum about an axis perpendicular 

to its length at a distaiu e of one-third its length from one end. Find the length 
of the equivalent simple pendulum Ans V = 2//3 

8 . What IS the position of the axis of suspension of a uniform bar which gives the 
minimum time of vibration? What is the length of the equivalent simple 
pendulum? 


Ans f 



I 

V3 


0 577/ 


CHAPTER 19 


MOVING FRAMES OF REFERENCE 

184. The Newtonian Frame of Reference. In all that has been said 
before, it was tacitly assumed that the observer of the bodies under 
study was at rest in a room or framewhich itself had no motion. 
The coordinate axes used to measure displacements and velocities were 
also at rest relative to this frame. Such a frame of reference is called 
a Newtonian frame after Newton, who conceived a frame of reference 
absolutely fixed in space with the sun as a center and with no rotation 
relative to the “fixed’’ stars. It is within this frame that the simple 
relation, force is proportional to the product of mass and acceleration, 
is found to be valid. But since a body under the influence of no force 
proceeds in a straight line at constant speed, a set of such bodies all 
with the same velocity would be at rest relative to a frame moving 
along with them, and the bodies in such a frame would acquire veloci¬ 
ties relative to the moving frame in accordance with the basic Newtonian 
equation. It is for this reason that a frame moving with uniform 
velocity and without rotation is also called a Newtonian frame. 

Probably nowhere will any man ever find himself in a position to 
make observations in a true Newtonian frame, but any frame fixed 
relative to the earth is so nearly moving in a straight line with uniform 
velocity that it is, for most practical purposes, such a frame. There 
are, however, some practical problems which require that the motion 
of the earth be taken into account, and there are numerous problems 
relating to moving, especially rotating, machines and their parts which 
can best be studied by means of frames of reference fixed relative to 
some moving part or, in simple words, moving with it. Problems of 
dynamics and statics in such frames are customarily reduced to equiv¬ 
alent systems in Newtonian frames by the addition of certain fictitious 
forces acting on the masses under consideration and, in their magni¬ 
tudes and directions, depending on the motions of the frames as well as 
the magnitudes of the masses themselves. A proper set of such ficti¬ 
tious forces could be found for a frame moving in any specified manner. 
Only the frame moving with uniform acceleration and the frame turn- 

386 



Chap. 19] 


MOVING FRAMES OF REFERENCE 


387 


ing with uniform angular velocity will be discussed below, since frames 
with other types of motion are rarely necessary in engineering work. 

186. Equivalent Systems. The system of forces and masses con¬ 
stituting a problem of mechanics can often be replaced by a different 
(usually simpler) system which will, upon solution, yield some or all of 
the results obtainable from the original system, the second system 
being equivalent mathematically to the first. Figure 344,1 shows the 
system of Example 2 of Art. 157. The action of this system does not 
depend on the mass of the 240-pound drum but only on its radius and 
moment of inertia, so that the drum may be replaced by any other 
drum of the same radius and moment of inertia as the one in the 



Fig. 344. 


system. If the homogeneous solid cylinder is replaced by an infinitely 
thin hollow cylinder of the same radius r and mass m', the moment of 
inertia will be unchanged if m' is determined so that 


/ 


mr- , , 



( 1 ) 


in which m' is the equivalent mass. Since the linear acceleration of 
every particle of this imaginary cylinder is the same as that of the rope, 
it may be replaced by the equivalent mass with linear motion in a 
horizontal plane as shown in Fig. 344,11. Since the total equivalent 
mass is 180 pounds and the effective force is 60 pounds, it is evident 
that the linear acceleration is g/S and that one-third of the gravity 
force of 60 pounds is required to accelerate the 60 pound mass. 

The equivalent mass in this example turns out to be one-half the 
actual mass, but this is a special case for a homogeneous solid cylinder 
reduced to equivalent mass at the 'periphery. It may be desired to 
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reduce rotating bodies of other shapes to equivalent masses at any 
distance r from their centers, in which case 



( 2 ) 


In the example above and the problems following, no advantage is 
gained from the use of equivalent systems except that some labor is 
saved in solving the equations. When there is a large number of con¬ 
nected bodies in the actual system, the time saved may be considerable 
but the principal value of an equivalent system for the student may be 
in the better grasp of the physical concepts which its use can give. 


Problems 

1 . A wheel 6 ft in diameter weighs 500 Ib. Its radius of gyration is 2.4 ft. What 
mass concentrated at the rim will have the same moment of inertia? What 
linear acceleration will be given to the rim by a force of 96 lb applied by a thin 
belt? 

Ans. Equivalent mass = 320 lb; a = 0.3^ = 9.652 ft per sec per sec; a = 3.217 
rad per sec per sec. 

2. A wheel 5 ft 11 in. in diameter weighs 600 lb and has a radius of gyration of 
2.7 ft. A 1-in. rope hangs over the wheel and carries 40 lb on one end and 240 Ib 
on the other end. The friction is sufficient to keep the rope from sliding. Find 
the acceleration of the rope, the angular acceleration of the wheel, and the ten¬ 
sion in each vertical portion of the rope. 

Arts, a — 200^/766 = 8.40 ft per sec per sec; a = 2.8 rad per sec per sec. 

3. A homogeneous solid cylinder rolls down a 20° inclined plane where the rolling 
resistance is negligible and the friction is sufficient to prevent sliding. Find 
the acceleration. 

Arts. The rolling cylinder has 1.5 times the kinetic energy of the same mass in 
simple translation, and a = 2g sin 20°/3. 

4. Assuming that the mass P of Fig. 200 (page 198) is large enough to accelerate 
downward, convert the system into an equilivalent rotating system and find the 
angular acceleration. 

Ans. The equivalent moment of inertia equals the moment of inertia of the 
wheel plus the quantity (Pr* + Wa*). The effective torque is (Pr — Wa), 

6. Convert the system of Fig. 201 (with P assumed large enough to cause its 
acceleration to be downward and the mass of the moving pulley negligible) into 
an equivalent torsional system and find the angular acceleration. Check by a 
direct solution by writing separate equations for each of the several bodies. 

6. A mass of 10 lb suspended by a cord from a spring is found to vibrate at the 
rate of 90 complete cycles per min. When the cord between the spring and the 
10-lb mass is looped around a pulley 3 ft in diameter mounted to turn freely on 
a horizontal axis, the frequency is reduced to 10 cycles per min. Find the 
moment of inertia of the pulley. Ans, 45 Ib-ft®, 
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186. D’Alembert’s Principle. If a is the acceleration of a body in 
any given direction, and Pi, P 2 , . . . , are components of the applied 
forces in that direction, Newton’s second law may be written 


Pi + P 2 + • • • = XP = ma (1) 

in which SP represents the sum of the components of the applied 
forces in the direction of the acceleration. This is the effective force. 
Equation (1) may be written 

ZP - ma = 0 (2) 

In this form the equation represents D’Alembert’s principle. The 
quantity represented by ma is now called the reversed effective force. If 
a body or portion of a body is accelerated by a system of forces, a 
fictitious force which is ecjual to the product of the mass multiplied by 
the acceleration and in a direction opposite to the acceleration may be 
added to the applied forces and the resulting equation will be an equa¬ 
tion of equilibrium. When the motion of the body is a pure transla¬ 
tion, the reversed effective force is applied at the mass center of the 
body to reduce the problem to an equivalent problem of statics. When 
the body has angular as veil as linear acceleration, a reversed effective 
force must be applied to each 'particle of the body. The resultant of 
the reversed effective forces on the whole body is the equilibrant of the 
actual ext<'rnal force system acting on the body and in general does 
not act along a line passing through the mass center. In rotating 
bodies, the radial component of the reversed effective force is often 
called eeritrifugal force, D’Alembert’s principle is not an essential 
principle of mechanics. In making use of the principle, the student 
should avoid logical confusions by keeping in mind that the revised 
system is an equivalent system and that the D’Alembert forces have no 
reality in fact. The use of the principle of D’Alembert is in reality a 
consideration of the problem from the standpoint of a moving frame 
of reference and, as such, it has ample logical justification. 

Example 

Find the reactions in Fig. 301 by the use of D’Alembert’s principle. Assuming 
that the body will move to the right with a linear acceleration but without any 
angular motion, the resultant of all forces is 200 lb horizontally to the right through 
the center of gravity. Add to the figure a fictitious force of 200 lb through the 
center of gravity and toward the left. Take moments about the point where the 
rear wheel touches the rail, 

200 X 2 -f 4 R 2 =» 200 X 3 + 800 X 2 Ri ^ 450 lb 
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Problems 

1. Finish the example by finding Ri by moments and check by vertical resolution. 

2. An automobile with rear-wheel drive has a 10-ft wheel base and a center of 

gravity 4 ft above the road and 6 ft forward of the rear axle. Find the maxi¬ 
mum forward acceleration as limited by a coefficient of friction of 0.6 at the 
driving wheels Ans. 10^/19. 

8. Three small 1-Ib masses are held by three light rods at the angles of an equi¬ 
lateral triangle with sides 2 ft long. Find the tension in the rods due to rotat¬ 
ing the system about its mass center at 30 rad per sec. Ans. 600/fi[ lb. 


187. Reference Frame with Linear Acceleration. Figure 345 repre¬ 
sents a frame Oxy fixed in space and another frame O'x'y' moving with 
a uniform acceleration. Point P is moving in any manner relative to 
0^x'y\ and its coordinates with respect to this frame are x',y', Let the 

X component of the acceleration of 
the frame O'x'y^ be h and the y com¬ 
ponent be c. The coordinates of 
O' with respect to Oxy are u and z. 
The coordinates of P with respect 
to Oxy are {u + x') and {z + y'). 
The x components of the velocity of 
P relative to the fixed frame are 


o' 


..x'—— 


d . , du . dx' 

- + ■ w + ir 


Fig. 345. 




^ , dy' 
dt dt 


(1) 

( 2 ) 


and the components of the acceleration of this point are 
_ dvx _ d'^u dV , d^x' 

dvy d^z , d^y' , d^y' 

~ It ~ IP 


(3) 

(4) 


Equations (3) and (4) show that the acceleration of the point P rela¬ 
tive to the fixed frame is simply its acceleration relative to the moving 
frame added (vectorially) to the acceleration of the moving frame. 
When the moving frame is moving with uniform velocity, h and c are 
zero, and the acceleration of the point P relative to the moving frame is 
also its absolute acceleration. This was stated without proof in 
Art. 184. 

In the process of solving problems in which accelerating frames of 
reference are used, the acceleration of the frame must be added to the 
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acceleration of each body relative to the frame to get the correct accel¬ 
eration, or there must be applied to each body under consideration a 
reversed effective force corresponding to the acceleration of the frame 
of reference which is being used. The second alternative often seems 
much simpler. The set of fictitious forces added to the system con¬ 
stitutes a field of force in every way resembling gravitation in a direc¬ 
tion opposite to the acceleration of the frame and of magnitude propor¬ 
tional to the masses and to the acceleration of the frame. If the frame 
is accelerating to the right at 0.25^, every mass under consideration, 
whatever its velocity and acceleration, is considered to have acting on 
it a force of 0.25 of its weight to the left in addition to the actual 
gravity force, its weight, downward. The result of this modification 
of the actual system is an equivalent system to which the basic laws of 
mechanics are strictly applicable. In the special cases where no part 
of the system under consideration is accelerated relative to the refer¬ 
ence frame, the ec^uivalent systems make each problem a problem of 
statics such as the example and problems of Art. 186. 

Example 1 

While a train on level track is accelerating forward at 0.1 gr, a 60-lb suitcase is 
moved from the floor at the roar of the car and placed on a rack 40 ft toward the 
front and 0 ft above the floor. Find the work done. 

Work done against gravity 60 X 6 = 360 ft-lb 

Work against D’Alembert’s force 6 X 40 = 240 ft-lb 

600 ft-lb total 

Example 2 

Find the horizontal and vertical components of the velocity required to throw 
a ball from the rear of the car of Example 1 to a point at the same elevation and 
60 ft forward if the maximum height of the traji^ctory above the end points is to be 
4 ft. Assume (/ = 32 ft per sec per sec. 

Ijet Vy and Vx be the components of the initial velocity relative to a frame of 
reference moving with the car. Acceleration components are downward 32 ft 
per sec per sec due to gravity and 3.2 ft per sec per sec horizontally toward the 
rear of the car due to D’Alembert’s force. Let IF = the weight of the ball. 

Illy-. = 4W V,, - 16 
2(7 

Average upward velocity = ^ % = 8 ft per sec 

Total time of flight ^ 2 X % — \ sec 

Final horizontal velocity = t^x — 3.2^ = t)x — 3.2 

Average horizontal velocity =» c* — 1.6 


{vx — 1.6)1 = 60 Vx = 58.4 ft per sec 



392 


MECHANICS 


[Art. 18S 


Problems 

1. Check Example 2 by equating the change in kinetic energy during the flight 
to the work done against D’Alembert’s ioftiee. 

2. Solve Example 2 if the maximum height of trajectory is 9 ft. 

8. Find the angle with the vertical at which ♦simple pendulum will hang at rest 
relative to the car of Example 1 and find the time of a complete period of such 
a pendulum in the car. Ans. 5®43'; 27r vT/1.005^. 

4. Find the work required to lift a 40-lb body 4 ft from the floor of an elevator 
accelerating at 0.5^ upward and replace it while the elevator is accelerating 
at 0,25g downward. Ans. 40 ft-lb. 

6. Does it make any difference which way the elevator of Prob. 4 is moving during 
either part of the action of lifting and replacing the body? 

6 . A 40-lb body hangs from a spring whose constant is 20 lb per ft in an elevator 

while it accelerates upward at 0.25f/. IIow much is the spring stretched at the 
equilibrium and what is the circular frequency of the free vibration about this 
position? Ans. 2.5 ft; \/oT5gf. 

7. A 200-lb block of ice 5 ft back of the cab in an ice truck running on a level road 

moves forward relative to the truck when the brakes are applied. Suppose the 
ice can move 5 ft before striking the cab of the truck, the coefficient of friction 
between ice and floor is 0.1, and the brakes are applied to cause an acceleration 
of 0.25gr, Find the time for the ice to strike the cab and the amount of energy 
dissipated by the impact. Ans. 1.44 sec; 150 ft-lb. 

8 . A body is given an initial lateral velocity across the floor of a car accelerating 

horizontally at O.SSg. The coeflicient of friction between the body and the 
floor is 0.2 and it is required to determine the path of the body. The problem 
being beyond the power of simple mathematics, it is desired to set up an inclined 
plane model to obtain the answer experimentally. Find the necessary angle of 
inclination and coefficient of friction. Ans. 22°20'; fj, — 0.216. 

9. An airplane climbs at an angle of 30® while accelerating at 0.2^ in the direction 

of its path. Assume that the floor of the plane is level laterally and parallel 
to the flight path longitudinally. A body is released on the floor and slides 
6 ft to the rear. Find its velocity relative to the plane if the coefficient of 
friction is 0.125. Ans. 15.2 ft per sec. 

188. Rotating Reference Frame. In dealing with the motion of 
bodies in a frame of reference with uniform acceleration, it was neces¬ 
sary only to add to the acceleration of the bodies relative to the frame 
the acceleration of the frame itself. In the case of a frame with angular 
velocity, however, every point in the frame has an acceleration toward 
the center of rotation of the frame, the familiar riP, and every body 
moving within the frame has an acceleration, 2^;^2, arising from its 
velocity. To get the absolute acceleration of a body moving in the 
frame, these two accelerations must be added vectorially to the acceler¬ 
ation of the body relative to the frame. The problem is of considerable 
practical importance. The formulas for the position and velocity 
accelerations are relatively simple, and practical problems are greatly 
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simplified by the use of reversed effective forces corresponding to these 
accelerations. When these forces are added to the system it becomes 
an equivalent system in a Newtonian frame. Numerous derivations 
of the two expressions for acceleration given above may be found in 
works on mechanics. The following one is presented for its simplicity 
rather than for its elegance. 



A 

Fia. 346. 


In Fig. 346,1, let P and P' be two points fixed in a plane which is 
rotating counterclockwise about the center 0 with an angular velocity 
12, and let r be the distance OP, A moving point at P has the velocity 
V toward P' and travels from P to P' in the short interval of time dt. 
Let the angle POP' = 12d/andletOQ = OP. Let the angle QPP' = d. 
The moving point passes from P to P' along its path in the rotating 
plane in the same time that the line OP rotates into the absolute posi¬ 
tion formerly occupied by OQ, 

As the moving point passed through P, its absolute velocity was the 
vector sum of v and rl}, the absolute velocity of P. These two vectors 
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are shown in Fig. 346,11, AB being v in its initial absolute direction and 
BC being rO normal to the initial position of OP, When the moving 
point arrives at P', the direction of PP' will have changed by the angle 
dt and v will have the direction AF, The absolute velocity of the 
point P' is 

(r + QP') 0 = {r + V dt sin 6) 12 

In Fig. 346,11, AF and FE are the components of the absolute velocity 
of the moving point as it passes P', and the vector difference CE is the 
change in the absolute velocity of the moving point in the time dt. 

Let the vector difference CE be resolved into the two components 
CG and CrP, and let CG be made arbitrarily equal to rOP' dt in the direc¬ 
tion PO. It remains only to show that, when dt is made infinitesimal, 
GE becomes 2^;0 dt and its direction is perpendicular to v. Both com¬ 
ponents must be divided by dt to arrive at the central and lateral 
components of acceleration of a point moving with uniform velocity 
relative to a rotating plane. 

Let B be the origin of the rectangular coordinates Bx and Pz/, with 
By in the initial direction of v. 

Since CG was made equal to dt, the angle CBG = 12 dt, 
BF = vU dt along the x axis when dt approaches zero. FE is normal 
to OP' after OP' has rotated through the angle 12 dt and hence makes the 
angle 212 ^ with the y axis. The ordinate of E minus the ordinate 

of G is 

yE — Vq — (r V dt sin ^)12 cos {6 + 212 dt) — rl2 cos (^ + 12 dt) (1) 

Upon expanding the cosines of the sums, replacing cosines of small 
angles by unity and sines of small angles by the angles themselves, 
and dropping the term with the factor dt^, Eq. (1) becomes 

Ve — yo = rl22 dt sin 6 — vU dt sin 0 cos d (2) 

From Fig. 346,1, v dt cos 0 = PQ = rl2 dt, and when this substitution 
is made the right-hand member of Eq. (2) becomes zero. The com¬ 
ponent GE is perpendicular to the velocity of the moving point at P. 

Making x positive toward the left, noting that BF = dt, the 
difference of the abscissas of E and G is 

Xe — Xq 

= z;12 d/ + 12(r + v dt sin B) sin {9 + 212 dt) — rl2 sin dt) (3) 

Expanding the sines of the sums and reducing as before, this becomes 
Xe — Xa — vU dt + rl2^ dt cos 9 + vQ dt sin^ 9 (4) 
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Substituting v cos ^ for rl2 in the second term, 


Xe Xa = 2t;0 dt 


( 5 ) 


(normal to the direction of the velocity). 

Dividing Eq. (5) by dt and designating —— as ac, 

ac = 2vQ Formula XIjVII 

The 2v^ of Formula XLVII is called the Coriolis acceleration. The 
component of acceleration directed toward the center of rotation of the 
frame of reference, is called the centripetal acceleration as before. 
The Coriolis acceleration is perpendicular to the velocity and to the 
left in a frame with counterclockwise rotation or to the right in a frame 
with clockwise rotation. These accelerations must be added vectori- 
ally to the acceleration of the moving point relative to the frame of 
reference to get its absolute acceleration. The proof of this proposition 
is tedious and unenlightening and is here omitted. The process of 
adding the accelerations may also be tedious, and it is usually simpler 
to take care of them by adding D’Alembert forces to the real forces of 
the system under study and so to reduce the problem to an equivalent 
system in a Newtonian frame of reference. 

To take care of the centripetal acceleration, a fictitious force of 
is assumed to act outward (from the center of rotation) on every 
particle of mass of the system under consideration and a force of 2mv^ 
laterally (to the right in a system rotating counterclockwise) on every 
particle of mass moving relative to the frame of reference. The first 
of these forces” is properly called the centrifugal force when a rotating 
reference frame is used and the second is called the Coriolis force. In 
these expressions, m is the mass of the particle (in proper units), r its 
distance from the axis of rotation of the reference frame, v its speed 
relative to the frame, and 0 the angular velocity of rotation of the 
reference frame. Only the component of z; in a plane perpendicular to 
the axis of rotation of the reference frame is used in computing the 
Coriolis force when the problem under consideration involves motions 
in three dimensions. 

To acquire a better understanding of these two components of accel¬ 
eration, the student should do the following exercises: 

1. Repeat the derivation in the two special cases (a) where the 
velocity is radially outward in the reference frame and (6) where the 
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direction of the linear velocity is perpendicular to the line OP in Fig. 
346,1. 

2. Show that the y component of the vector CE is — dt sin $ and 
that the x component is dt cos 6 + vQ dt sin^ $ and that 

these reduce to the centripetal and Coriolis accelerations. 

Example 1 

Figure 347 shows a smooth straight tube rotating in a horizontal plane about a 
vertical axis through 0. A mass moving out through the tube has a velocity Va at a 
distance a from 0. Find the velocity Vb at the end of the tube at a distance h from O 
if the tube rotates uniformly at U rad per sec. Find also the pressure between the 
mass and the tube just before the mass emerges. 



Let the reference frame revolve with the tube about the center 0. The tube is 
then a straight radial line in the frame. A free-body diagram of the body at x 
distance from 0 shows a centrifugal force acting outward along the tube, a 

Coriolis force 2mv^2 acting laterally on the body, and a pressure P exerted by the tube 
wall laterally on the body. The weight of the body downward is balanced by an 
upward pressure from the tube wall. The body travels in a straight line and has 
no acceleration normal to the tube. Therefore, P — 2mvil. The foree rnxU^ 
accelerates the mass along the tube. The acceleration is not constant, 


mxil^ = m 


d^x 

dP 


and it is easier to use an energy equation 

+ rnil^ j xdx ^ — (1) 

The integral is easily evalued as- 2 - » same result can be obtained by 

noting that the centrifugal force varies uniformly from a to 6 like the force of a 
linear spring so that the mean value of the initial and final centrifugal forces is the 
average value. 

Evaluating the integral and solving for vo, 

Vi = Vvl + - a*) (2) 

The force P equals the Coriolis force, and at 6 


Pb =* 2mil \/vl + ii^(b^ — a*) 


(3) 
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Equations (2) and (3) are the answers to the problem. It should be 
noted that Va and Vh are velocities relative to the rotating frame of reference 
and the work’' done by the centrifugal forceis not the actual work 
done by the rotating tube on the small mass. The pressure P is a 
reality and the absolute difference of the kinetic energies of the mass at 
h and a represents work done by this force and is equal to jPxO dt^ with 
P the same as the right-hand member of Eq. (3) with x substituted for 
h. The absolute velocity of the body at h is 

The centrifugal force field is a potential field, as is gravity, and the 
work done by it is independent of the path of the body, so that the 
integral value in Eq. (1) is correct for any path if a and b are the radial 
distances from the center of the rotating frame to the beginning and 
end of the path. The student should prove this proposition to his own 
satisfaction. 

Example 2 

An airplane is flying at 600 mph along a straight horizontal path in the polar 
region. Find the aiigh' at which the plane is banked against the Coriolis force. 

The frame of reference is the v'arth, which rotates 27r rad in 24 hr (plus 27r rad 
per year neglected). 

^ rad per sec 

Velocity =- ^ -= 880 ft per sec 

^ ^ 2PF880 X 0.0000727 

Coriolis force = m2vit ---= 0.00041F 

g 

where W is the weight of the plane. This is the horizontal component of the “lift.” 
The vertical component is the weight. Angh’ of bank is tan"^ 0.0004 = 13.8'. 
This small angle would result in an error of about 15 miles if it were neglected in 
calculating the position from astronomical observation. 

Problems 

1. In so-called “amusement parks” are to be found numerous devices for subject¬ 
ing the human body to accelerations to which it is not accustomed. One of 
these devices is a large disk turning uniformly in a horizontal plane on which 
people may stand, walk, fall, and slide. In this problem and the several below, 
assume the wheel to be turning counterclockwise at 0.5 rad per sec and all 
other data to be relative to the wheel as a frame of reference. A 120-lb boy 
runs at 12 ft per sec along a diameter. Assume uniform speed and find the 
components of friction force on his foot when he is 12 ft from the center of 
the wheel. 

Ans. 360/p lb toward the center and 1440/p lb toward the boy's left. 

2. Find the coeflScient of friction necessary for the motion of Prob. 1. Ans, 0.384. 

8. After the boy of Prob. 1 has gone 4 ft beyond the center of the wheel, he starts 

to stop. How rapidly can he slow down if the friction coefficient under his 
foot is 0.5? Ans. 9,66 ft per sec per sec. 
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4 . At what angle does he lean from the vertical as he passes the center of the 
wheel at 12 ft per sec? Ans, 20.6® to his left. 

6 . The boy of Prob. 1 walks at 6 ft per sec in a circle of radius 8 ft and center at 
the center of rotation of the wheel. Whab is the necessary friction force to 
keep him in his path when going (a) clockwise and (Jb) counterclockwise? 

Ans. (a) m/g lb; (6) 1500/flr lb. 

6 . Find the work which the boy on the wheel above must do to walk to the center 

of the wheel from a point 10 ft away. Ans. 1500/fif ft-lb. 

7. During all the action of the problems above, the wheel is rotated uniformly by 
some sort of driving mechanism. At times this mechanism is doing work on 
the wheel and at times it acts as a brake and absorbs work. Find the work 
don(‘ or absorbed by the mechanism during the action of Prob. 6. 

Ans. 3000/^ ft-lb. 

8 . Note that the work of Prob. 7 was transmitted from the boy to the wheel by a 
tangential component of the friction force which the boy exerted on the wheel. 
This component was necessary to balance the Coriolis force. Assume any 
constant velocity for the walk of Prob. 6 and check the answer to Prob. 7 by 
multiplying the tangential component of foot friction by the absolute distance 
through which it acted. 

9. The boy of Prob. 1 starts a piece of smooth ice sliding from the center of the 
wheel with an initial velocity of 12 ft per sec. Find the velocity of the ice 
relative to the wheel when it is 10 ft from the center, and find the radius of 
curvature of its path on the wheel at this time. Ans. 13 ft per sec; 3.61 ft. 

Note: Since the friction is zero, the wheel simply supports the ice and has no 
effect on its absolute velocity. Check the first answer by this simple 
consideration. 

10. A boy standing on the floor outside the wheel of Prob. 1 places a small body 
on the wheel 12 ft from its center and holds it in place against the force of 
friction of the wheel sliding under it. From his standpoint the body is in 
equilibrium. Viewed from the wheel as a frame of reference, the body is 
moving at 6 ft per sec along a circle of 12-ft radius. Show that the ‘Torces" 
account for the motion. 

11. When an airplane flies uniformly in a straight line the vertical component of 

the air forces acting on it, called the hft^ equals the weight of the plane. Find 
the difference in the lift of an airplane weighing 100,000 lb flying east at the 
equator at 600 mph and that of the same plane with the same speed in the 
opposite direction. Ans. About 800 lb. 

12. A mouse of weight W runs up the inclined member of Fig. 308. Assume his 
velocity to be 10 ft per sec and his acceleration to be 0.25^ up the bar when 
he is 1 ft from the lower end. Find the components of force which he exerts 
on the bar if the frame is rotating uniformly at 5 rad per sec. 

Ans. 2.S5W toward the lower end of the bar; 0.7TF perpendicular to the bar; 
2 .6W laterally. 

Example 3 

Find the dynamic effect of a two-bladed propeller rotating at constant velocity o> 
on an airplane which is turning about its vertical axis at the angular velocity il. 
In Fig. 348 the X axis represents the longitudinal axis of the airplane and the 
propeller rotates in a plane perpendicular to this axis. Let ut be the angle which 
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the propeller makes with the XY plane. Two symmetrically placed particles of 
mass dm are indicated in the propeller, and on each of these arrows are shown to 
indicate the centrifugal force and the C/oriolis force acting on the particle. The 
centrifugal forces show:i are for a frame of reference rotating with the propeller. 
Each is equal to roa>Hm and they are in opposite directions outward from the hub, 
vso they cancel out and produce no effect except for stresses in the propeller itself. 
The force 2 i't0y dm shown in the upper blade parallel to the X axis directed toward 
the rear and its counterpart in the 
lower blade directed toward the 
front are the Coriolis forces for the 
particles considered from the XY 
plane as a frame of refercncer otat- 
ing (clockwise as seen from above) 
with the angular velocity S2. The 
Coriolis forces arethe forces con¬ 
sidered in the discussion below. 

(Omitted from the figure are cen¬ 
trifugal forces forward parallel to 
the X axis for the rotating A’^ Y plane 
as a frame of reference. These have 
the value dm where x is the dis¬ 
tance from the vertical axis throagh 
the center of gravity of the airplane to the particle. They balance out with similar 
centrifugal forces of other parts of the machine and so produce no effects except 
for small stresses in the whole machine.) 

The two C’^oriolis forces shown in the propeller constitute a couple. 

The Y component of the velocity of the particle shown in the upper blade is 

Vy = rca sin a)t (1) 

The Coriolis force on this particle is 

Fc = 2vy^ dm = 20(ra> sin ojt) dyn (2) 

The moment with respect to the Y axis of all these forces in both blades is 

My — 2cuS 2 sin2 cot j d?n (3) 

The integral dm of Eq. (3) is the moment of inertia of the pro^ 
peller with respect to an axis perpendicular to the X axis of Fig. 348 
and to the line through the centers of gravity of the two blades of the 
propeller. For an ordinary two-bladed propeller it is very nearly the 
same as the moment of inertia of the propeller with respect to its axis 
of rotation. If sin^ ect of Eq. (3) is replaced by (1 — cos 2w0/2, it will 
be seen that the torque about the Y axis varies sinusoidally from zero 
to a maximum value twice during each revolution of the propeller, 
reaching the maximum value each time the propeller is vertical. The 
solution of Prob. 13 below will show that the torque about the Z axis is 
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a sinusoidal of half the magnitude and twice the frequency of that about 
the Y axis. These propeller effects sometimes set up serious resonant 
vibrations in component parts of the plane. If the student wilf visual¬ 
ize the Coriolis forces on a pair of elements as varying from zero at the 
horizontal position to a maximum at the vertical, the varying torques 
are easily understood. 

Problems 

13. Find the moment about the Z axis of the propeller of P^xample 3. 

14. Show that if the propeller has three or four blades the torque during the tutti is 

constant, and find its magnitude. Ans. My = /Ooj; M» « 0. 

189. The Gjrroscope. The three- and four-bladed propellers of 
Prob. 14 of the preceding article have a property in common with a 
solid homogeneous disk in that the moment of inertia of the propeller 
with respect to any axis in its plane and through its center of gravity is 

the same as that for any other similar 
axis. Such a propeller behaves 
dynamically like a spinning disk or 
wheel, and the problem could easily 
have been solved by a very useful 
formula called the principal equation of 
the gyroscope. Using a rotating frame 
of reference, this formula can be derived 
by taking moments about an axis in the 
rotating plane of reference and per¬ 
pendicular to the axis of spin. 

Figure 349 represents a disk element 
of a body spinning with a velocity w 
about the X axis while the XZ plane 
rotates with an angular velocity il 
about the Y axis. The arrow shown on the small element dm of the 
disk represents the Coriolis force Fc for this element. 

Fc = 2vz^dm = 2(rco sin B)Q.dm (1) 

The moment about the Z axis of all such forces on the disk is /Fcr sin B, 

Mz = j r^ sin^ B dm = (2) 

Equation (2) is the principal equation of the gyroscope. It is usually 
written with Mz expressed as T (for torque) and with Q as the depend¬ 
ent variable, 




Formula XLVIII 
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As is indicated by Formula XLVIII, if it is desired to turn a spinning 
disk about an axis*ir its planej it is necessary to apply a torque about 
another axis in the puti e at right angles to the axis of the desired turn. 

A spinning disk or flywheel mounted on gimbals to turn freely in any 
direction is called a gyroscope. The word was coined to describe the 
ability of such a device to make visible the rotation of the earth. The 
gyroscope is a sensitive detector of angular motions and has found 
many useful applications in such devices as bant imd turn indicators, 
artificial horizons, gyrocompasses, ship stabilizers, etc. Most of the 
useful applications can be understood in the light of Formula XLVIII 
although some of them, like the gyrocompass, are quite complicated. 
An attempt to turn a spinning wheel about an axis in its plane by a 
direct application of torque about that axis results in only a minute 
angular motion about that axis if the wheel is free to turn about the 
perpendicular axis. This property is called the rigidity of the gyroscope. 




IT 


The steady angular velocity about one axis resulting from a steady 
torque about the other (both axes perpendicular to the spin axis) is 
called precession. A spinning wheel may be held up with the axis 
horizontal by a force not in line with the weight of the wheel if the 
wheel is allowed to process. 

The behavior of a gyroscope seems strange solely because of the 
unfamiliarity of the observer with the device. The behavior in all 
cases is analogous to and mathematically identical with the change of 
direction of linear momentum resulting from a force at right angles 
to the direction of the velocity. Figure 350,1 shows a mass m moving 
uniformly along a curve and held in its path by the force F at right 
angles to the direction of the velocity, all in the well-known relation, 
F = mrQ^. The momentum of this mass is in the direction of its 
velocity and equals, in magnitude, mrO. Calling the momentum mvy 
the force relation above becomes F = mvil. Rearranging, ^ = Fjmv^ 
which is exactly like Formula XLVIII, with torque replaced by force 
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and moment of momentum replaced by momentum. Figure 360,11 is 
a vector diagram from which the relation of change of direction of 
momentum to the force and momentum involved can be easily derived. 
From the geometry of the figure, dt = F dt, if dt is infinitesimal. 

When it is desired to deflect a moving body from its path, it is neces¬ 
sary to apply a force in the direction of the desired deflection. The 
directional relation is not so obvious when it is desired to turn the 
gyroscope about an axis perpendicular to the axis of spin. The proper 
sense for the applied torque can be remembered by the carry forward 
rule. The torque is imagined to be applied by two forces acting on the 
spinning disk, and the disk is imagined to drag the points of application 
forward one quarter turn. Then the direction of the torque, will 
indicate the direction of the precession. The student should consider 
this rule in connection with the derivation of Formula XLVIII until 
he .sees how it applies. 

Problems 

1 . Using a diagram like Fig. 350,11, with force replaced by torque and momentum 
replaced by angular momentum, derive Formula XLVIII. (Use the right-hand 
screw convention for the directions of the vectors with the angular momentum 
vector parallel to the X axis in a figure like Fig. 349.) 

2 . A disk 6 in. in diameter is mounted on a light axle which is supported in a hori¬ 
zontal position by two ball bearings, each 3 in. from the center of the disk. 
The bearings are held by two vertical strings while the disk revolves at 3000 rpm. 
If one of the strings is cut, what will be the rate of precession 7 Ans. 7.82 rpm. 

3 . If the axis of the disk of Prob. 2 was pointed northward and the spin was clock¬ 

wise as viewed from the south when the north string was cut, what was the 
direction of precession? An.s. Counterclockwise as viewed from above. 

4 . A turbine rotor weighing 3216 lb with a radius of gyration of 2 ft is mounted in 

bearings, fore and aft, 4 ft apart. If the ship pitches with an angular velocity 
of 0.5 rad per sec while the rotor turns at 3600 rpm, what lateral force will be 
induced at the bearings? Ans. 18,860 lb. 
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190- Difficult Forms- Formula X of Chap. XI gives a direct solu¬ 
tion for X when s, and c are known. Formula IX gives a relation 
between j/, and c which makes it convenient to calculate any one of 
these if the other two are given. Formulas XI and XIII give y in 
terms of x and c, and Formulas XII and XIV give s in terms of x and c. 
Since the sag is y — c, if the sag is known and one of the three quanti¬ 
ties 2 /, 5, or c is given, the other two may be calculated for use in these 
formulas. 

There are a number of cas^s in which c is not given and cannot be 
conveniently calculated. Some of these cases are length and span 
given, span and resultant tension given, span and sag given. Since c 
occurs twice in each of Formulas X, XI, XII, XIII, and XIV, it is the 
most difficult term to calculate from these formulas. 

191. Length and Span Given. Formula XIV gives 


X 

s = c sinh -* 


c 


Formula XIV 


If both sides of this formula are divided by x. 


8 

X 

s 

X 


c , . X 
- smh - 
X c 

sinh (x/c) 

x/c 


( 1 ) 

( 2 ) 


A problem of this kind may be solved conveniently by means of a table 
which gives (sinh x)/x. Table 2 gives these functions from x = 0.080 
tox = 0.120.’^ 

Example 

A chain 200 ft long is stretched between points at the same level 199.572 ft apart. 
Find the horizontal tension in terms of the weight per foot and find the sag. 


s 100 
X “ 99.786 


1.0021446 


sinh (x/c) 
xlc 


* Complete tables of (sinh x)/Xf (cosh x)/x, and (cosh x — l)/xare to be found 
in Campbeirs Numerical Tables,” Houghton Mifflin Company. 
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From Table 2, 

X 

0.113 
0.114 

X 

"c 1.0021446 
379 151 

- = 0.113 + 0.001 X = 0.113398 
c o / y 


(sinh a;)/aj (sinha;)/a; 

1.0021295 1.0021295 

1.0021674 


99.786 

0.113398 


879.96 ft 


y - r cosh 0.113398 = 879.96 X 1.0064366 = 885.62 ft 
y — c = 5.66 ft 

For a check, * r* + 10,000 - 784,329.60 

y = 885.62 ft 
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192. Span and Total Tension Given. When the resultant tension 
is given, the value of y is found from T = wy. 


X 

y = c cosh - 

(1) 

y _ cosh (x/c) 

X x/c 

(2) 

Example 1 



A cable is stretched between points at the same level which are 200 ft apart. 
The total tension is equal to the weight of 1000 ft of cable. Find the horizontal 
tension and the length of the cable. 



From Table 2, 


X 

(cosh x)/x 

(cosh x)/x 

0.100 

10.050042 

10.050042 

0.101 

9.951533 


X 


10. 

c 

0.098509 

0.050042 

X 

c 

50 042 

= 0.100 + 0.001 = 0.100508 

98,509 


c 

= = 994 95 


Sag 

= y - c = 5.05 ft 


s — r sinh 0.100508 

= 994.95 X 0.1006773 = 100.169 ft 


2s 

= 200.338 ft 


For a check, s* = 1,000,000 - 989,925.50 = 10,074.50 



s « 100.37 ft 
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Table 2. Hyperbolic Functions 


X 

sinh X 

sinh X 

X 

cosh X 

cosh X — 1 ^ 

X 

cosh X 

X 

tanh X 

0 080 

0 0800854 

1 0010670 

1 0032017 

0 04002134 

12 540021 

0 0798298 

081 

10886 

0939 

2823 

052214 

386201 

0808233 

082 

20919 

1210 

3639 

102298 

236145 

18167 

083 

30953 

1486 

4465 

152383 

089717 

28099 

.084 

40988 

1764 

5301 

202470 

11 946787 

38030 

085 

0851024 

1 0012046 

1 0036147 

04252559 

11 807231 

0847959 

086 

61060 

2331 

7003 

302651 

670933 

57886 

087 

71098 

2620 

7869 

352744 

537780 

67812 

088 

8113C 

2912 

8745 

402840 

407665 

77735 

089 

91175 

3207 

9031 

452938 

280484 

87658 

090 

0901215 

1 0013505 

1 0040527 

04503038 

11 156141 

0897578 

091 

11256 

3807 

1434 

553141 

034542 

0907496 

092 

21298 

4113 

2350 

603245 

10 915598 

17413 

093 

31341 

4421 

3276 

653352 

790222 

27328 

094 

41385 

4733 

4213 

703462 

685332 

37241 

095 

0951430 

1 0015048 

1 0045159 

04753573 

10 573852 

0947152 

096 

61475 

5367 

6115 

803688 

464704 

57061 

097 

71522 

5b8« 

7082 

853804 

357816 

66969 

098 

81509 

6014 

8058 

903923 

253121 

76875 

099 

91618 

6343 

9045 

954044 

150551 

86778 

100 

1001668 

1 0016675 

1 0050042 

05004168 

10 050042 

0996680 

101 

11718 

7010 

1048 

054294 

9 951533 

1006580 

102 

21770 

7349 

2065 

104423 

854966 

16477 

103 

31822 

7691 

3092 

154555 

760283 

26373 

104 

41876 

8036 

4129 

204689 

667432 

36267 

105 

1051930 

1 0018385 

1 0055176 

05254825 

9 576358 

1046158 

106 

61986 

8737 

6233 

304964 

487012 

56048 

107 

72043 

9093 

7300 

355106 

399345 

65935 

108 

82101 

9451 

8377 

405251 

313312 

75820 

109 

92160 

9813 

9464 

455398 

228866 

85704 

110 

1102220 

1 0020179 

1 0060561 

05505548 

9 145965 

1095585 

111 

12281 

0548 

1668 

555701 

064566 

1105464 

112 

22343 

0920 

2786 

605856 

8 984630 

15340 

113 

32406 

1295 

3913 

656015 

906118 

25215 

114 

42471 

1674 

5050 

706176 

828992 

35087 

115 

1152536 

1 0022056 

1 0066198 

05756340 

8 753216 

1144957 

116 

62603 

2442 

7355 

806507 

678755 

54825 

117 

72671 

2831 

8523 

856676 

605575 

64690 

118 

82740 

3223 

9701 

906849 

533645 

74554 

119 

92811 

3618 

70889 

957025 

462932 

84414 

120 

^02882 

1 0024017 

1 0072086 

.06007203 

8 393405 

1194273 
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The values for « do not check. The result from c sinh {x/c) is the better. In 
the calculation of the small side of a right triangle from the difference of the squat es 
of the hypotenuse and a side nearly as large, a small error in one of these makes a 
large error in the length of the short side. The error in c was made in inter¬ 
polating from the table. The curve which represents (cosh x)/x differs so much 
from a straight line that a linear interpolation to three significant figures is not 
warranted. Interpolation of (cosh x)/x between x * 0.100 and 0.101 by Stirling’s 
method gives 


X 

Stirling’s 

method 

Linear 

interpolation 

0.1001 

10 040102 

10 040191 

0 1002 

30182 

30340 

0 1003 

20282 

20489 

0 1004 

10401 

10638 

0.1005 

00542 

00788 

0 1006 

9 990701 

9 990937 

0 1007 

80880 

81086 

0 1008 

71078 

71235 

0 1009 

61296 

61384 


Interpolation between 0.1005 and 0.1006 as computed by Stirling’s method gives 


x 

c 

c 


0.1005 4-0 0001 X 
100 

0,1005055 


542 
9841 

= 994.970 


0.1005055 


which differs very little from the previous result. 

s « 994.97 sinh 0.1005055 == 994.97 X 0.1006748 « 100.1684 ft 


This value of s differs very little from the previous result obtained from the sinh 
table. 

52 == 1,000,000 - 889,965.30 = 10,034.70 
8 « 100.173 ft 

If 944.971 is taken as the value of r, 

y 2 ^ ^ 10,032.66 and s « 100.163 ft 

Example 2 

A uniform cable is stretched between points at the same level. What is the 
ratio of the length of cable to the span when the resultant tension at the ends is the 
minimum? 
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From Campbells “Numerical Tables,’’ cosh/x has the minimum value of 1.5089 
when X ■« 1.20 

5 = 1.20 c - 0.8333* 
c 

I - 1.5089 V = 1.5089* 

If e is the slope of the cable at the ends, cos 6 « 8333/15,089 

cos d = 0.5523 
e = 56°28' 
s ^ y sin 56®28' 

s = 0.83356 X 1.5089a: = 1.2578x 
Sag « 1.6089X - 0.8333a: = 0.6756x = 0.3378 span 

193. Span and Sag Given. The sag isy — c, which is 

Sag = c ^cosh “ ” (1) 

sag _ cosh (x/c) - 1 
~ x/c 

Example 

A rope stretched between poinis at the same level 200 ft apart sags 5 ft 3 in. at 
the middle. Find the length of the rope. 

oosl^/c)^ = 0.0525 

X/C 


From the table, by interpolation, 

- = 0.104904 

c 

c = 953.25 

sinh 0.104904 = 0.1050965 

8 = 953.25 X 0.1050965 = 100.183 
28 « 200.366 ft 

194. Solution by Infinite Series. The series for sinh x is 

/J.3 'T*® 

sinh* = x+^+i5 + • • • (1) 

Equation (1) is the same as the series for the sine of x, except that all 
the terms are positive. In the series for the sine of x the terms are 
alternately positive and negative. 



408 


MECHANICS 


[Abt. 194 


When x/c is substituted for x in Eq. (1) and the series is multiplied 
by Cj the result is 

^ [3c« ^ I5c^ ^ |7c 

/y*2 /7»4 m6 


-»(: 


1 4- 4^-1- -Z-U _ 

^ |3c2 ^ I5c< ^ |7c» 


1&+' ■ ■) 

) 


( 2 ) 


(3) 


The series for cosh x is 


coshx = l+i2 +|4+|^ + g + 


(4) 


This is the same as the series for the cosine of except that all the 
terms are positive for cosh .r, while they are alternately positive and 
negative for cos x. 

When x/c is substituted for x in Eq. (4) and the series is multiplied 
by c, the result is 

^ + p + ■ ■ ■) 

/v» 2 /y*4 /v*6 

^ + 1 ^* + | 67 ‘ + ■ ■ ■ 

When the load is uniform for each unit of horizontal distance, as in 
Art. 104, the equation of the curve is 


y = 


X“ 


(7) 


in which y is the deflection upward from the tangent at the lowest point 
and c' is the length whose weight is equal to the horizontal tension. 
This is the equation of a parabola with the axis vertical. 

To find the length of the parabola, 


ds = 




( 8 ) 


Expanding Eq. (8) by the binomial theorem. 


ds = 


(l + ^ 
V ^ 2c'2 


8?^ 


5a-® \ ^ 
128c'V 


(9) 


Jntegrating Eq. (9), 

^ _ x^ x^ x'^ 5x^ . 

® ^ 6?“ 40?" 1152c'* 


( 10 ) 


A comparison of Eq. (10) for the parabola with Eq. (3) for the 
catenary shows that the first two terms are identical if c = c'. The 
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coefficient of the third term of Eq. (3) is 3-^20 and that of the third term 
of Eq. (10) is — 3'io- The coefficients of the third term differ by 3^0- 
When x/c is relatively small, l^'ioix/cy becomes so small that its value 
may be neglected from all but the most accurate calculations. Also 
the first term of Eq. (6) for the deflection of the catenary is identical 
with Eq. (7). There are very few problems to which the parabola 
equation strictly applies. It is frequently used as an approximation 
for the catenary. When so used, it is better to consider the parabola 
as the first term of Eq. (G), rather than to assume that the load is 
uniformly distril:)uted for each unit of horizontal <listanc*e. 

196. The Gudermannian. The gudermaniiian of x is defined by 
the relations 

sin gd X = tanh x 
tan gd a; = sinh x 
sec gd a; = cosh x 


For the catenary the angle d (Fig. 226) which the tangent to the 
curve at any point makes with the horizontal is the gudermannian of 
x/c. From Fig. 22G,F, 


sin 6 = 
tan 6 = 
sec 6 = 


s _ c sinh (x/c) 
y c cosh (x/c) 
s _ c sinh (x/c) 
c c 

y _ c cosh (x/c) 
c c 


tanh - 
c 


sinh 


cosh - 
c 


An excellent gudermannian table is found in the Smithsonian Mathe¬ 
matical Tables—Hyperbolic Functions. The angles are expressed in 
radians to the seventh decimal place and in degrees, minutes, and 
seconds to one-hundredth of a second. From 0 to 3 the values of x 
differ by 0.001, and from 3 to G by 0.01. The differences of the second 
order are so small and uniform that linear interpolations are accurate 
to tenths of a second. 

By means of a gudermannian table and a seven-place trigonometric 
table, calculations of the catenary may be made to any desired degree 
of accuracy. 

Example 

Solve Example 1 of Art. 107. In this example c = 500, x = 00, and x/c = 0.12. 

Gudermannian of 0.12 = 0°51'32".59 

^ cos 6°51'32".59 0.99284 503.605 ft 

Sag'= 3.605 ft 

« =» 500 tan 6°51'32".59 = 500 X 0.12029 = 60.145 ft 



416 


MECHANICS 


[Abt. 196 


196. Reversed Series. Equations (3) and (6) of Art. 194 give 
length and sag in terms of x and c. These may be found easily by 
means of the tables of hyperbolic functions. The troublesome prol> 
lems, as shown in Arts. 190 to 193, are those in which c is not given and 
cannot be calculated by Formula IX. When tables of (sinha:)/x, 
(cosh x)/x, and (cosh x — \)/x are not available or are not sufficiently 
exact, many problems may be solved by means of infinite series which 
give x/c in terms of other dimensions of the catenary. 

Whe7i the sag and the span are given, 

y — c cosh (x/c) — 1 cosh 2 — 1 z . 

- - i73 -i-]2 + ]4 + ]6+|+ • ■ • 


in which z = x/c. If (y — c)/x is represented by v, 


= — -U — 

E 15 B UP 


_L r -1- _ -f. 

^ 112 ^ 114 ^ 


( 2 ) 


When the series of Eq. (2) is reversed by the method of undetermined 
coefficients (see any advanced algebra), the result is 


2v^ 26y‘ 622t;^ 5016y» 
3 45 945 6300 


(3) 


Example 

Find xjc for the example of Art. 193 by the series. Calculate the length and 
check. In this example t> == 0.0525, 


x/c - a - 0.1050 - 0.00009647 + 0.00000023 - 0.10490376 

log - = 1.020791G 
c 

log X = 2. 
log c = 2.9792090 
c == 953.2549 


Using the gudermannian from Smithsonian Mathematical Tables of Hyperbolic 
Functions to secure the maximum accuracy, 

gd 0.10490376 =» 0 « 5‘^59'58".39 
log sec V = 0.0023853 
log c = 2.9792090 

log 2/ « 2.9815943 

y « 958,5049 ft 

c = 953.2549 ft 


y — c ^ 


5.2500 ft 




Example 

Solve the example of Art. 191 for the sag and total tension and check. 

5 - ' - - » 

= 0.01286754 - 0.00000828_+ 0.00000001 = 0.01285927 
log = 2.1092162 

log z = 7.0546081 

- = z = 0.1133987 

c 

log c = 2.9444615 

c - 879.957 ft 

gd. 0.1133987 = 0 = 6°29W'.19 
log sec d = 0.0027863 

log c = 2.9444615 

log y -= 2.9472478 

y « 885.621 ft 
y — c ^ 5.664 ft 

To find s for a check, 

log tan d = 9.0555385 

log c » 2.9444615 

log s =« 2.0000000 

» 100.0000 


s 
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When the span and the total tension are given, y is calculated by divid¬ 
ing the tension by the weight per unit length. 


y _ cosh {x/c) __ cosh z 
X x/c z 


(7) 


Since y is greater than s and s is greater than x, y is always greater 
than X, The reversed series for finding z should be in terms of x/y to 
converge rapidly. 


X _ z 
y cosh z 


( 8 ) 


The division of z by the series for cosh z gives 


a; 2* , 612^ , 13852® 


50521z" 

110 


+ • • • (9) 


Reversion of Eq. (9) gives 

ISu^ 54 70345?49 

^ 2 24 720 40320 ■*" 


( 10 ) 


Example 3 

Solve Example 1 of Art. 192 for the length and sag. 

- = 0.1 — u 

y 

V - 0.1 
-f 0.0005 
+ 0.000005417 
-}- 0.000000070 

- = 0.100505487 
c 

which checks Stirling’s interpolation of Table 2 as given in Art. 192. 


log 0.10050549 = 1.0021898 

log 100 = 2 

log c « 2.9978102 

c = 994.9705 

gd 0.10050549 = 5°44'55".94 
log sec d — 0.0021898 

log c - 2.9978102 

log y = 3.0000000 

y = 1000. 

log tan d =s 9.0029210 

log c « 2.9978102 

log 8 = 2.0007312 

= 100.1685 


8 
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For a check, 

« 1,000,000 - 989,966.29587 - 10033.70413 
« - 100.1684 


Problems 

Calculate x/c by the suitable series, then use any available table of hyperbolic 
functions. The answers given were found by means of the guderuxannian and 
seven-place tables of logarithmic trigonometric functions. 

1. A cable weighing 2.4 lb per ft is stretched between points at the same level 
200 ft apart and sags 10 ft. Find the tension at the ends and the length of the 
cable. 

Ans. x/c = 0.199339; c = 501.658 ft; e =ir20'47'.0; y = 511.658 ft; 
8 = 100.6636 ft. 

2. Solve Prob. 1 for a sag of 20 ft. 

Ans, x/c = 0.3948435; 6 = 22°03'25".l; c = 253.2649 ft; y = 273.2649 ft; 
s = 102.6187 ft. 

3. A cable is stretched between points at the same level 200 ft apart. The result¬ 
ant tension at each end is equal to the weight of 500 ft of cable. Find the 
length and the sag. 

Ans. x/c = 0.2041835; B = ir37'06".25; c = 489.7555 ft; 5 = 100.696 ft. 

4. A cable 521 ft long is stretched b(*tween points at the same level 500 ft apart. 

Find the sag. Ans. 63.66 ft. 

6. A cable 540 ft long is stretched between points at the same level 500 ft apart. 
Find the sag. Since the series converges too slowly, use Campbell’s table for 
(sinh x) /x. 
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A 

Absolute units, 292, 300 
Absorption dynamometer, 210, 211 
Acceleration, 271, 274, 289 
an^^ular, 283, 284, 312, 313 
centripetal, 395 
constant, 275-278 
Coriolis, 379 
of gravity, 290 
linear, 274 
of mass center, 286 
normal, 279-281 
standard gravity, 290 
tangential, 279 
Action and reaction, 344 
Addition, of couples, 77, 168, 169 
of vectors, 9 
Amplifying factor, 379 
Amplitude of vibration, 366 
Angle of friction, 50 
Angle section, center of gravity of, 232, 
234 

moment of inertia of, 260 
Angular acceleration, 282, 284 
Angular displacement and velocity, 282 
Angular motion, 282-286 
Arch, 130 

Area, center of gravity of, 234-242 
moment of inertia of, 256-259 
Atwood machine, 309 
Axis, of maximum moment of inertia, 
267 

of moments, 271, 316, 317 
of suspension, 383 
transfer of, 251, 252 
of zero product of inertia, 267 

B 

Balance, dynamic, 329-333 
perfect, 333 


Balance, running, 330 
static, 330 

Bearing friction, 200, 201 
Bell crank, 196 
Belt friction, 206, 207 
Body, free, 1, 55, 90 
rigid, 46, 47 
Bow's method, 117-128 
Brake, 210 

British engineer's unit of mass, 292, 296 
British standard pound, 5 
British standard yard, 5 
Bureau of Standards, 5 

C 

Cable, flexible, 218-226 
with uniform load, 218 
Calculation of components and result¬ 
ant, 20, 21 

Campbell’s Numerical Tables, 403, 407 
Catenary, 220-226, 403-413 
Center, of gravity, 227-245, 317 
of angle section, 232, 234 
of area, 234 
of channel section, 235 
of cone, 227, 232 
by experiment, 227-229 
of fabricated section, 236 
by geometry, 229-231 
of hemisphere, 243 
by integration, 237-244 
by moments, 231 
of pyramid, 232 
of semicircle, 243 
of solid, 230, 243 
of tee section, 236 
of triangle, 230, 231, 239 
(See also Gravity) 
of mass (see Mass) 
of percussion, 334, 335 
of pressure, 257 
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C^ter, of rotation, 316, 317 
of suspension, 334 
Centimeter-gram-second system, 292, 
296, 313 

Centrifugal force, 321-323, 395 
Centripetal acceleration, 395 
Centroid, 234 
Circle, Mohr’s, 268, 269 
reference, 369, 370 
Circular motion, 359-361 
Classical machines, 194 
Coefficient, of friction, 3, 48 

correction of, for pressure intensity, 
49 

variation of, 49, 50 
of restitution, 347 
of rolling friction, 204 
Collision of bodies, 346-348 
Common velocity, 347 
Components, of acceleration, 275, 279, 
281 

of circular motion, 359, 360 
of force, 20, 21, 153-156 
of vector, 11 

of velocity, 273, 277, 359, 393, 394 
Compression, 46, 347 
Compression stage, 347 
Concurrent, coplanar forces, 17-44 
equilibrium of, 22-28 
graphics of, 116-124 
momqnt of, 33-36, 39, 40 
polygon of, 24 
resultant of, 17-21 
trigonometric solution of, 32 
unknowns, 41 

Concurrent, noncoplanar forces, 153- 
166 

components of, 153-155 
conditions for independent equa¬ 
tions in, 164 
equilibrium of, 158, 162 
graphics of, 155 
moment of, 160, 162 
resolution of, 153-156 
resultant of, 153, 156, 157 
unknowns, 158 

Cone, center of gravity of, 227, 232 
of friction, 215 

moment of inertia of, 249, 250 


Connected bodies, 89-115, 306-309 
number and combinations of un¬ 
knowns, 95 

Constrained motion, 295 
Constraint, 295 
Cord, flexible, 55 
Coriolis force, 395 
Coulomb’s laws, 47, 48 
Counterbalance, 331-333 
Couple unbalance, 330 
Couples, 75, 167 
addition of, 77, 168, 169 
combination of, with forces, 79, 80, 
171, 172 
equivalent, 76 
location of, 77, 167 
moment of, 75 
in parallel planes, 167 
resultant of, 77, 167 
as vectors, 168, 169 
Cradle dynamometer, 212 
Curvilinear motion, 278-282 

D 

D’Alembert’s principle, 389 
Deadload stresses, 116 
Deflection of catenary, 222-224, 403^. 
Degree of freedom, 145, 295 
Derrick, 98, 121, 178 
Determinant, 186 
Diagram, force, 23 
space 18, 23 
vector, 23 

Differential appliances, 199 
Dimensional equations, 15 
Diophantine triangles, 98 
Diophantus’s rule, 98 
Direction angles, 154 
Direction condition of equilibrium, 72 
Direction cosine, 154 
Direction distance, 185 
Direction members, 185 
Displacement, 6, 271, 272 
angular, 282, 283 
virtual, 148 
Driving point, 194 
Dynamic balance, 329 
Dynamic equilibrium, 318 
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Dynamk reactions, 330 
Dynamics, 1, 3, 271, 312 
Dynamometer, 210-214 

E 

Eccentric impulse, 355 
Effective force, 289 
Effective-moment arm, 34 
Efficiency, 194 
of Pelton wheel, 355 
reversed, 194, 195 
Effort, 194 

Elastic force, 364, 365, 367 
End post, 108 

Energy, kinetic, 271, 296-300 
potential, 145, 298-300 
of spring, 364 
Energy function, 145 
F^ncrgy methods, J 37 
Equations, conditions of inde.pendency 
of, 41, 42, 66, 164, 173, 174 
dimensional, 15 
of dynamics, 292, 314-316 
Equilibrant, 23, 83, 130 
FCquilibrium, 22 
classes of, 142-144, 147 
of couples, 77 
direction condition of, 39 
by moments, 38-40 
of parallel forces, 64 
by resolutions, 25 
{See also Stability of equilibrium) 
Equivalent mass, 387 
Equivalent systems, 387 
External forces, 97, 99, 109 

F 

Fabricated sections, 236 
Fan truss, 126 
Fictitious forces, 318, 386 
Flexible cord, 55 
Flow, fluid, 354 
laminar, 52 
turbulent, 52 
Fluid friction, 51, 52 
Foot-pound-second system, 313 
Force, 4, 5, 288-311 
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Force, acceleration caused by, 289-293 
application of, 45 
centrifugal, 321, 322, 323, 395 
combined with couple, 80 
conservative, 145 
constraining, 295 
Coriolis, 45, 395 
D’AlemberCs, 318 
diagram, 23 
dissipative, 300 
effective, 289 
external, 90 
fictitious, 45, 318, 386 
field, 45 

friction (see Friction) 
inertia, 45, 318 
internal, 56, 90 
mechanical, 45 
reversed effective, 318 
at sections, 80, 111 
sinusoidal, 378, 399 
of spring, 361 
of steady streams, 353 
units of, 289-292 
varying with displacement, 364 
Frame, joint(‘d, with three-force mem- 
twTR, 99 
rigid, 96 

statically determinate, 96 
statically indeterminate, 96 
Frame of reference, 322, 386 
accelerated, 390, 391 
Newtonian, 386 
rotating, 392-397 
Frameworks, space, 165 
Free body, 1, 55, 90, 95 
diagram of, 3, 90 
Fre(*dom, degree of, 145, 295 
Frequency, circular, 369 
natural, 369 
of vibration, 369 
Friction, 2, 3, 47, 48, 200 
angle of, 50 
bearing, 200-202 
belt, 206, 207 
circle, 200 
coefficient of, 3, 48 
cone of, 215 
of dry surfaces, 47 
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FipsIkHi, fluid, 51 
bW9 of, 48 
ifdlling, 204 
starting, 50 
variation of coefficient ^of, 49, 50 
friction brake, 210 
Friction locking, 214 
Flilcrum, 196 

Funicular polygon, 130, 134 

O 

Geepound, 292 
Graphic statics, 116, 131 
Graphical methods, 

Gravitational units, 289,^298 
Gravity, acceleration of, 290 
c^t^ of, 227--'245 
motion from, 303-306 
Gudermannian, *409 
Gyroscope, 400 ^ 

precession of, 401 
princijial ^^uation* of, 400 
i^igidity of, 401 

Ii 

Harmonic motion, 359-385 
Hemisphere, 243 
Hinge, 54, 181 
Hydraulics, 1, 354, 355 
Hyperbolic functions^^ 225, 405 

I 

Impact loss, 346 
Impulse, 342, 343 
eccentric, 355 
Inclined plane, 194 
mechanical advantage pf, 195 
velocity ratio of, 195 
Independent equations, 41, 42, 66, 164, 
173, 174 

Inertia, moment of, 246-270 
of areas, 256 
polar, 258 
product of, 262 
of solids, 246 
Infinite series, 407, 408 


Influence lines, HI 
Instantaneous center, 285 
Integrals of mechanics, 246 
Integration, double, 240 
single, 238 
Internal forces, 90 
International standards, 4, 5 
Isochronous vibration, 371' 

J 

Jointed frames, 96, 99-111 
in space, 165 

K 

Kilogram, 5 

Kinematics, 271-287 ^ « 

Kinetic energy, 271, 296 
of rotation, 326 
Kinetics, 1, 271 
Koenig’s principle, 328 

L 

Laws, 197 
of lever, 63 

of lubricated surface friction, 53 
Newton’s, 22, 288 
of viscous resistance, 52 
Length, 4, 5 
Lever, 196 
Link, 54 

Loads, sudden, 371-374 
Locking, friction, 214, 215 
Long ton, 5 

M 

Machines, 194—217 
Mass, 4, 5 

axis at center of, 316, 317 
center of, 227 
engineer’s unit of, 292 
measurement of, 7 
relation of, to weight, 6 
Mass product of inertia, 246 
Maximum moment of inertia, 266 
Maxwell diagram, 99 
Measure, units of, 4 
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Mechaaical advantage, 194,197 
Method of sections, 109-111 
Mohr's circle, 208, 269 
Moment, 14, 34, 36, 38, 160-164, 184- 
189 

arm, apparent, 34, 185 
effective, 34 
center of, 33 

by determinants, 18-4-189 
origin of, 33 
of resultant, 35 
at sections, 80, 81 
Moment diagram, 134 
Moment equations of dynamics, 314- 
317 

Moment of inertia, 246-270 
angle section, 260 
channel seetion, 261 
circle, 259 
of cone, 249, 250 
of cylinder, 247, 255 
maximum, 267 
of parallelepiped, 248 
of plane area, 256 
of plate, 253, 254 
polar, 258 
of prism, 248 
rectangle, 259 

relation between axial and polar, 267 

of rod, 254, 256 

of solids, 246 

of sphere, 250 

transfer of axis, 251, 252 

triangle, 260 

Momentum, 288, 342-357 
angular, 351 
moment of, 350-352 
Morin, 47 
Motion, 271-287 
angular, 282, 286 
circular, 359-361 
constrained, 295 
curvilinear, 278-282 
and force, 288-311 
harmonic, 359-361 
laws of, 288 
periodic, 359 
sinusoidal, 378 
Multiforce member, 90 


N 

Neutral equilibrium, 70, 142 
Newton’s, law of viscous resistance, 52 
laws of motion, 288 
Newtonian frame of reference, 386 
Newtonian liquids, 52 
Nonconcurrent, coplanar forces, 57-88 
conditions of, for independent 
equations, 66 
direction condition of, 72 
equilibrium of, 64, 65, 66 
graphics of, 62, 72, 128-135 
parallel, 61 

resultant of, 57-59, 82 
unknowns, ^7, 

Nonconcurnmt, noncoplanar forces, 
167-193 

conditions of, for independent 
equations, 173-174 
deficient systems of, 174 
equilibrium of, 173, 176, 177 
moments of, 171 
by determinants, 184-186 
Darallel, 174, 175 
resultant of, 170, 171 
systems of, with deficiencies, 174 
unknowns, 173 

O 

Origin, of moments, 33 
of vector, 9 
Oscillation, 359, 382 
period of, 382 

P 

Parabola of flexible cable, 219 
Parallel forces, 61-63 
reactions of (graphic), 132 
in space, 174-176 
Pelton wheel, 355 
Pendulum, 383 
gravity, 383 
ideal, 384 
physical, 384 

Percussion, center of, 334, 335 
Period, of oscillation, 382 
vibration, 369 
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Plane, inclined, 195 
smooth, 53 

Plate elements, 254, 265 
Polar moment of inertia, 258 
Pole, 130 

Polygon, of forces, 18, 23, 25, 121, 124 
funicular, 130 

Potential energy, 145, 298-300 
Potential function, 145, 146 
Power, measurement of, 210-214 
of Pelton wheel, 355 
Precession, 401 
Principal axes, 267 
Product, cross, 14 
dot, 14 

of inertia, 246, 257, 262-266 
mixed triple, 186 
scalar, 13, 14 
vector, 14 
Projectiles, 303-305 
path of, 304 
range of, 304 
Pulleys, 54, 196, 197 
driving and driven, 208 
efficiency of, 197, 198 
sets of, 198 
velocity ratio of, 198 
Pyramid, center of gravity of, 232, 
244 

Q 

Quantities, fundamental, 4 
relative magnitudes of, 8 
representation of, 8, 9 
small, of second order, 148 

R 

Radius of gyration, 250, 257 
Range, 304 

Reaction of liquid jets, 353-365 
Reactions (graphic), 132-136 
nonparallel, 135 
parallel, 132 

of supports, 64, 66, 99, 122 
Redundant member, 96 
Reference circle, 369, 370, 376, 382 
Relations of linear and angular motion, 
284-286 


Resistance, 194 

Resolution, of forces, 11, 20, 21, 25, 26 
153-158 
of vectors, 11 

Resolution equations of (Jynamics, 292 
Resonance, 379 
Restitution, 347 
coefficient of, 347 
Restitution stage, 347 
Resultant, of concurrent forces, 2, 17, 
19-21 

of couples, 77, 167, 168 
of forces on hinged body, 335 
of nonconcurrent forces, 57, 82, 128, 
156, 157, 170-172 

of non parallel forces (graphic), 57, 
128 

of parallel forces, 61, 63, 175 
Reversed effective force, 318, 389 
Reversed series, 410 
Rigid body, 46, 47 
Rigid frame, 96 
Rolling friction, 204 
Rotation, 284-286 
of axes, 265-267 

combined with translation, 327-329 
from eccentric impulse, 355 
kinetic energy of, 326 
Running balance, 330 

S 

Scalar product, 7 
Screw, 194, 195 
differential, 199 
Second, 4 

Sections, forces and moment at, 80, 81 
method of, 109-111, 166 
Self-locking machines, 195, 196 
Sensibility of balance, 72 
Shear, 46 

at section, 80 

Simple harmonic motion, 359, 361, 369 
Slug, 292 

Smithsonian Mathematical Tables, 4j09 
Smooth surface, 53 
Space, 4 

Space diagram, 18 
Space frameworks, 165 

criterion of determinancy of, 165 
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Sphere, moment of inertia of, 260 
Spherical coordinates, 154 
Spin momentum, 351 
Spring, constant of, 3^ 
energy’of, 364 
force of, 361, 362 
motion caused by, 361, 364-374 
Stability of equilibrium, 69-71, 142-146 
classes of, 143 
d 5 naamic and elastic, 143 
{See also Equilibrium) 

Standards of mass, length, and time, 4, 5 
Static reactions, 330 
Statically determinate frame, 96, 97 
(See also Frame) 

Statics, 1, 3 

Streams, steady, 353-355 
Strength of ihatcrials, 47, 56, 96 
Stress, 45 

compressive, shear and tensil(‘, 46 
String polygon, 130 
Subtraction of v(»ctors, 12 
Sudden loads, 371-373 
Surface of contact, 288 
Surfaces, lubricated and smooth, 52, 53 
Susp(‘nsion, axis of, 383 
Systems, equivalent, 387 

T 

Tension, 46 
Terminus of vector, 9 
Three-force member, 99 
Time, 4, 5, 271 
of oscillation, 382-384 
of vibration, 368-371 
Toggle joint, 140 
Torque, 205, 206, 312, 400-401 
Torque impulse, 351 
Trajectory, rigidity of, 305 
Transfer of axis, for moment of inertia, 
251, 252 

for product of inertia, 263, 264 
Ti^ansmission dynamometer, 213, 214 
Triad, 156 

Trigonometric solution, 32 
Truss, 104-111 
assumptions for ideal, 104 
Ferris wheel, 127 


Truss, Fink, 126 

graphical solution of, 121 
Howe, 109 
Pratt, 109 

rule of determining redundancy of, 
104 

solution of, by method of sections, 
109-111 
in space, 165 
three-hinged arch, 127 
Warren, 107 
Truss names, 104 
Two-forcc member, 90, 97 

U 

Unbalance, 331 
Unit vector, 14, 186 
Ujuts, 4, 5, 7, 291, 292 
graviiulional, 289 
Unknowns, 2, 111, 271 
elimination of, 29, 164 
Unstable equilibrium, 71, 146 

V 

Varignon’s theorem, 36 
Vector, addition of, 9 
components of, 11 
d(*finition of, 9 
origin of, 9 

orthographic component of, 12 
scalar product of, 13, 14 
Vector diagram, 23 
Vector multiplication, 7, 13, 14 
Vector product, 13, 14 
Vector subtraction, 12 
Vector unit, 14, 186 
Velocity, 272, 273 
average, 272 
common, 347 
as derivative, 273 
from elastic force, 364, 365 
head, 306 
of jet, 306 

in terms of displacement, 301, 302 
Velocity ratio, 194 
Vibration, 359-385 
characteristic, 369 
damped, 375, 376 
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Vibratioii, forced, 369, 377-379 
free, 369 

" iaochronous, 371 
period of, 369 
time of, 369 
torsional, 380-382 
Virtual displacement, 148 
Virtual work, 138 
Viscosity, 52 
coeflBcient of, 52 

W 


Wedge, 195, 196 
Weight, 6, 7, 89, 289 
Wbeel and axle, 194, 196, 198 
Work, 6, 7, 13 

of angular displacement, 206, 206 
lost, 194 

method of, 137-162 
total, 194 
useful, 194 
virtual, 138 
Working point, 194 

Y 


Water jet, 306 

Web members, 108 Yard, standard, 5 






